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PREFACE. 


THIS work was commenced sixteen years ago at the earnest solici- 
tation of numerous teachers, who were dissatisfied with the text- 
books then in use. That they were not alone in their opinion is 
evidenced by the number of new treatises, or revisions of old ones, 
printed since that time, and now used in the schools of this country. 
The crudeness of even the best Algebras of a quarter-century ago 
was mainly owing to the fact that, as a rule, mathematicians neg- 
lected the elementary branches for the more attractive fields of 
Higher and Applied Mathematics; hence blunders and inconsistencies 
were aliowed which otherwise would not have been tolerated. The 
wonderful progress made in the Natural Sciences, and the extended 
use of Algebra in the treatment of Geometrical Maguitudes, have 
finally called the attention of educators to the necessity of improving 
the elementary treatises, and more rigidly limiting the meaning of 
the signs. That this agitation comes none too soon is evident to 
every thoughtful teacher, and can be readily seen by any one who 
compares the various text-books used in our schools. Note the fol- 
lowing inconsistencies: In some text-books now before me, 6:7 
equals $; in others, 6: 7 equals 4. In some, 6 1-4 X 2— 20; in others, 
6+4xX2=14. Of course, the meaning and use of a sign depend 
upon agreement, but it 1s of extreme importance that WE DO AGREE 
in such matters. In the same work, too, statements incompatible 
with each other are made; thus, a + bc and a + b X c are said to have 
different values, and yet óc and b X care, in all works, said to have 
one and the same meaning. Sincea + bc and a + b X c differ ently in 

Nhe use of 5 X c for be, it is plainly necessary that one or the other 
of these two statements be changed. One of the objects in writing 
this book is to urge the adoption of the following law for N umeri- 
cal Values; viz., (1) Find the value of each term separately; thus, 6+ 4 
X*2=6+8=14. (2) In finding the value of a term, begin at the 
RIGHT and use the signs in their order; thus, 6+4X 2—6+8 = £4. 
In other words, the portion of the term to the LEFT of the division sign 
(8 (he DIVIDEND, and the part to (he RIGHT 28 the DIVISOR. This law 
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is at least as easy of application as the one in vogue in many American 
works, and has the merit of allowing no inconsistencies, besides per- 
mitting the use of the very important law that, under all circumstances, 
ab and a X b have the same meaning, 

Owing to a complication of causes, the preparation of this work 
has been so long delayed that many of the improvements contem- 
plated when it was planned have been made since by others “The 
author hopes, however, that his work is of sufficient value to warrant 
its being received favorably by the American public. 

The task of preparing an elementary treatise is far from being an 
easy one, and this difficulty is further enhanced by the immaturity 
of many beginners. For this reason most autbors have prepared 
their works in two or even (Aree divisions: Part I. for beginners who 
are immature or badly prepared; Part II. for more advanced stu- 
dents. The opinion is rapidly gaining ground, however, that this 
method of studying Algebra consumes too much time and does not 
tend to produce the best results. In conformity with this opinion 
the present work is intended to combine in one volume all the prin- 
ciples a pupil needs from the time he begins the study of Algebra 
until he enters college, together with additional chapters for the 
benefit of such as do not have the advantages of a university educa- 
tion. Special care has been taken to adapt this treatise to the needs 
of those students who are without the aid of a teacher; hence every 
principle of importance is carefully explained and piofusely illus- 
trated by examples 

As in other text-books, the first chapter is devoted to definitions. 
This is partly done for convenience of reference, and partly because 
many teachers prefer that their pupils study the meanings of the 
various terms employed before proceeding to subsequent chapters. 
Some of the best teachers, however, believe that the definition should 
accompany the word when actually used; that the pupil should not 
be required to study the meaning of a term until he has some idea 
of the purpose of such study. For the benefit of this class, whenever 
a word defined in Chapter I. is employed thereafter, reference is 
made to the article in which the definition is found. This plan is 
pursued until it is assumed that the student has learned the meaning 
of each term used. 

The propriety of introducing at such an early stage the study of 
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negative and fractional exponents may be questioned by many able 
teachers; and with weak pupils it is perhaps best to postpone the 
consideration of such topics to a later period. 

The sequence of subjects as herein contained has been carefully 
tested, with results which are eminently satisfactory; but some teach- 
ers may prefer to change the order of the topics. Thus, as mentioned 
above, Fractional and Negative Exponents may be treated many 
chapters later; Powers and Roots may also be considered later, whilst 
many of the principles of Factoring may be introduced immediately 
after Division, etc. The arrangement of the topics being to a con- 
siderable extent arbitrary, an effort has been made to render each 
chapter as nearly independent as possible, so that the order in which 
certain subjects are taken may be varied at the option of the in- 
structor. Throughout this work it is assumed that the teacher 
would rather omit than supply, and would rather postpone topics for 
future consideration than be compelled to introduce them or bring 
them forward. 

For reasons specified previously, the subject of Numerical Values 
has received unusual care and attention, and the same may be said 
of Factoring and Equations The introduction of Equations so early 
and so often is due to the growing desire among teachers to cultivate 
the reason of the pupil at the same time that he is studying the mere 
mechanical parts of the Algebra. The subject of Detached Co- 
eflicients, also, is treated more fully than in other elementary works, 
and the use of this method of work is shown in the treatment of 
subjects involving division (the Greatest Common Measure, for in- 
stance). The time seems to be rapidly approaching when this plan 
will supplant the longer and more cumbrous ways now in vogue. 

In the preparation of this work it was thought best not to dis- 
pense with rules, but the student is recommended not to commit 
them to memory. They are intended merely as guides to the pupil, 
and to aid him in stating the processes employed in solving the 
various problems. In writing these rules, no attempt has been made 
to secure conciseness or elegance at the expense of clearness, the object 
being to state the successive steps in the solution. 

Many teachers prefer that the examples submitted for ordinary 
class work shall be accompanied by the answers; others prefer 
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course, by furnishing the results until the principle considered is 
understood, and then leaving the pupil unaided, to apply the principle. 
In this work the more difficult problems are worked out, then similar 
problems with their answers are given, and finally at the end of each 
chapter an ''exercise" is appended, including examples unaccom- 
panied by answers. It is hoped that a sufficient number of examples 
is submitted to satisfy each and every requirement. Only the 
strongest and best pupils are expected to solve all the problems, and 
it is well for the student to remember that quality, not quantity, is 
the test of excellence, and that one solution thoroughly understood 
is better than a dozen learned by rote. An examination of this work 
will show that all complicated problems have been carefully excluded, 
and that none are admitted whick are too difficult for studious pupils 
of medium ability. As far as practicable, the examples are classified, 
the simplest of each class, as well as the simplest classes, preceding 
the more difficult. 

The matter contained in this work is to some extent original, but 
the best English and American works have been freely consulted, 
the chief sources of supply being Colenso's Algebra of 1849 and 
Todhunter's Algebra of 1862. Care has been taken not to trespass 
upon the works of recent American authors; but whenever a propo- 
sition occurs in three or more books, it has been considered common 
property, and treated accordingly: certain propositions not coming 
under this rule are also included, because they were in manuscript, 
and in the hands of the pupils of Woodward, previous to their publi- 
cation elsewhere. 

If the student has a fair knowledge of Arithmetic before beginning 
the study of Algebra, he can easily accomplish the whole work of this 
text-book in tbree hundred recitations of one hour each. If but one 
school year be devoted to the subject, it 1s advisable to omit portions 
of these subjects: Numerical Values, Negative Numbers, Indeter- 
minate Equations, Maxima and Minima, Factoring, Variation, 
Probabilities, Binomial Theorem, and Annuities. It might be well, 
also, to learn but one method of Multiplication, Division, and solving 
Quadratics, and to exclude Equations above the second degree. 

Any amendments or corrections will be thankfully received. 

G. W. SMITH. 


1 
WOODWARD HIGH SCHOOL, January, 1890. 
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CHAPTER I. 


DEFINITIONS. 


1. A Definition is such an explanation of the meaning of 
any word, sign, or phrase, as will perfectly distinguish the 
thing defined from every thing else. ‘Thus, + may be de- 
fined or explained by saying that 1t denotes addition. 


QUANTITY AND NUMBER. 


2. Quantity is whatever may be regarded as made up of 
parts, each like the whole. A quantity may be increased, 
diminished, and measured. 


3. To Measure a Quantity 1s to find out how many times 
it contains some other known quantity of the same kind. 


4. A Unit is the name given to the quantity with which 
other quantities of the same kind are compared. ‘That 18, 
the unit is the standard of comparison. 

Thus, the yard, the square yard, the cubic yard, the 
day, the dollar, the ounce, are units for measuring lines, 
surfaces, space, time, money, and weight respectively. 


5. “Two or more quantities of the same kind are compared 
with each other, by finding out how many times each con- 


tains the same unit. 
(11) 
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6. Number is the thought involving kow many times the 
unit 18 contained in the quantity measured. 


7. A Quantity is the answer to the question, “ How 
much?” This answer must state the name of the unit. 


8. A Number is the answer to the question, “ How many?" 
Here the name of the unit 1s given in the question. 

For example: A has a quarter of a dollar and a dime; 
how much money has he? ‘The answer is the quantity— 
thirty-five cents. As the question does not specify the 
name of the unit, the answer must contain that name. If 
the question be, “ How many cents has he?” the answer is 
the naumber—thirty-five. 

Numbers may be either whole or fractional. The word 
integer is often used instead of whole number. Lntegral 18 
the corresponding adjective. 


9. Mathematics 1s the science which treats of the proper- 
ties, relations, and measurements of quantities. 

Arithmetic and Algebra are the branches of Mathematics 
which treat of numbers. 


10. In Mathematics the subjects submitted for consid- 
eration are of two kinds; namely, Theorems and Problems. 


11. A Theorem is a statement in words of a mathematical 
truth to be proved. ‘The course of reasoning by which the 
truth of a theorem 1s shown, 1s its demonstration. A 
theorem whose truth 1s self-evident, 1s called an Aziom. 


12. A Problem is something to be done. The doing of a 
problem is called its solution. “To solve a problem may 
mean: (I) To perform some operation; as, for example, to 
add together two or more numbers: or, (2) To find the 
value of an unknown number from its given relations to 
known numbers; as, for example, to find the fourth term 
of a proportion, when the other three are known. ` 
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SYMBOLS OF NUMBERS. 


13. The Symbols employed in Arithmetic to represent 
numbers are the ten digits or figures, 0, 1, 2, 3, 4, 5, 6, 7, 
8, 9. < Each of these figures, or any combination of them, 
has one value, and only one. ‘Thus, 8 represents the num- 
ber eight, 85 represents eighty-five, 581 represents the 
number five hundred and eighty-one, etc. Every figure has 
a simple value, depending upon its signification, and a local 
value, depending upon its place; but the same figures, in like 
positions, always express the same number. That 1s, figures 


represent particular numbers. 


14. In studying the general properties of numbers, and 
in solving problems, it frequently becomes convenient, and 
even necessary, to use symbols which do not represent par- 
ticular numbers. For this purpose letters are used. Each 
letter may represent any numerical value consistent with 


the given conditions. 


15. Algebra is a method of solving problems, and of in- 
vestigating the general relations and properties of numbers, 
by means of letters and other symbols. 


16. Particular Numbers are represented in Algebra, as 
in Arithmetic, by figures; numbers in general are repre- 
sented by letters. It is usual to represent known numbers 


by the first letters of the alphabet, a, 0, c, d, etc., and un- 
known numbers by the last letters, z, y, z. This distinc- 


tion 18 not necessary, and need not be strictly observed. 


PRINCIPAL SIGNS. 


17. Signs are the symbols employed in Algebra to express 
the relations of numbers, and the operations to be performed 


upon them. 
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18. The Symbols of Relation are the sign of equality, =, 
read equals or is equal to, and the signs of inequality, > 
or <. Thus, 7 > 4 is read, seven 4s greater than four; 
and 4 < 7 1s read, four ts less than seven. 


19. The Symbols of Operation are the sign of addition, 
+; the sign of subtraction, —; the sign of multiplication, 
X; the sign of division, +; the signs of involution, ^; 5, 5 
etc.; the signs of evolution, V, y, V, 4/, etc. These signs 
have the same meanings in Algebra as in Arithmetic, but + 
and — are also used as signs of opposition. See Chapter on 


Negative Numbers, Art. 78. 


20. The Sign of Addition, + (read plus, meaning more), 
signifies that the number to which it is prefixed is to be 


added. 


21. The Sign of Subtraction, — (read minus, meaning 
less), signifies that the number to which it is prefixed 1s to 


be subtracted. 


22. The Double Sign, + or T, signifies that the number 
to which it 1s prefixed 1s to be both added and subtracted. 
Thus, 5 + 31s equivalent to the two statements 5 + 3 = 8 
and 5 — 3 = 2; also, 6 F 5 1s equivalent to 6 — 5 = 1 and 
6-+5=—1I1. The symbol + is read plus or minus, and 
the symbol  1s read menus or plus. ‘The upper sign 
shows which operation is to be performed first. 


23. The Sign of Multiplication, x (read times, into, or 
multiplied by), signifies that the numbers between which 
it is placed are to be multiplied together. These numbers 
are called factors, and the result is called the product. 

Multiplication may also be expressed by placing a period (.) 
between the factors. Thus,2.3.4=2X3 xX 4;6.8.a.6 
=6xX8xXaxX b, etc. The period is not used as a sign oi 
multiplication whenever it can.be mistaken for a decimal 
point. For example, 6.4 means 645, and not 6 X 4. 
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When not more than one of the factors is expressed 
arithmetically, multiplication 1s commonly denoted by writ- 
ing the factors 1n close succession. Thus, a X b X c= abc; 
45abe = 45 xax bxc; 8x60xaxbxc-8x 6abc; 
etc. 


24. The Sign of Division, — (read divided by, or simply 
by), signifies that the number which precedes it, called the 
dividend, is to be divided by the number which follows it, 
called the divisor. ‘The result 1s called the quotient. 

Division may be expressed by writing the dividend above 
a horizontal line, and the divisor below the line; thus, 
24 2-6 = 24, The sign of a ratio, : (read zs £o), isalso used 
as a sign of division; thus, 18 + 6, 4$, 18: 6, have the 
same meaning, namely, that 18 1s to be divided by 6. 


FACTORS, POWERS, AND ROOTS. 


20. The Factors of a number are those numbers whose 
product is that number. ‘Thus, 24 may be separated into 


the following sets of factors: 24 X 1; 12 X 23 8 X 356 X 4; 
OX2XK25;4XK% 3K 2528 K2K2XK 4. 
Similarly, 6ade =2.3.a.b.c=?. 3abe = 2a. 3be, etc. 


26. Factors expressed by letters are called literal factors. 
Factors expressed by figures are called numerical factors. 


27. The Co-efficient.—When two factors form a product, 
either of the two is the co-efficient or co-factor of the other. 
In the product 6adc, 2a 18 the co-efficient of 35c; 35 is the 
co-efficient of 2ac; 6 1s the co-efficient of abc; 1 1s the co- 
efficient of Gabc; 6c 1s the co-efficient of ab; etc. 


28. The word co-efficient is frequently used in the sense 
of numerical co-efficvent. Thus, in 6adc the numerical co- 
efficient is 6. When no numerical co-efficient is expressed, 
lis understood. Thus, adc has the same meaning as ladc. 
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29. When the co-effisient of a factor is an integer, that 
factor 1s called a divisor or measure of the product, and the 
product 1s called a multiple of the factor. For instance, 
6 X4= 3. Here 41s a measure of 3, and 3 1s a multiple 
of 4, but 6 is wot a divisor of 3. When doth factors are 


integers, each 1s a measure of the product, and the product 
is a multiple of either. 


90. When the product of two factors 1s unity, each factor 
is called the reciprocal of the other. Thus, 2 and 3 are 
reciprocals. Hence, the reciprocal of a number 1s unity 
divided by that number. ‘The reciprocal of ais 1 + a; oi 


31s 1; of Lisl; of $ 1$ $5 of 4$ is 2; of 24 is 2; etc. 


31. When all the factors of a product are equal, the 
product is called a power of one of those factors, and each 
factor 1s called a root of the product. Thus, 5 X 5 1s the 
second power of 5, and 5 is the second root of 25; 5X95X9 
is the third power of 5, and 5 isthe third root of 5 X 5 X 5. 
similarly, 2 is the fourth root of 16, and 16 is the fourth 
power of 2. In like manner, aa is the second power oi a, 
aaa is the third power of a, aaaa is the fourth power of a, 
ete.; a ıs the second root of aa, the third root of aaa, the 
fourth root of aaaa, etc. Every number 1s the first power 
of itself, also the first root of itself. It 1s evident that the 
third power of the third root of any number 1s that number; 


that the fourth power of the fourth root of.any number is 
that number, etc. 


32. The Exponent 1s a smal! figure or letter placed above 
a number and a little to its right, to show how many times 
the number is taken as a factor. Thus, a! = a; a" = aa; 
wa" = aaa; ab = aab; ab" = abb; GO = aaabb; etc. a is 
read, the second power of a, or the square of a, or a squared; 
à? is read, the third power of a, or the cube of a, or a cubed; 
a‘ is read, the fourth power of a, or a to the fourth power, 
or a to the fourth; ete. 
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39. The meaning of co-efficient must be carefully distin- 
guished from that of exponent. Thus, 4a =a 4-a 4- a 4- a; 
here 4 is the co-efficient. at=axXaxXaxXa; here 4 18 
the exponent. If a=3, 4a=4X3=12; whilst a* = 3 
X3 X3 X3Z=8l. 


84. The exponent affects only the factor above which it 
is placed. Thus, oi — a.5.0.0. If a=3 and b=3, 


ab = 3 x 23 = 3 xX 8 = 24. 


90. To extract the square root of a number means to find 
a factor whose square or second power is equal to that 
number. To extract the cube root of a number means to 
find a factor whose cube or third power is equal to that 
number. To extract the fourth root of a number means to 
find a factor whose fourth power is equal to that number. 
To extract the nth root of any number means to find a factor 


whose nth power is equal to that number. 


36. The Radical Sign, 4, when placed before a number, 
denotes that a root of that number is to be extracted. The 
index is a small figure or letter placed over the radical sign 
to denote what root is to be extracted. When no index is 
written, 2 18 understood. Thus, the square root of a is 


denoted by Va or by Ya; the cube root of a is denoted by 
‘Ya; the fourth root of a is denoted by Wa; etc. If 
a= 64, Va = 8, because 8? = 64; Wa = 4, because 4° = 64; 
Ma = 2, because 2° = 64; etc. 


94. The root of a number is also denoted by the frac- 
tional exponent. Thus, at denotes the square root of a; 
až denotes the cube root of a; at denotes the cube root of a"; 


a* denotes the fourth root of a"; etc. Hence, the numera- 
tor of the fractional exponent denotes the power, and the 


denominator denotes the root. For example, 8% = 4, be- 


cause the cube root of 8 is 2, and the square of 2 is 4. 
Alg.—2. 
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similarly, 642 = 16, because the cube root of 64 is 4, and 
4* = 16, ete. 


SYMBOLS OF AGGREGATION — MINOR SYMBOLS. 


38, The Symbols of Aggregation, the brackets [|], the 


parenthesis (), the braces 1], the vinculum , the dar |, 
denote that all the numbers inclosed are to be treated as a 


single number. Thus, [6 + 4 — 7] X 5 — 8, (6 4- 4 —7) 
x5—8, 164 -4—57; X5—8 644-7 x 5—8, 
6/x 5 — 8, have the same meaning; namely, 6 4- 4 — 7 
J- 4|. is to be taken as a single number, this result 
— "| is to be multiplied by 5, and from the product 
8 is to be taken. Solution: (1) 6+ 4— 7=3; (2) 3X5 
= 15; (3) 15 — 8 = 7. Ans. ff. 
Similarl, 6 X 5 4-2 x 3 = 30 + 6 = 36. 
(6 X 54-2) X 3 = (30 +2) x 3 = 32 X 3 = 96. 
6 X (5 +2)Xx3=6 X 7 XxX 3 = 126. 
6 xX (5 +2 X3) =6 XE +6) =6 x 11 = 66. 


| 4+2X3 4+6 #10 _ | 
In like manner, “BIS 7 5 7. 2. It will be 
observed that the line separating the numerator from the 


denominator is a vinculum, used in a special sense. 


39. The Symbols of Continuation are dots, . . ., or dashes, 
- - - -, and are read, and so on. 


40. The Symbol of Deduction is .'. (read hence, therefore, 
or consequently). 


41. The Symbol of Reason, `: is read since or because. 


42. The Symbol ~ is sometimes used to denote the dif- 
ference between two numbers. Thus, a~é is equal to a — 6 
or to 0 — a, according as a 1s greater than 0 or less than 0. 
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EXAMPLES. 


1. Give the simplest factors of 18a7b°c. 
Ans. 2, 3, 3, a, a, b, b, b, c. 


2. In 18a?Pc, what is the co-efficient of 90? Ans. 2a"b'c. 


3. Write the reciprocal of a; a — b; 14. 


1 1 4 
Ans. "E E em 5 


4. Give the second, third, and fifth powers of 3. 
Ans. 9; 273 243. 


5. Give the second, third, and sixth roots of 64. 
Ans. 8; 43 2. 


6. Give 2 the exponent 3; and 3 the exponent 2. 
Ans. 2? = 8; Jé = 9, 


7. From 3 with an exponent 5 take 3 with a co-efficient 5. 
Ans. 95 —5 X 3 = 243 — 15 = 228. 


e [2 x 6—3]x(5—2) =? Ans. [12 — 3] x (3) = 27. 


9. {5x4—-2x3}x2x5-—4=? 
Ans. (20 — 61x10 — 4 = 14 X 6 = 84. 


10. Find the value of 163; 8$; 98. Ans. 8; 16; 3. 
11. Find the value of 5a? when a = 16. Ans. 20. 


12. Simplify a~d, when a = 3‘ and b = A 
Ans. 81 — 64 = 17. 


ALGEBRAIC EXPRESSIONS. 


43. An Algebraic Expression is a collection of letters, 
figures, and signs used to denote a number. Thus, 6a is 
the algebraic expression for six times the number denoted 
by a. 
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44, A Term isan algebraic expression not connected with 
any other by the sign + or —, or it is any one of the parts 
of an expression which are so connected. Thus, 3a + De 
is à term; a“ and + bc are the terms of a" + bc. 


45. A Positive Term is a term which has the sign + pre- 


fixed to it. Thus, + a"0c is a positive term. 
When the first term of an expression 1s positive, its sign 
need not be expressed. Thus, a“ + bz has the same mean- 


ing as + a" + bz. 


46. A Negative Term is a term which has the sign — 
prefixed to 1t. Thus, in ab — 3c, — 3c is a negative term. 


47. A Simple Term is a single expression not having 
parts separated by + or —. Example: 3ab — c. 


48. A Compound Term 1s a collection of terms united by 
one or more of the signs of aggregation. For example, 
each of the following is a compound term: a(b + c); 


(ab +c); {a+[b—c]}; ta o D^ +e — 4)]j- 


49. Similar or Like Terms are terms which have the 
same letters and the corresponding letters affected by the 
same exponents. Thus, 3a*óc and — ba"bè" are like terms; 


but Zeie? and 5a/7?c? are unlike terms. 


50. The Dimensions of a term are its literal factors. 


51. The Degree of a term 1s equal to the number of its 
dimensions, and is determined by taking the sum of the 
exponents of its literal factors. Thus, 5a’bc’ is of the sixth 


degree, because the exponent of a is 2, of b is 1, and of cis 
3, and the sum of these exponents Is 6. 


02. A Monomial is an expression which contains a single 
term, simple or compound; as, 5470 + c or 7 [a +b]. 


99. A Polynomial or Compound Expression is an expres- 
sion which contains two or more terms. 


04. A Binomial is a polynomial of two terms. . 
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09. A Trinomial is a polynomial of three terms. 


06. The terms of a polynomial may be written in any 
order if the sign of each term be retained. Thus, a+ b— c 
=b+a—c=6b-—-cta=a-—cZJ, ete. 


37. A Homogeneous Polynomial is a polynomial whose 
terms are all of the same degree. Thus, 62* — 32?y Au? 
is homogeneous, for each term 1s of the fourth degree. 


08. A polynomial is arranged according to the descend- 
ng powers of some letter when the value of the exponent 
of that letter in each term Is less than that of the preceding 
term. <A polynomial is arranged according to the ascending 
powers ot some letter when the value of the exponent of 
that letter in each term 18 greater than that of the pre- 
ceding term. Thus, z* — az? + 6z*—c is arranged accord- 
ing to the descending powers of z, and a'— br + c? — r 
is arranged according to the ascending powers of z. 


99. The Numerical Value of an algebraic expression 1s 
the number obtained by giving a particular value to each 
letter, and then performing the operations indicated. 
Thus, if a = 5, b = 4, and c= 2, ac — bc + ab =5 x2 
—4xX24+5 x 4=10 —84+ 20 = 22. 


60. A Formula 1s an expression of a mathematical truth 
by means of symbols. 


61. A Rule is a concise statement of the method of find- 
ing one side of a formula when the other side 1s known. 


EXAMPLES. 
1. How many terms in 2a + 35 X c — d? Ans. 3. 
2. What 1s the degree of 3'a"b'e? Ans. Seventh. 


3. What is the value of ab? when a = 3, b = 2? Ans. 24. 
4. 6 +4xXY=? Ans. 44. 
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5. 9$ X 88 x 161 =? Ans. 3 xX 4x 8 = 96. 


6. In how many ways may 2a — 30 + c be written? 
Ans. 6. 


1, Write twice the square of the cube root of a. I 
Ans. 9a5 or 2 Va’. 


g. From the cube of 6 take five times the square of a. 
Ans. 6 — 5a’. 
9. Indicate the (a + 0) power of the fifth root of (a — 0). 


a+b 


Ans. (a — b) 5 or[Va— b] 
10. Indicate the a root of the cube of 4. 


ine. OK y (3. 


62. The principal Axioms employed in algebra are the 
following: 


I. Numbers which are equal to the same number are 
equal to each other. 


II. If equal numbers be added to equal numbers, the 
sums will be equal. 


III. If equal numbers be subtracted from equal numbers, 
the remainders will be equal. 


IV. If equal numbers be multiplied by equal numbers, 
the products will be equal. 


V. If equal numbers be divided by equal numbers, the 
quotients will be equal. 


VI. If thesame number be both added to and subtracted 
from another, the value of the latter will not be altered. 


VII. If a number be both multiplied and divided by 
another, the value of the former will not be altered. 


VIII. If equal numbers be added to unequal numbers, 
the sums will be unequal. 
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IX. If equal numbers be subtracted from unequal num- 
bers, the remainders will be unequal. 


X. If unequal numbers be multiplied by equal numbers, 
the products will be unequal. 


XJ. If unequal numbers be divided by equal numbers, 
the quotients will be unequal. 


XII. If unequal numbers be added to unequal numbers, 
the greater to the greater and the less to the less, the sums 
will be unequal. 


XIII. If a be greater than 0, and 6 greater than c, then a 
will be greater than c. 


XIV. Like powers of equal numbers are equal. 
XV. Like roots of equal numbers are equal. 


XVI. A number may be substituted for an equal number 
in any expression. 


63. The following principles, derived directly from the 
arithmetical definitions of Addition, Subtraction, Multipli- 
cation, and Division, though not strictly self-evident, mere- 
ly require illustration to be perfectly understood: 


I. Adding two or more numbers is equivalent to adding 


their sum. 44+6+4+4+5=>4+4 (64445) —4 4-15 
— 19. 


II. Subtracting two or more numbers 1s equivalent to 
subtracting their sum. 17 —6—4 —3 = 17 —(6 + 44 3) 
— 17 — 13 = 4. 


III. If any number be diminished by an equal number, 
the remainder is zero (0). 6—6=0. 


IV. Adding any number and then subtracting a less 


number is equivalent to adding their difference. 7--8—5 
= 1 + 3 = 10. e 
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V. Adding any number and then subtracting a greater 


number is equivalent to subtracting their difference. 
21 + 3—7 = 21 — 4 = 17. 


VI. Multiplying two or more numbers by the same num- 
ber and adding the products, 18 equivalent to multiplying 
the sum of the numbers by that number. Thus, 5 X 6 
+3x6+10X 6 = 30 + 18 + 60 = 108, and (5 + 3 + 10) 
X6=18 X 6 = 108. Similarly, it may be shown that for 
any values of a, 0, c, and d, ad + bd + cd = (a +0 + c)4. 


VII. Multiplying two numbers by a number and taking 
the difference of the products, 1s equivalent to multiplying 
the difference of the numbers by that number. "Thus, 
05x6—3x6-—30—18——12, and (5-3) X 6 =2 X 6 
— 12. In like manner it may be shown that for all values 
of a, b, and c, ac ~ bc = (a ~ bje. 


VIII. If any number be divided by an equal number, the 
quotient is unity (1). That 1s, - md 
IX. Dividing two or more numbers by the same number 


and adding the quotients, 1s equivalent to dividing the sum 


24 16 


of the numbers by that number. Thus, EN -- g + 4 


s4 +8 +16 4 a 
= 6 + 2 + 4 = 12, and icit nba wi IR NT Similar- 


4 4 
até+c 
ar an 


X. Dividing two numbers by the same number and 
taking the difference of the quotients, is equivalent to 
dividing the difference of the numbers by that number. 


36 24 36 — 24 12 
Thus 7 — 7 79- 6 — 3, and — —— — 4 =3. In 


like manner, for all values of a, 0, and c, it may be shown 


that dé a b = de) 
C C C 


a,b. c 
ly, for all values of a, b, c, and d, 7 + 7 + j^ 


TI 
Ct 
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EXAMPLES. 


What number must z represent in each of the following? 


1. 2185 more than a. 
2%¢—-5= 11. 
3. z = y and y = 7. 
4. or = 60. 
6. xv — 3 =B. 
6. The sum of z and 12 1s 20. 
7. xis a less than 0. 
8. 97 + 4 = 16. 
9. 5x — 2 = 48. 
10. or + 4x = 42. 
11. £r = 12. 
12. z 18 6 less than ò + c. 
13. Max — 4. 
14. z?’ = 36. 
15. Vx = 3. 
16. zé = 4. 
17. Mz +5 = 21 — 14. 
18. 3° = 81. 
19. 27 t1 — 64. 
20. 2a° = 464. 
21. ll — 2 — 9. 
22. 18 — 51 = 3. 
23. 16 — . 
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Ans. z — a 4-5. 


Ans. x= 16. 
Ans. x= 7, 
Ans. x = 12. 
Ans. x = 24. 
Ans. x = 8. 
Ans. x — b — a. 
Ans. x = 4. 
Ans. «= 10. 
Ans. x= 6. 
Ans. x = 18. 
Ans. zv =b +c — 6. 
Ans. x= 16. 
Ans. x = 6. 
Ans. xz = 27. 
Ans. x = 8. 
Ans. x = 16. 
Ans. x = 4. 
Ans. x = b. 
Ans. x = 2. 
Ans. x= 9. 
Ans. x = 3. 
Ans. x — d. 
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24. 362 — 6. | Ans. = 1. 
25. 12 — z = x — 4. Anis. gd 
26. The sum of z and 10 is a. Ans. x — a — 10. 
27. a5 —8*. Ans. x = 4. 
28. x% = 162. Ans. x = 512. 


64. The preceding examples show how algebraic symbols 
are used for asking questions about number. The pupil 
should state what question 1s asked 1n each case. Thus: 


Ex. 2. What number 1s that from which if 5 be taken, 
the remainder will be 11? 

Ex. 5. What 1s the dividend if the divisor be 3 and the 
quotient 8? 

Ex. 8. If 4 be added to three times a certain number, 
the sum 1s 16. What is the number? 

Ex. 13. What number is that whose square root is 4? 

Ex. 14. The square of what number is equal to 36? 

Ex. 16. What number is that of which the square oi 
the cube root 1s 4? 

Ex. 18. To what power must 3 be raised to produce 81? 

Ex. 19. The 19th is a combination of two questions. 
First, What power of 2 is 64? Ans. 6th power. Second, 
What number added to 1 will produce 6? 


Ex. 23. 2 1s what root of 16? 

Ex. 24. To what power must the square root of 36 be 
raised to produce 6? 

Ex. 25. 12 exceeds a certain number as much as that 
number exceeds 4. What is the number? 

Ex. 27. What number is that whose cube is equal to 


the square of 8? 


65. After translating the algebraic expression into or- 
dinary language, 1t 1s well to reverse the process and learn 
how to express problems in algebraic language. 
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EXAMPLES. 


66. The following examples show how Algebra is em- 
ployed in the solution of problems: 


1. John bought an apple and an orange for 12 cents, 
paying three times as much for the orange as for the apple. 
What was the price of each? 

Let z represent the number of cents the apple cost. 

Then 3z = the number of cents the orange cost. 


Both cost the sum of z cents and 3z cents = 42 cents. 

But both cost 12 cents. .. 47 = 12, (Ax. I.) 
whence z = 3, (Ax. V.) 
and 3r= 9. (Ax. IV.) 


Therefore an apple cost 3 cents and an orange cost 9 cents. 


2. The sum of two numbers is 36, and one of them 1s 
five times the other. What are the numbers? 
Let z represent the smaller number. 
Then 5z = the larger number. 
Their sum = z + 52 = 62. 
But their sum 1s 36. .°. 62 = 36, (Ax. I.) 
whence z = 6, (Ax. V.) 


and 5z = 30. (Ax. IV.) 
Therefore the numbers are 30 and 6. 


3. The sum of three numbers is 90. The second 1s twice 
the first, and the third equals the sum of the first and 


second. What are the numbers? 
Let z denote the first number. 
Then 21 = the second number. 


And z + 2z = är denotes the third number. 
The sum of the three numbers 1s z + 2x + 3x = 62. 


But their sum is 90. .'. 62 = 90, (Ax. LI) 
whence z-15, (Ax. V.) 
and 24 = 30, (Ax. IV.) 


x+ 2x = 45. (Ax. IL.) 
Therefore the numbers are 15, 30, 45. 
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4. The sum of three numbers is 1888. The second is. 
four times the first, and the third 1s 18 more than the sum 


of the other two. What are the numbers? 
Let z denote the first number. 


Then 4z = the second number. 
And «+ 4z = 5x =the sum of the first and second 
numbers. 
=°. da +18 = the third number. 
The sum of the three numbers 1s z + 4x + 5z + 18 = 
10z + 18. 
But the sum of the three numbers is 1888. 
.". (Axiom IL.) 10z + 18 = 1888. 
Subtract 18 from each side. 
.*. 10x = 1870, (Ax. III.) 
whence g= 187, (Ax. V.) 
and 4x = 748. (Ax. IV.) 
Also, 5r + 18 — 5 X 187+ 18 = 953. 
Therefore the numbers are 187, 748, 953. 


5. The sum of two numbers is 50, and one of them 1s 
two thirds of the other. What are the numbers? 

Let 3z represent the larger number. 

Then 2z = the smaller number. 

Their sum = 3z + 2x = oz. 

But their sum is 50. S. 017 = 50, (Ax. Li 

whence x=10, (Ax. V.) 
37 = 3 X 10 = 30, and 22 = 2 X 10 = 20. 

Hence the numbers are 20 and 30. 


6. The sum of two numbers is 60, and their difference 1s 


10. What are the numbers? 
Let x denote the smaller number; then the larger must 


be 10 more than z, that is, v + 10. 
The sum of the numbers is g + z + 10 = 2z + 10. 
But their sum is 60. .*. 2z +10 = 60, (Ax. IL.) 
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Subtract 10 from each, 2x = 50, (Ax. III.) 
whence 2 — 25, (Ax. V.) 
and z+ 10 = 35. (Ax. II.) 

Therefore the numbers are 35 and 25. 


7. A has as many quarters as B has dimes: together they 
have $2.10. How much money has each? 

Let z represent the number of quarters A has. 

Then z also denotes the number of dimes B has. 

Since one quarter is worth 25 cents, .'. x quarters are 
worth 25z cents; therefore the value of A's money is 252 


cents. 
Since one dime is worth 10 cents, .*. z dimes are worth 


10z cents; therefore the value of B’s money is 10z cents. 
A and B together have 25x + 102 cents. 


but they together have 210 cents. 
*, 252 + 10x = 210, (Ax. I.) 
whence 35z — 210, 
and z —06. (Ax. V.) 
Therefore A has 6 quarters, worth $1.50, and B has 6 dimes, 
worth 60 cents. 

It must be carefully noted that x denotes the number of 
units; thus, z represents the number of dollars, feet, per- 
sons, days, etc., as the case may be. Therefore, z must 
never be put for money, length, weight, etc., but only for 
the number of units of length, weight, etc. 


8. Divide a line 42 inches long into two parts, so that one 
may be three fourths of the other. Ans. 18 1n.; 24 in. 


9. The property of two persons amounts to $4800, and 
one of them 1s seven times as rich as the other: what 1s the 


property of each ? Ans. $4200; $600. 


10. Divide $42 between A and B, so that for each dime 
A receives, D may receive a quarter. Ans. A, $12; D, $30. 


11. The sum of two consecutive numbers is 21. What 
are they ? Ans. 10 and 11. 
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EXERCISE I. 


1. Divide $760 among A, B, and C, so that B shall have 
$50 more than A, and C $135 more than B. 


2. The difference of two numbers is 12, and one of them 
is 4 times the other. What are the numbers? 


3. The difference of two numbers 1s 84, and one of them 
is three fourths of the other. What are the numbers? 


4. In a company of 133 persons, there are four times as 
many women as children, and twice as many men as chil- 


dren. How many men are there? 
5. Find three consecutive numbers whose sum is 45. 


6. A has $40 more than B, and three times the number 
of dollars A has equals five times the number B has. How 
many dollars has A? 


7. A bought z horses at $100 each, 2z cows at $30 each, 
and 5z sheep at $12 each. He paid $1100 for all. Find 


the value of z. 


8. Seven times a certain number exceeds four times the 
number by 84. Find the number. 


9, A is twice as old as B, and three times as old as C. 
The sum of their ages 1s 66 years. How old 1s B? 


10. If 6 times a certain number be diminished by 10, the 
remainder will be 10 more than twice the number. Find 
the number. 


11. Find the number which exceeds the sum of its half, 
fourth, and sixth by 5. 


12. A gave an equal number of nickels, dimes, and dollars, 
in payment of a bill of $23. How many of each did he 


give?! 


CHAPTER II. 


NEGATIVE NUMBERS. 


67. THERE are certain quantities which are so opposed 
to each other 1n character that any number of units of the 
one taken together with the same number of units of the 
other, would neutralize each other. Thus, if a person’s 
income were $600 and his outlay were $500, his capital would 
be increased by $100, because $500 of the income would be 
neutralized by the $500 outlay. If his income were $600 
and his outlay $800, his capital would be diminished by 
$200, because his income would be neutralized by $600 of 
his outlay; hence the rest of his outlay must be taken from 
his capital. 

If A gains $10 and loses $6, his net gain 1s $4, because 
$6 of his gains are neutralized by the $6 lost. If he gains 
$10 and loses $12, his net loss is $2. If a person go 100 
yards in any direction and then retrace his steps for 60 
yards, he will be 40 yards from his starting-point, because 
the 60 yards forwards are neutralized by the 60 yards 
backwards. If he go forwards 100 yards and then back- 
wards 120 yards, he will be 20 yards from his starting- 
point, but in a contrary direction from his original motion. 

If the mercury in a thermometer stand at 10° above 
zero, a fall of 15° will cause it to stand at 5° below zero. 
If a vessel m 5” north latitude sail south through 7°, she 
will then be in 2° south latitude. Similar relations exist 
between east longitude and west longitude; motion to the 


right and to the left; time before and after a fixed date, etc. 
(31) 
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68. The discussion of the following problem will tend to 
explain the principles considered in this chapter: ‘‘ How 
much will A's capital be increased if his income be $a and 
his outlay $c?” Since A's income tends to increase his 
capital, $a must be added to his capital. Since his outlay 
tends to diminish his capital, $c must be subtracted: hence 
A’s capital will be increased by as many dollars as a 
exceeds c. We say, therefore, that A's capital is increased 
by (a — c) dollars. 

If a > c, no difficulty will arise 1n considering this 
answer, for, whatever values be given to a and c, to find 
a — c merely consists in subtracting a less number from a 
greater. lfa=c, a— c= 0, andthe answer 1s still true in 
an arithmetical sense. If a « c, 1n order to find a — c, 
we are required to subtract a greater number from a less, 
which, in an arithmetical sense, can not be done. 

In arithmetic we deal only with the natural series of num- 
bers; viz., 0, 1, 2, 3, 4, 5, etc.: these numbers increase 
to the right, each succeeding integer being obtained by 
adding one to the preceding integer. Since addition con- 
sists in counting to the right or forwards, subtraction, 
being the contrary of addition, must consist in counting 
to the left or backwards. To subtract 10 from 7, we count 
backwards from 7 to 0, but can go no farther, for there the 
natural series ends. Thus, we can subtract only 7, and 
there remain 3 units to be subtracted. 


69. It is important that the answer to the problem in the 
preceding article, and to similar problems, shall 1n all cases 
be (a — c), and that for all values of a and c, a — c shall 
denote that a 1s to be added and c is to be subtracted. To 
enable us to subtract a greater number from a less, it 1s 
necessary to assume a new series of numbers, beginning at 
zero and extending to the left. To each of these numbers 
the sign — is prefixed, and to each of the natural series 
the sign + 1s prefixed. Numbers preceded by — are called 
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— TERM and numbers preceded by + are called 
positive numbers. ‘The algebraic series of numbers 1s 
written thus: 


.—5,—4,—3, —2,—1, +0,+1,4+2,+3,+4,.... 
or thus: 
, — 5, — 4, — 3, — 2, — 1, 0, 1, 2, 3, 4, .... 


The sign — is never omitted. Oiseither + or —, since 
it is the starting-point of both series. 


70. A familiar example of the use of the algebraic series 
of numbers is furnished by the scale of an ordinary ther- 
mometer. A certain point is fixed upon as zero. Degrees 
above zero are +1,+2,+3,+4,....3; degrees below zero 
are — 1, — 2, —3, —4,.... | 

If the mercury descend 20” fg a point 12° above zero, 
the result 18 found by subtracting 20° from 12°; that is, by 
counting downwards 20° from 12°: by so doing we arrive 
at 8° below zero, and the temperature is recorded as — 8°. 
If the mercury descend 5° more, we subtract 5° from — 8°; 
that is, we begin at — 8° and count 5° downwards, and 
arrive at — 13°. If now the mercury rise 10^, we add 10° 
to — 13; that is, we begin at 13° below zero and count 
10" upwards, and arrive at — 3”. A rise of 7^ additional 
will give + 4°, etc. 


71. (1) To add 6 to 5, we begin at +5 and count 6 
units in the positive direction; that is, forwards or to the 
right, and arrive at + 11; that is, 5 + 6 = 11. 

(2) To add 5 to — 3, we begin at — 3 in the negative 
series and count 5 units forwards and arrive at + 2; that 


18, — 9 -- J — + d. 
(3) To add 4 to — 10, we begin at — 10 and count 4 
units forwards and arrive at — 6; that is, — 10 + 4 = — 6. 


(4) To subtract 10 from 7, we begin at “ and count 10 
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units in the negative direction; that 1s, backwards or to the 
left in the algebraic scale of numbers, and arrive at — 3; 
that is, 7 — 10 = — 3. 

(5) To subtract 4 from — 3, we begin at — 3 and count 
4 units backwards and arrive at — 7; that is, — 3 — 4 = — 7. 

In other words, (1) To add a positive number means to 
count so many units forwards or to the right, in the alge- 
braic series of numbers. (2) 'To subtract a positive number 
means to count so many units backwards or to the left 1n 
the algebraic series of numbers. 


42. The Absolute Value of a number is its arithmetical 


value, taken independently of the signs + and —. Thus,-+ 4 
and — 4 have the same absolute value; that is, four units. 


73. The Algebraic Value of a number 1s its absolute or 
arithmetical value taken in connection with a sign + or —. 
Thus, + 4 and — 4 have different algebraic values. 


4. “Two numbers which are both positive or both nega- 
tive are said to have like signs. If one be positive and the 
other be negative, they are said to have unlike signs. 


75. (1) To add — 12 to 7. In (71), it was shown that 


in adding a positive number we follow the arithmetical 
meaning of addition, and count so many units to the right; 
we shall therefore agree that to add a negative number 
means to count so many units to the left in the algebraic 
series of numbers. Beginning at 7 and counting 12 units 
to the left, we arrive at — 5; that is, 74+(— 12) = — 5. 
5. 7+ (— 12) is equivalent to 7 — 12. 

(2) Lo add — 5 to — 4, we begin at —4 and count 5 


units to the left and arrive at — 9. That is, — 4+ ( — 5) 
=—4—-9=-— 9, 


76. Since the subtraction of a positive number means to 
count so many units to the left (71), therefore we shall 


NEGATIVE NUMBERS. 35 


agree that the subtraction of a negative number is per- 
formed by counting so many units to the right. 

(1) To subtract — 6 from 4, we begin at + 4, count 6 
units to the right, and arrive at + 10. That is, 4 — (— 6) 
= 4 + 6 = 10. 

(2) To subtract — 7 from — 3, we begin at — 3, count 7 
units to the right, and arrive at + 4. That is, — 3 —(— 7) 


= — d += +4. 


77. From the illustrations given in Articles 71, 75, and 


76, we see: 
(1) Adding a positive number and subtracting a nega- 


tive number both mean counting to the right. Hence, 
the addition of a positive number produces the same result 
as the subtraction of a negative mumber having the same 
absolute value. Example: 3+ (+ 4)=7. 3—(—4) = 
EK 

(2) Subtracting a positive number and adding a nega- 
tive number both mean counting to the left. Hence, the 
subtraction of a positive number produces the same re- 
sult as the addition of a negative number e the 
same absolute value. Example: 6 — (+ 2) = 6 — 2 = 4. 


6 (72) =6-2=4, 


78. It should be carefully noted that the signs + and — 
are used for two distinct purposes: (1) Arithmetically, as 
signs of operation, to connect numbers with each other by 
addition or subtraction. (2) Algebraically, as signs of 
opposition, to indicate 1n which series—the positive or the 
negative—a given number belongs. 

It should be further noted that, (3) The sign + placed 
before a term does not change its algebraic sign. Thus, 
+(+a)=-+ a, and + (—a)=—a. (4) The sign — 
placed before a term changes the algebraic sign of that term. 
Thus, — (+ a) = — a, and — (— a) = + a. 
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79. The principles considered in the preceding article 
may be still further extended. (1) Since prefixing a sign 
+ has no effect upon a term, therefore any number of + 
signs may be prefixed without affecting the term. Thus, 
+TI+I+C+o]i= +a, mdti E [4- (-9]1 5 — a. 
(2) Since prefixing a sign — changes the sign of a term, 
then prefixing a second minus changes the sign again, and 
thus gives the original sign; prefixing a third — changes 
the sign, etc. Examples: —[—(+a)]=4+ a; —[—(—a)] 
= —a; —{—[—(—a)]}=-+4a; ete. Hence:/fa term 
be affected by an odd number of minus signs, its essential 
sign will be minus. Lf a term be affected by an even num- 
ber of minus signs, its essential sign will be plus. 


80. By Essential Sign is meant the sign properly belong- 
ing to a term when affected by but one sign, + or —. 


81. The use of + and — as signs of opposition 1s carried 
into the treatment of exponents (32). Thus: 


an aaa qaaa aaaaa 
a” — oo e emm ———— LI 9 ete. (Art. 62, AX. VII.) 
1 a ad aaa 
aaa aaa aaaaa aaaaaa 
A" = —- = — = — —. ete. 
A 
1 a aa aaa 
A aaa andan aaaaaa 
(i, =, ee ee — ete. 
3 
1 a aa 
, aaaaa ` aaaaaaaa 
a z = —— —— —-, etc. 


1 aaa 


In the various forms of a’, there are two a's in the divi- 
dend more than in the divisor; of a”, there are three more; 
of af four more; of a’, five more, etc. That is, a posi- 
live exponent denotes that the number next to which it is 
placed occurs so many more times as a factor in the divi- 
dend than in the divisor. 
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82. If any number occur as a factor an equal number of 
times in both dividend and divisor, the exponent of that 


number is zero (0). Thus: 


q^ €— a; p = W; 75 — Do: etc. 
Since = = 1 (Art. 63, VIII.), 
and since m m s. a? = 1 (Art. 62, Ax. I.) 


Therefore, any number with an exponent of zero 18 equal 
to unity. 


83. Since we use the positive exponent to denote that 
the number affected by the exponent occurs as a factor so 
many more times in the dividend than in the divisor (81), 
and since we use the zero exponent to denote that the 
number affected by 1t occurs an equal number of times in 
both dividend and divisor (82), therefore, the negative 
exponent denotes that the number affected by it occurs as a 
factor in the dividend a fewer number of times than in the 


1 3 0 oO 


divisor. Thus: 93 = gae a! lete Ja” 5; 97 = 3s — bx 5 ie 
a = ab “c”3; ete. 


EXERCISE II. 


Simplify the first five problems : 
1. 6+ (— 5); 6-5; 4— (— 7); 5+ (— 3). 
2. —[—(—5)]; —{-[-(—4)]}; -—{-[-(— — 8). 
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6. A was born 10 B.c. and lived 67 years. When did he 
die? 


7. D died 17 A.D. at the age of 49. When was he born? 


c, E was born 205 B.C. and lived 80 years. When did 
he die? 


9. F was born 43 p.c. and died 12 A.D. How many years 
did he live? 


10. The zero of the Mohammedan calendar is the date of 
the Hegira, 622 A.n. “Time since 622 A.D. being +, and 
before 622 A.D. being —, what are the following dates 
according to this calendar: 1888 A.D.? 300 A.D.? 
1 B.C.? 753 B.c.? 218 B.c.? 


11. A has $4750 and owes $927. How much 1s he worth? 


12. B has $1800 and owes $3000. How much is he worth? 


13. C went 125 steps forwards, then 49 steps backwards, 
then 20 steps forwards, then 74 steps backwards. How 
many steps did he take? How far is he from his starting- 
point? 


14. A goes 75 steps in a minute, and B 60 steps. How 
far apart will they be at the end of five minutes, if they 
walk in the same direction from the same starting-point? 
In opposite directions? 


CHAPTER III. 
NUMERICAL VALUES. 


84. IN Algebra, a letter may stand for any number which 
we wish it to represent. Thus, a may represent 2, 5, 10, 
125, 4, 4, 0, — 2, —7, — 2, — 24, or any other number, 
positive or negative, fractional or integral. It must not 
be understood from this, however, that the letter has no 
determinate value. Its value is fixed for the time being ; 
it can not represent two different numbers in the same 
problem, but on a different occasiorf the same letter may be 
put for any other number. | 


85. The numerical value of a simple term (44, 47), con- 
taining no sign of division, may be found from the preced- 
ing definitions and principles. “To illustrate the various 
cases, let a = 8 in each of the following examples: 


1. a=? This denotes that the cube root of 8 is to be 
extracted, and the result raised to the second power. The 


cube root of 8 is 2, and the second power of 2 18 4. 
.'. when a = 8, aï = 4. (Arts. 31, 35, 37.) 


2. 4-3 =? Since aš = 4, then a-$ = 4. (Art. 83.) 


3. a”! = - d (Art. 83.) 


a 
4. Vat = at = 8$ = (29 = 16. 
In the following examples, let a = 9, and 6 — 16: 
5. at b-t = 9} x 16-4 = 3 X 4 = ¥. 


(39) 
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86. To find the numerical value of a simple term con- 
taining but one sign of division: 

hind the value of the expression (43) preceding the 
division sign (85), then of that following the division 
sign, and divide the former by the latter. 


EXAMPLES.—1. ab 7! + CÈ dò — ? when a = 8, b — Qs 
C = 16, d = 


2. da + b$c3 d? =? when a = 12, d=9, c=8, d=»5. 


4a = 4 X 12 = 48. bicid'=3xX2xX1=6. 
48 — 6 — 8 Ans. 


After indicating the work, the dividend may be placed 
above a horizontal line, and the divisor below it, and can- 
cellation may be employed. 


87. To find the value of a simple term containing two or 
more signs of division: 

(1) Find the values of the expressions separated by the 
division signs. (43.) 

(2) Commence at the right of the term, and use the signs 
in thew order. 


EXAMPLES.—1. 16 — 8 — 92:16 — 4 = 4. 
218xX8+1x9+8 = 144 + 108 — 8 = 105. 


88. To find the numerical value of a polynomial (53) 
consisting of simple terms: 

(1) Find the simplest value of each term (85, 86, 87). 

(2) Add together all the positive terms (45). 

(3) Add together all the negative terms (46). 

(4) Lind the difference of the absolute values of these 
sums (72). 

(5) Prefix to the remainder the sign of the sum whose 
absolute value 18 the greater. 
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EXAMPLE.—Find the value of af + bte — b? + at — 
a-%$%c—!, when a = 8, b = 16, c — 2. 


Ist term = a$ = 8$ = Ji — +. 4. 
9d term = + bte = +2 x 4= +8. 
3d term = — b? + at = —4 2 = — 2. 


4th term = —a-5b$c-1— —4 X4 X $= — 


89. To find the numerical value of a compound term (48): 

(1) Find the value of the expression inclosed by the in- 
nermost sign of aggregation (43, 38). 

(2) Remove this sign of aggregation (78, 79). 

(3) Proceed in like manner with the remaining signs of 
aggregation (removing one at a time); until all are removed. 


EXAMPLE.—If a = 4, b = 3, c= — 5, d= O, find the 
value of — (a — [b + 2c — (a+ d)]i. 
a+d=4+0=4 v.—-(atd)= —-(+14)=—:4. 
b+le—4=3+2(—5)-4=73-10-4=3 — l4 = 
— LL, .:.— [b + 2c — 4] = —[— 11] = + 11. (Art. 79.) 
a+tl=4+11=15. .:. — fa +11! = — 15. 


90. From (88) and (89) the numerical value of any poly- 
nomial may be found. 


EXAMPLES. 


When a = 4, b = 8, c = 1, d = 0, find the value of: 


1. atx DÉ x c, Ans. 8. m. at— b. t. Ans. — 6. 


2. ab-Fc. Ans. 4. 8 c+a"btd. Ans. 4. 
3. abs d. Ans. 9. 9. — abc — di. Ans. — 32. 
4. abò — c. Ans. 8. 10. (a3 + b — cd)!. Ans. 4. 
b. at bt +. Ans. 4. 11. dac — A8. Ans. — 2. 
6. c — abri. Ans. l. 12. ab — ac — bd. Ans. 28. 
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EXERCISE III. 


Given a=2, 6=3, c= 4, d=5, m=1, r=), find 
the value of each of the following expressions : 


. RR 


2. 9 /9c --5 V 9b — 4 8am. 
3. Terbo ean V Ac 4- r. 


Show that the numerical values of the following are equal: 


13. (d + b) (d Bes b) — di — b. 


20. (a? + 0?) (€ + d?) = (ac + bd)" + (bc — ad)’. 
21. a“ +a'b+b = (e+ abt 0) (e — ab + 65). 
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SPECIMEN PAPER. 


1. Find the value of a’c — 3ab? — 5 (a — b + c), when 
a= — 2, b = 3, c= — 4. 


Ist term = ake = ( — 2)? (— 4) = LE 4) (— 4) = — 16. 16 
9d term = — 8ab? = — 3(— 2) (8? = — 3 (— 2X9) = + 54. 54 
9d term = — 5(a — b+ c) = —9(—2—8— 4)— —5(— 9)— +45. 45)" 


4+ 99 — 16 =+ 83. 99.16 
Ans. 83. 


2. Find the value of a — {c — b [2a — b — c (a+ 06)]1, 
when a= — 3, b = 4, c= — 2. 
(a? + b) = (+ 9+ 4) = (+ 19). 
[2a — b —c(13] =[— 6 — 4 — (— 2) (13)] = [—6 — 44 26] = [+ 16]. 
fe —b[+16]} 2 {—2—4[16]} = [ — 2.— 64] = [ — 66]. 
a — {—66} = — 8466 = + 63. , 
Ans 63. 
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3. Find the M of a? — 3bci -+ 208 c — 5, When a = 
923, b 22 — 8, c — 9. 


-+ S 
ist term = at = 89! = 24 = 10. 16 
9d term = — 30 = — 8(—8y9)$ = — 3(— 8)(3) = + 72. 72 
8d term = + 2 bte = + 2(— 8)(9) = + 2(— 2)! (9) = 
9 (+ 49) = 72. 72 
Ath term = 3.5 T D 
+160-5=+155. — 11605 


Ans. 195. 


-- "t 
1st term = (a — by = (2+ 8)? = (5)? = + 25. 20 
2d term =—? (a+b = —2 (2—3)§=— 2 (— 18 =— A —1)=4 2. | 2 
od term = + 5 (ab)? = + 5 (— 6)? = + 5 (86) = 180. 180 
áth term = + (b — a = + (— 3 — 28 = (— 53 = — 195. 125 
——|—— 
+ 207 — 125 = + 82. 207.125 


Ans. 82. 


CHAPTER, IV. 


REDUCTION OF TERMS. 


91. Reduction is the process of changing the form of an 
expression without altering its value. 


92. Reduction of Terms is the process of uniting terms 
and finding the simplest expression for the result. 


N 

93. (1) To simplify 3a + 5a. If a stand for 12, it is 
required to find the sum of 3 dozen and 5 dozen, which 1s 
evidently (3 + 5) dozen = 8 dozen. If a = 20, the sum of 
3 score and 5 score is evidently (3 + 5) score = 8 score. In 
like manner, for all values of a, 3a + 5a = (3 + 5)a = 8a. 

Similarly, 4ab + Yab = (4+ 7)ab =11ad, 
and Gal? + Sab? = (6 + 8) al? = 14aP*. 


Since the method of work is plainly the same for all 
other numbers, therefore, for every value of a, 0, and c, 


ac + be = (a + 6)ce. (Art. 63, VI.) 


(2) To simplify — 3a — 7a. Subtracting two numbers 
is equivalent to subtracting their sum. (63, II.) 
s.— 34 — Ta = E = — 10a. 
Therefore — ca — ba = — (c + b) a. 


(3) To simplify 7a — 4a. Reasoning as in the first 
problem, since 7 dozen — 4 dozen = (7 — 4) dozen, and 
since 7 score — 4 score — (7 — 4) score, and similarly for 
all values of a, therefore 7a — 4a = (7 — 4) a = 3a, 

If, instead of 7 and 4, any other numbers be substituted, 


the method of work is the same. .'.ba — ca = (b — c) a. 
(44) 
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94. (1) To simplify 4 (b —c) + 8 (b —c). If b= 12 and 
c — 3, then b — c = 9, and the sum of 4 nines and 8 nines 
is (4+8) nines = 12 nines. If b=5 and c=2, then 
b — c = 3, and the sum of 4 threes and 8 threes 18 (4 4+ 8) 
threes = 12 X 3. In like manner, for all values of 6 and c, 
4 (b — c) --8(b — c) = (4 + 8) (b — e) = 1 (6 — c). | 

Since the solution is evidently similar if any other par- 
ticular numbers be substituted for 4 and 8,.*. m (b — c) + 


a (b — c) = (m + a)(b — c). 

(2) To simplify 9 (x — y) — 4(x — y). Reasoning as 
before, we find the result to be (9 — 4)(z — y) = 5 (x — y). 
Therefore c (x — y) — b (x — y) = (c — b) (xz — y). 

(3) To simplify a (x — y) + bz — by. Since bz — by = 
b(x — y), therefore the given expression is equal to 


a(z—3)d 6(z—3)-—(aTb-—Yy.. 


95. (1) To simplify at — a. a — a = aaaa — a = 
(aaa — l)a = (dà — 1) a. 

Similarly, a? — à? = aaaaa — aaa = (aa — l) aaa = 
(a^ — l)a', 

(2) To simplify Ga" — 8a. Since each term 1s divisible 
by 2a, therefore Ga" — 8a = Ra (3a? — 4). 


96. (1) a" — a + œ — œe =a(a —1) + e (e — 1) = 
(a + a?) (a — 1) = a(1 + a) (a? — 1). 


(2) 3a (x + y) — 2b (x +y) + (x — 2y)(3a — 20) = 
(3a — 25)(z + y) + (2 — 2y) (3a — 26) = 
(3a — 2b) (zr +y + z — 2y) = (3a — 25) (2z — y). 


(3) a(z—y) — b(z—y) — c(x—y) = (a—5—c)(z— y). 


(4) (a — b) (3x — y) — 26 (3z — y) + (z—y)(a—3b)= 
(3x — y)(a — b — 2b) + (z — y) (a — 30) = 
(3x — y)(a — 3b) + (z — y) (a — 3b) = 
(a — 36)(3% — y + x — y) = (a — 3b) (4x — 3y) = 
2 (a — 3b) (2x — y). 
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97. From the illustrations given in (93-96), inclusive, 
we derive the following Rule for the Reduction of Terms 
having a Common Factor: 

(1) Remove from each term the common factor. 

(2) Inclose the resulting terms in parenthesis. 

(3) Write the common factor, either before or after the 
parenthesis, with the sign X, expressed or understood, be- 
tween them. 

(4) Write the sign + before the whole. 

(5) In like manner combine the resulting terms, and so 
continue until the expression ts in iis simplest form. 


EXERCISE IV. 


Simplify each of the following expressions: 


1. 5a + 9a — 2a — 6a. 9. a"+a'-ra-— i, 
2. Jab — ac. 10. 23 —27^--z — 1. 
3. a? — 3a. 11. a" — a* -- à? -- a? a+ 1. 


4. 5(b6 —c) —2 (b — c). 12. (a+ 6) z + (a — b) z. 


7. a? — a. 15. (a+ b) Vx 4- (a — b) Va. 


18. (3a — 25) (s — y) + (a — 25)( — y) + 4(a — ts + y). 
19. 6a — 6b + ca — có — 2a + 20. 


20. (2a — b)(c — 2d) + (2a — b)(2c +5d). 


CHAPTER V. 


ADDITION; SUBTRACTION; BRACKETS. 


98. Addition in Algebra is the process of uniting expres- 
sions with their proper signs, and reducing the result to its 
simplest form. 

This definition agrees with the principle advanced in 
(78), that addition does not change the algebraic sign of a 


term. Thus: +(+a)=+a, and +(—a)=—a. 


99. The arithmetical notion of addition applies only to 
the addition of a positive number to a positive number; but 
the use of negative numbers requires us to extend this defi- 
nition. The addition of + b to + a givesa+ b; of — b to 
+a gives a — b; of + b to — a gives — a + b; of — b to 
— a gives — a — 6. 


100. The result obtained by addition 18 called the algebraic 
sum. When the numbers to be added have like signs 
(74), the algebraic sum has the same absolute value as the 
arithmetical sum. When the numbers have unlike signs, 
the algebraic sum has the same absolute value as the 
arithmetical difference. 


101. Subtraction in Algebra is the process of finding a 
number which, added to a given number, will produce a 
given sum. With reference to this operation, the given 


sum is called the minwend, the given number is called the 
subtrahend, and the required number is called the remain- 


der or difference. 
(47) 
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102. The algebraic definition of subtraction agrees with 
the arithmetical definition; but, as the algebraic sum has 
a more extended meaning than the arithmetical sum, so the 
operation of subtraction has a correspondingly extended 
meaning. In both Arithmetic and Algebra, subtraction 1s 
understood to be the contrary of addition; if the addition. 
of a term has a certain effect, then the subtraction of that 
term has a contrary effect. 

Since + (+ a) = +a, then — (+ a) = — a; also, since 
+(—a)=-—a, then — (—a)= +a. These results 
agree with the principles advanced in Arts. 77 and 79. 


103. Rule for Subtraction: 

(1) Write for the remainder all the terms of both minu- 
end and subtrahend, giving to each term of the minuend 
its own sign, and to each term of the subtrahend a sign 
contrary to its own. 

(2) Reduce the result to its simplest form (Chapter IV.). 

Verification: Add the remainder to the subtrahend ; the 


sum must be the minuend. 


NOTES. In subtraction, and also in addition, it is convenient to 


write like terms under each other. 
After the pupil has become expert in the use of the rule given 


above, it is recommended that the operations of changing the signs 
of the subtrahend, and of reducing like terms, be performed men- 


tally. 


104. The truth of the principle that the subtraction of 


6 — c1s equivalent to the addition of — b + c, may also be 
shown as follows: 

FIRST METHOD. To subtract b — c from a means that c 1s 
to be taken from 0, and this remainder 1s to be taken from 
a. If 6 be taken from a, the remainder is a — b; but this 
remainder is c units too small, for c units too many have 


been taken from a. .*. the true remainder is found by 
adding ctoa— à. That 1s, 


a—(b—c)=a-—b+e. 
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105. SECOND METHOD. a=a+6—6-+c—c (Art. 


62, Ax. VI.). | 
Since adding (b — c) to any number means to unite b — c 


with that number (98), therefore subtracting b — c means 
to remove 6 — c from the sum. If b — c be removed from 
a--6—b-r-c-— c, the remaining terms will be a — 5 4 c. 

-a — (b — c) =a — b+c. | 


106. Brackets.—The following laws for the use of brack- 
ets (38) depend upon the preceding principles: 


(1) When an expression within brackets 18 preceded by —+, 
the brackets may be removed (79). 


(2) Any number of terms in an expression may be n- 
closed by brackets, and the sign + placed before the whole. 


(3) When an expression within brackets 1s preceded by 
the sign —, the brackets may be omitted if the sign of every 
term within the brackets be changed (19). 


(4) Any number of terms in an expression may be in- 
closed by brackets and the sign — placed before the whole, 
provided the sign of every term within the brackets be 
changed. 


107. Expressions may occur with more than one pair of 
brackets; these may be removed in succession. Thus, 


Reversing the above, we may introduce more than one 
pair of brackets. 


108. The rules for removing more than one pair of 
brackets may be stated as follows: 
FIRST METHOD. remove the innermost pair of brackels; 


next, the innermost of all that remain, and so on. 
Alg.—9. 
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SECOND METHOD. Remove the outermost parr of brack- 
ets; next, the outermost of all that remain, and so on. 

Make no change in any term until the brackets inclosing 
that term are removed. 


109. Brackets may all be removed at once by observing 
the rules mentioned in (79). Every term inclosed in 
one pair of brackets is affected by two signs: (1) the 
sign prefixed to the term; (2) the sign prefixed to the 
brackets. If this pair of brackets be inclosed in another 
pair, each term is affected by three signs, and so on. If an 
odd number of these signs be negative, the essential sign (80) 
of the term will be minus. If an even number be negative, 
the essential sign of the term will be plus. Thus, in 
a—{b—ce—[—d+e+(—d—e—f—g)]}, ais +, 
being affected by no minus; 0 —c, being affected by the 
sign prefixed to the brace, becomes — ò + ce. ‘The terms 
inclosed by the brackets keep their own signs, because the 
— before the brace and the — before the brackets are to- 
gether equivalent to +. .*. those terms become — d + e — 


ad—e—f+g. 


110. Since + (a — 6—c) = — (— a+ b + c), therefore: 

If the exponent of an expression vnclosed in brackets be 
unity, the sign of each inclosed term may be changed, 
provided the sign prefixed to the brackets be changed. 


EXAMPLES, 


1. Adda —2; a— 3z; 20 —2; 3 — 2x; xz A 
| Ans. 4a — 5z — 3. 
2. Add (a+ 2); 2(a+2); 7(a+x=z). Ans. 10 (a + z). 
3. Add 3(a — b); — 5(a — b); c(a — b). 
Ans. (c — 2) (a — 0). 
4. Add a(z — y); — b (x — y); c(z — y). 
Ans. (a — B + c) (z — y). 
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5. From 22 — y — 3z take x — 4y — z. 
Ans. x +3y — 2z. 


6. From az take br, Ans. (a — b) z. 
7. From Ra" — & take à? — a?b + ab’. 
Ans. (a + 6) (a? — di 
8. From a(x — y) take — b (x — y). 
Ans. (a + 0) (x — y). 
9. From (a — b + c) d take (2a — b— c) d. 
Ans. (— a+ 2c) d. 
10. From az — by + cz take (1+ a) z + by. 
Ans. (c — 1) x — 2by. 


ExERCISE V. 


1. Add (a + £) x; (b — a) z; cx. 

2. Add (3b — 2c + 1) z; (— d+ 3c) a. 

3. From 7 (a — b) take 3 (b — a). 

4. From (da + 25) (2z — y) take (22 — y) (3a — 0). 


simplify each of the following expressions: 


6. a — [305 — {a — (Rc — c — b) — 3b — a + c]. - 

6 l — jl—a—[(—a’+a) —1]—[—a4+1 — a '—a']i. 
7. 1— (1— a — [a — (1 — à?) + (1— a — œ — a)]]. 

8. 2a — (2a — (4a — 8 — 4a — 40). 


Collect the co-efficients of the like powers of z. 
9. 2? + az? — ba? -- ax — bx + a — 1. 
10. + y ERT YT RET pt 


CHAPTER VI. 


MULTIPLICATION. 


111. Multiplication, as defined in Arithmetic, 1s a short 
method of adding equal numbers together. With reference 
to this operation, one of the equal numbers 1s called the 
multiplicand, the number of those equal numbers 1s called 
the multiplier, and the sum is called the product. “The 
multiplicand and multiplier are the factors of the product. 
These words are used similarly in Algebra, but their mean- 
ings must be extended to include negative numbers. 


112. Multiplication in Algebra 1s a process of adding 
as many numbers, each equal to the multiplicand, as there 
are units in the positive multiplier; and it is a process of 
subtracting as many numbers, each equal to the multipli- 
cand, as there are units in the negative multiplier. 


113. As adding a term does not change its sign, and as 
the sum of any number of positive terms 1s positive, and of 
any number of negative terms 1s negative; therefore, if the 
multiplier be positive, each term in the product and the 
corresponding term in the multiplicand will have like signs. 

Thus, 4-5 X (+ 4) =-+ 20, and +5 x (— 4) = — 20; 
also, J- a X (+ 6)=+ a6, and +a x (— 6) = — ab. 

Since subtracting any number of terms 1s performed by 
changing their signs, therefore, 1f the multiplier be nega- 
tive, the corresponding terms in the multiplicand and 
product will have unlike signs. 

Thus, — a X (+ b) = — ab, and — a ( — b) = + ab. 

(99) 
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114. Since + a(4+ b) = + ab, and —a(— b) = + ab; 
therefore, Jr two factors have like signs, the sign of their 
product is plus. 

Since — @ X (+ b) = — ab, and +a x (— b) =— a ab; 
therefore, Lf two factors have unlike signs, the sign of 
their product 18 minus. 


115. The product of any number of factors will be 
negative if the number of negative factors be odd 
(1, 3, 5, 7, 9, 11, etc.). (Art. 79.) 

The product of any number of factors will be positive if 


the number of negative factors be even (0, 2, 4, 6, 8, 
10, etc.). (Art. 79.) Thus, 


2 (— 3)(— 4)(— 5) = — 120. 
— 2(— 3)(—4)(— 5) = + 120. 


116. From (115) it follows that the signs of an even 
number of factors may be changed without affecting the 
sign of the product; but if the signs of an odd number of 
factors be changed, the sign of the product will be changed. 


117. (1) à X a" = aaa X aaaa = d = a`+i, 
(2) à? X à? X a* = aa x aaa X aaaa = a? —a**3*t, 


aaa 
(3) a7? X as = — X aaa = — =a =a-*t8, 
aa 
(4) asa loan deg tera ttt 
aaad aaa a 
1 1 1 
(5) aT? Na “Se xXN. ——— a ^-—gq-?toc» 


OO aaa aaaaa a 


In like manner, for all values of m and n, a" X a" = 
an+”, That is, The powers of a number are multiplied by 
adding the exponents. 


118. The product of the same powers of different letters 
may be indicated by writing the letters within brackets, 
and placing the exponent over the whole. Thus, a" X ?= 
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aabb = ab X ab = (ab). Similarly, a" X 9 x e = (abcy. 
That is, a" X 6" = (ab)"; a^ X i X œ = (abc); a" X ^X 
c" X d" — (abcd)"; and so on for any number of factors. 


119. The principles explained in the preceding articles, 
being true for all numbers, must necessarily be true for 
particular numbers, expressions in brackets, etc. ‘Thus, 


23x 24 — 27; 3$ x 3$ = 9i; (a — 6)" X (a — bf = (a — b)’; 
5—? x 58 = 5è; (aby X (ab) = (ab); (a +b} x 
(a 4-0)7* = (a 9) !7* = (a + 8) —15 ete. 


120. From the principles explained in Arts. 114 to 119 
inclusive, we derive the following Rule for the Multiplica- 
tion of two or more Monomials: 


(1) SIGN. If the number of negative factors be odd, the 


sign of the product is minus. Otherwise, the sign of the 
product 18 plus. 


(2) NUMERICAL CO-EFFICIENT. Find the product of the 
numerical co-efficients as in Arithmetic. 
(3) LITERAL Factors. Write in succession all the let- 


ters occurring an the factors, using each letter but once. 
(4) Exponents. To find the exponent of any letter in 


121. To multiply a polynomial bya monomial: Multiply 


each term of the multiplicand by the multiplier, and add 
the products (63, VI. and VIL). 


EXAMPLES. 

1. a'be X ab’ =? Ans. a°btc®. 
2. aiyiz X zyz? =? Ans. xiyiz-?, 
3. — abe X atbe = ? Ans. — ac. 
4. — able X (— abc 79) =P Ans. + a'b'er?, 
5. — 2a? 0*c X (— babe) =? Ans. + 10a0%c*. 


6. a2b8c~* X (—4ab—1c) =? Ans. — idb id. 
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7. 0x67 x? Ans, 67! — 1. 
8. (z--y —2)xz —! Ans. + zy — xz. 
9. (x — a3 — 1)z$ =? Ans. vè — a? — 23. 
10. (a — b — c) (— 5c) =? Ans. — 5ac + 5bc + 5e. 


11. (Jr — c — 3) (— 02) =? Ans. — 3224+ 42? + 182. 
12. [(a — b) — (a — b) |(a — b) =? Ans. (a — b} — (a — bF. 
13. (67 DN 67) x677! =? Ans. 67*-v—6*—6*—v**, 
14. [a — (6 — c) | (— ab) =? Ans. — a*b + ah? — abc. 


122. To multiply one polynomial by another: Multiply 
each term of one factor by each term of the other, and add 


the partial products. 
This rule is a result of the preceding principles. Thus, 


multiplying by a+ b is equivalent to multiplying by a 
and by 0 separately, and adding the products; multiplying 
by a — b 18 equivalent to multiplying by a and byb sepa- 
rately, and subtracting the second product from the first; 
but subtracting b times a number is equivalent to multiply- 
ing it by — 6 and adding the result. 


123. For convenience in collecting like terms, the fol- 
lowing additional steps are recommended : 

(1) Arrange both expressions according to the descend- 
ing powers of a letter common to both, or according to the 
ascending powers of that letter (58). 

(2) Supply ciphers in place of the missing powers of the 
letter of arrangement, ın order that the exponents of that 
letter may have a common difference in the successive terms. 

(3) Write the multiplier under the multiplicand, the first 
term under the first, the second under the second, etc. 

(4) Multiply each term of the multiplicand by each term 
of the multiplier, placing the first term of each partial 
product under the term of the multiplier which produces tt. 


(5) Add the columns. 
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1. Multiply a? — 2ab + 30" by à? + 3ab — 20. 
a? — Bab + 30’ 
a" + 3ab — 20° 


a" — 2a°b + 3a? 7? 
+ 3a°b — Ga"b? + 9aD 
— Ja“b? + dabò — Gi 


at -- ab — Bab“ + 13ab5 — 60 


2. Multiply 1 + 2a + a" — 3a" by a" — 1 — 2a. 
at + 0 — 3a? + 2a +1 
à -L0—93a —1 


a! + 0 — Ja? + 2a* -- a? 
— Hof —0 4+ 6a — da" — Ra 
— a — 0. + 3a? — 2a — 1 


a + 0 — 5 +a + Ta On 4al 


zx +a v'—+ (a+ b)x+ ab 
x +0 z +c 
z* -l- alc +H dr +aba 
+ 6! + ab H Fa 
+4 +06ca + abc 


etat+l 
Xx — zò LI 
gt gt te 
— ako — cb 
--z--a$--1 
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6. Multiply 9a? + 6+ 3ab — 6a 4- 4 4- 20 by 3a 4- 2 — b. 
9a? + 3a (b — 2) + (0° -- 26+ 4) 
3a — (b—2) ' 
27a? + 9a? (b — 2) + 3a (0$ + 2b + 4) 
— 9a? (b — 2) — 3a (Ù? — 4b + 4) — (f — 8) 
2105 + 0 + 3a (60) — (ù — 8) = 
27a + 18ab — (P — 8). 


It will be observed that (b — 2) X (b — 2) = 8 — 4b 4- 4, 
and (7 -+R6+4)(6 — 2) = P — 8. 
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EXAMPLES. 


By multiplication show that : 


1. (a + bF = a 4- 2ab + b. 
2. (a — bY = a? — 2ab + b. 
3. (a+ 6)(a — b) = a? — b'. 
4. (a" — ab + &)(a+ 0) = a" —+ b. 
5. (a^ + ab + b”) (a — b) =a’ — &. 
6. (a? — 2a + 1)(à? + 2a + 1) = af — Ra” + 1. 
7. (a 4- 2a? + 4a + 8)(a — 2) = a* — 16. 
8. (a° — 2ab + 20) (a? + 2ab + RD) = at + 40%. 
9. (a* — à? + 1)(@ + 1) — a* 4- 1. 
10. (af + a* 4- 1)(a* — à? -- 1) 2 a* 4- a+ 1. 
11. (a + bF (a — by? = at — 2a?b? + OF. 
12. (x — 3)* (x + 3)? = z“ — 182? + 81. 
13. (a + z)(a — x)(a" + a?) =a — at. 
14. (a* — 2)(a* — 3) = a" — 5a* + 6. 
15. (3* — 1} = 9* — 2 (3*) + 1. 
16. (a" — DY) = OT — 2a*b* + b". 


MULTIPLICATION BY DETACHED CO-EFFICIENTS. 


124. An examination of the solutions in (123) will show 
that if the terms of the two factors be arranged and graded 
(by supplying ciphers in place of the missing powers of the 
letter of arrangement, and collecting like powers in brack- 
ets): 

(1) The like powers of the letter of arrangement will be 
in the same column. 

(2) The powers of that letter will descend or ascend in 
the product as 1n the two factors. 

(3) If both factors be arranged according to the powers 
of two or more letters, the product will also be so arranged. 
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By observing these laws, the letter or letters of arrange- 
ment may be omitted in the solution and placed in the 
result. Compare the following solutions with those in the 
preceding article: 


1. (a? — 2ab + 30”) X (œ + dab — 20) = ? 


1--1—5--13— 6 ( 
Ans. af + a`b — 5a?b? + 13a — Git, 


2. (at — 380° + 2a + 1) X (0 —2a — 1) =? 
1+0—-34241 
1+0—2-1 


1140-34241 
—2-046-—4-2 
ont Snes M P TRG 


140—54147-1-4-1 
Ans. a’+0— 5a + at + Ta — a" — 4a — 1. 


l+(a+o+c)+ (a6 + ac + be) + abc 
Ans. $+ (a+b 4- c) 3* + (ab + ac + 6c) x + abe. 
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Arrange according to the descending powers of a, and 
omit a. 


943(6-2)+ (P 4-25 4- 4) 
3— (b—2) 


97 4- 9 (b — 2) +3 (+ 25 + 4) 
— 9 (b — 2) — 3 (8 — 4b + 4) — (b? — 8) 
2740 +3 (6b) | | —(#8—8) 
Ans. 278? + 18ab — (b — 8). 


125. The principles of the preceding article may be 
employed for the purpose of verifying results obtained by 
multiplication. Thus: Omit the letter or letters of arrange- 
ment, and simplify the results. The sum of the co- 
efficients in one factor, multiplied by the sum of the co- 
efficients in the other, must be equal to the sum of the 
co-efficients in the product. For instance, in Ex. 1 


(124), the multiplicand is 1 — 2 + 3 — 2; the multiplier 18 
1 +3 —2 = 2; and the product ıs 1 + 1 — 54-183 — 6 — 4. 


EXAMPLES. 


By detached co-efficients show that: 
1. (a* — 22? + 32? — 22 + 1) (a* + 223 + 32? + 2z + 1) = 
e+ 2a°4+ Ie" -- 22? 11. 

2. (0 —52* + 132 — a? —z 4-2) (2 — 22 —2) = 

xz! — ix" + 2149 — Ui — 253? + 627 — 9x — 4. 
3. (z — 1)(z — 3)(z + 3) (z + 1) = zi — 102? + 9. 
4. ($ a+1I)(z? +2+1z z?4+1) af -rFz*-1. 
5. (x +a) = a? + 5ata + 10c + lOz'a" + 5xa* + a’. 
6. (x — IN” = a* — 62? + 152* — 202 + 152? — 62 + 1. 
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EXERCISE VI. 


Perform the multiplication indicated: 


1. (22? + 42? + 82 +16)(3x — 6). 

2. (33 + 42? + 5z — RI)(z" — 4x + 5). 

3. (à — 42* + llr — 24) (2? + 4x +5). 

4. (2° — 22? + 3x — 4)(42? + 32? + 2x + 1). 
5. (2 —zy +Y + E+ y +I +y — 1). 
6. (x? — 3z + 2y. 


9. (22 — 32 + 3z — 1) (2 — 2x + 1) (z — 1). 
10. (22 — x — 1) (22 + 3) (a* + x — Uz — 4). 
11. (86 —2 4- a-3)(à? -- 2 -- a7). 
12. (at + at — at (af — ab + a7 3). 
13. (at + 044 a7 $5) (ab 73 — at + DA). 
14. (at — ab bt + at o5 — bi)(ak + abt + at bt + 01). 


Simplify the following expressions: 


23. (x + y)* — 4xy (2 + yF + Zut 
24. [(z + y) + (2 — yy ]*. 
26. Substitute y + 2 for z in zi — 22° — 2? + 4. 


CHAPTER VII. 


INVOLUTION. 


126. Involution is the operation of raising an expression 
to any required power. Every case of involution 1s merely 
an example of multiplication in which the factors are equal. 


Thus: (— 2a’)? = (— Ra") (— Ra") (— 2a?) = — Boa 


MONOMIALS. 


127. To raise a monomial to any power: Multiply the 
exponent of each factor of the monomial by the exponent 
of the power. If the given expression be negative, and the 
exponent of the power be an odd number, the product will 
be negative ; otherwise the product will be positive (115). 


(1) (— Rab") = — 25955? = — 3Ra'b”, 

(2) (— Ba'be”)" = + Jfa'bick = + B8la'b'ck, 
(3) (Labe) = Vac = 64a, 

(4) EN “= — JBA du 


(8) (— 2ab?)" = + 2"a"b if n be any even integer, but 
(— Zab)" = — 2°a"b™ if n be any odd integer. 


128. Since every even power is positive, therefore: Jr 


any expression in brackets be affected by an even exponent, 
the sign of each inclosed term may be changed without 


altering the value. ‘Thus: 
(62) 
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(a — by = (b — a)’; (a — b} = (b — ay; 
(a —b—c)/’=(—a+6+ cf: ete. 


If any expression in brackets be affected by an odd ex- 
ponent, the sign of each inclosed term may be changed, 
provided the sign preceding the brackets be changed. Thus: 


(a — by = —(b— a)’; (a—5-+c)”=—(=a+ob— ce)"; ete. 


BINOMIALS. 


129. By multiplying (a + b) by (a + b), and that product 
by (a + b), etc. (123), the following formulas are obtained: | 


(a+ 0)" = a" + 2ab + P. 

(a+ 0)" = a’ + 30°) + Bab' LA, | 

(a +b)! = at + 4a'b + Gal? + sab + W, 

(a + b) = a+ 5a'b + 10897? + 10a? + 5abt + b. 

(a+ b)? = a* + Ga'b + 15a'P? + 20D + Iba"b'+ babë + pi, 


By multiplying (a — b) by (a — b), and that product by 
(a — 0), etc., the following formulas are obtained: 
(a — b) = a" — 2ab + &. 
(a — by = a; — Juw'b + Jal? — A, 
(a — b)! = a! — 4a'b 4+ Ga"'b? — 4ab`+ bt. 
(a — b)’ =a? — 5atb + 10897 — 10b + 5ad* — O°. 
(a — Af = af — 6a*b 4+ 15a'b" — 20930? + 15a%b* — Gab’ + O°. 
By means of the Binomtal Theorem, or Newton's The- 
orem, as it 1s sometimes called, any power of a binomial may 
be found without performing the successive multiplications. 
This theorem may be briefly stated thus : 
In the expansion of (a + b)", n being any positive 
integer: 

(1) The number of terms is greater by one than the ex- 
ponent of the power to which the binomial is raised. Thus, 
if n = 8, the number of terms is n -1— 84-1 — 9. 

(2) The exponent of a in the first term is the same as 


the exponent of the power to which the binomial is raised, 
and 1t decreases by one in each succeeding term. 
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(3) b appears in the second term with an exponent of 1, 
and its exponent increases by one in each succeeding term. 

(4) The co-efficient of the first term 1s 1. 

(5) The co-efficient of the second term 1s the same as the 
exponent of the power to which the binomial 18 raised. 

(6) The co-efficient of each succeeding term is found by 
multiplying the co-efficient of the preceding term by the 
exponent of a in that term, and dividing the product by a 
number greater by one than the exponent of 0 in that term. 

(7) Terms which are equidistant from the middle of the 
series, have equal co-efficients. If the number of terms be 
odd, there 1s one middle term, and its co-efficient 1s greater 
than that of any other term. If the number of terms be 
even, there are two middle terms whose co-efficients are 
equal, and greater than those of the other terms. 

(8) If a be positive and b be negative, the terms in which 
odd powers of b occur, are negative. 


130. Expanding an Expression 1s performing the multi- 
plication indicated by multiplication-signs or exponents. 


131. Given powers of any binomial may be expanded 
by means of Newton’s Theorem. For example: Expand 
(2r — 3y). For 2x put a, and for 3y put b. Then 
(2r — 3y) = (a — by. 

By Newton’s Theorem, (a — bP = a? — 5a*d + 102? — 
10a7l? + 5ab* — D. 

.*. (ZE — 3yy = (2zy — 5 (2z)* (3y) + 10 (22) (37)? — 
. 10 (22)? (By)? + 5 (2x) (3y)* — Dat = 322° — 240z4y + 
720z°y? — 10802^y? + 810zy* — 2434. 

In like manner, powers of other polynomials may be ex- 
panded. Thus (a + z — y)» may be expanded by inclos- 
ing z — y in brackets, and applying Newton's Theorem to 
the resulting binomial, as follows ; 

[a+ (c—y)]}* = a"+ 3# (z—y) + 3a (z—9y + (ery)”= 
at 3a?z —Ba'y + 3aa* —6azy-- day” + vè—Bz'y—+ Bay a 
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132. It may be shown by actual multiplication that : 
(a d- 6 4- c) 2 a? 4-0 e 4 2a (5 4- c) 4+ 26c. 
(a—5-+c)”=£ a + L ce+Ra(— b+ ec) — 2bc. 
The following rule may be observed to hold good in the 
above and similar examples: The square of any polynomial 
consists of the square of each term, together with twice the 


product of each term by the sum of all the terms which 
follow at. 


133. Since (a+ 6+ c — a" + Let Ja" (6+ c) + 

35^ (a + c) + de" (a + b) + babec, 

and. (@a—b+cp=a0—6 ++ 3a (—b+c)+ 
30? (a + c) + Be'(a — b) — 6abc, 

therefore: The cube of any polynomial consists of the cube 

of each term, plus three times the square of each term into 

the sum of the other terms, plus six times the product of 


the terms taken three at a time. 


134. By detaching the co-efficients, the results obtained 
in accordance with the preceding formulas may be verified, 
as may also the following : 

(1) In the expansion of (a+ b)” the sum of the co-effi- 
cients is (1 +1)" = (2)". 

(2) In the expansion of (a — 5)" the sum of the co-effi- 
cients is (1 — 1)* = (0)^ 20. Since the sum of all the co- 
efficients is zero, the sum of the co-efficients of the positive 
terms must be numerically equal to that of the negative 
terms. But all the odd terms are positive, and all the even 
terms are negative; therefore: Ju the expansion of (a + b)" 
the sum of the co-efictents of the odd terms equais the sum 
of the co-efficrents of the even terms. 

(3) In the expansion of (a+ b+ ec)” the sum of the co- 
efficients is (1--1--1?—- (3? 9. In (a+0x+e) the 
sum of the co-efficients 18 (1 + 1 + 1)? = (3)? = 27. 

(4) In the expansion of (a + 26 — 3c)" the sum of the 
co-efficients is (1 + 2 — 3)" = (0)"= 0; ete. 
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EXAMPLES. 


Expand the following expressions : 
1. (x — y). Ans. zi — Tay + Rlxòy” — 35z*y? + 352%y* — 
21a*y + Tay — y' 
2. (x+y). Ans. Æ + 8r'y + 2825y? + 5C6x'y" + TOL yi 4 


5623)? + 2827 y° L 8xy* La 
3. (x — y) 7" Ans. (zi — Ain + Gx'y" — 4xzy` + yé) + 
4. (2a — 30)". Ans. Be — 36a"'b + 54ab? — 276°. 
5. (1 — 22 + a2). Ans. 1 — 4z + 62? — 42? + 2%. 


6. (1 — 22 + 3r’). Ans. 1 — 4z + 102? — 122° + 92*. 


7. ((-- b — cy. Ans. a+ bb —ce+3a"b — 3a?c + dab'— 
30e + Zo + 3bc*? — babe. 


8. (1— 3z + 3 — Sy. Ans. 1l— 0x + 152? — 202° 4 
152* — 62? + a* 


EXERCISE VII. 


Expand and simplify the following expressions: 


1. (z — yy. 13. (at — 3). 

2. (2 — y) -*. 14. (— 2a°+ a — 3a ^). 
3. (a — 2by. 15. (—x — yy. 

4. (3x — 2y) ^ *. 16. (£ — 2zi + z-y. 

5. (a+ y} — (2 — y). 17. (bz £ ay). 

6. (z —1+ 27) 18. (1 £ 22). 

7. (x? —2+ 072). 19. (a+ bx Lem 

8. (a? — 2a + 1). 20. (a — 2b + cy. 

9. (x + y — 1)". 21. (ax + 2?) - 4. 


10. (ao— 6—c-- dy. 22. (1--z-4- zy —(1—z-rT22z*y. 
11. [((a + bF + (a — 0l". 23. (3—2z-- rF — (2 — xy. 
12. [(« 4- 1 + (a —1)]-*. 24. (14+ 22 — Bz'+ 4r). 


CHAPTER VIII. 
DIVISION. 


135. Division is the process of finding a factor which, 
being multiplied by a given factor, will produce a given 
product. 


136. With reference to this operation, the product 1s 
called the dividend, the given factor is called the divisor, 
and the required factor is called the quottent. 


137. Since the dividend 1s the product of the divisor and 
the quotient, it follows from the law of the signs in mul- 
tiplication that if the dividend be positive, the divisor and 
quotient have like signs; if the dividend be negative, the 
divisor and quotient have unlike signs. That 1s: 


(1) +ab+(4+a)=+0; (3) —ab =- (+a) = — b; 

(2) +ab — (— a) = — b; (4) — ab — (— a) = +b. 

From the first and fourth of these formulas we derive 
the rule: Af the dividend and the divisor have like signs, 
the sign of the quotient is plus. 

From the second and third of the above formulas we 


derive the rule: Zf the dividend and the divisor have un- 
like signs, the sign of the quotient 18 minus. 


138. Since the numerical co-efficient of the dividend is 
equal to the product of the co-efiiclents of its two factors, 
therefore: The numerical co-efficient of the quotient 1s 
found by dividing the numerical co-efficient of the dividend 
by that of the divisor. ‘Thus, since 5a X 40 = 20a0, there- 


fore 20ad — 4b = 5a. 
(67) 
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139. Since the exponent of any letter in the dividend is 
equal to the sum of the exponents of that letter in 1ts two 


factors (117), therefore: The exponent of any letter in the 
quotient ıs found by subtracting the exponent of that letter 
in the divisor from its exponent in the dividend. 


A letter which has the same exponent 1n both dividend 
and divisor, is not written in the quotient. (82.) 

EXAMPLES.—1. Since a" X d = aw, .'. a? + d' = a, 
and a? —+ a? = a’. 

2. Since a?Xa-t“=a5 .". a?-—a5—a-?, and aaa 

3. Since 47T? b X gid = bi, .'. b — a7? b gt, and 
MË NET: et D 


A MONOMIAL BY A MONOMIAL. 


140. By means of (137, 138, 139) we may divide one 
monomial by another. 


EXAMPLES. 

L WO ab = n, 4. a? 9 gëss af, 

2. aco? — ab = a?b. b. be = abi? = Get 

3. A" 4 qm —? =a’. 6. (a — bf a (a—5y =(a — by. 


A POLYNOMIAL BY A MONOMIAL. 


141. Since (a—b) c = ac — be, .*. (ac — bc) — c =a — b. 

Since (a—b)(—c)=— ac + be, .". (— ae + beo) (— e) = 
a — b. 

Hence, to divide a polynomial by à monomial, Divide 
each term of the dividend by the divisor. 
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EXAMPLES. 
1. (ab — a? — ab) + ab = a — ab — li. 
2. (ac —ae’+ac’)+ac=1~c+ec’. 
3. (ab? + ah? — ol — at = a7 +0=— al’. 
4. (—a"ta"tè—ran+5) =a"? = — a* - at — o. 


5. (a? c— abc + abe) -- ( —ab?* c) —abc7*- b71—571c-7*. 


A POLYNOMIAL BY A POLYNOMIAL. 


142. If the divisor (given factor) — a +b 4- c, 
and the quotient (required factor) — x-4- yz, 


az + bz + ex 
then the dividend (product) = 4 + ay + by + cy 


+ az + bz + cz. 


The first term of the dividend, az, 1s the product of the 
first term of the divisor, a, by the first term of the quo- 
tient, z; hence, to find the first term of the quotient, 
Divide the first term of the dividend by the first term of 
the divisor. 

If the partial product formed by multiplying the entire 
divisor by z be subtracted from the dividend, the first 
term of the remainder, ay, is the product of a, the first 
term of the divisor, by y, the second term of the quotient. 
Hence, to find the second term of the quotient, Divide the 
first term of the first remainder by the first term of the 
divisor. 

In like manner, if the partial product formed by multi- 
plying the entire divisor by y be subtracted from the first 
remainder, the first term of the second remainder, az, 1s 
the product of a, the first term of the divisor, by z, the third 
term of the quotient. Hence, the third term of the quotient 
18 found by dividing the first term of the remainder by the 
first term of the divisor, and so on. 
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143. To divide one polynomial by another: 

(1) Arrange both dividend and divisor according to the 
powers of some letter common to both. 

(2) Divide the first term of the dividend by the first term 
of the divisor. The result 1s the first term of the quotient. 

(3) Multiply all the terms of the divisor by the first term 
of the quotient. 

(4) Subtract the product from the dividend. 

(5) If there be a remainder, consider it as a new divi- 
dend, and proceed as before. 

It is convenient to supply ciphers in place of missing 
powers of the letter of arrangement. 

Verification: Multiply together the divisor and the quo- 
(ient; the product must be equal to the dividend. 


EXAMPLES. 


1. Divide a" — 4a" — 19a? + 106a — 120 by a" — 5a + 6. 


a“ — da" — 19a? + 106a — 120 |a"— 5a + 6 
a" — ba? + 6a a+ a—20 Ans. 


a — 25a* + 106a — 120 
a— ba“+ Ga 


— 20a? + 100a — 120 
— 20a? + 100a — 120 ` 


2. [32 + 22 + 25 — 40° + 40? — 15] + [5 —2?-—3] =? 
v'— 40° + 32+ + 22° + 42°40 —15/a°— 2? +0-—3 
af. +0 — 3z’ v`— 3e“ H 0+5 Ans. 


— 32+ 32* + 525 + 42? + 0 — 15 
— 32?5--32* —0 + 92’ 


LO -L 533 — ba? 4-0 — 15 
4 533 — Ba? -I- 0 — 15 
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3. Divide 42? — 322? + 32* + 49 by 2x — 3274 7. 


3a* + 43? — 322* + 04 49 | — 32? -- 2247 


Brt — 2: — Ta — q-—2r-d-"7 Ans. 
+ 62° — 252 + 0 +49 
+ 6z? — 4z? — 142 


— 2127+ l4z + 49 
— 212° + 147+ 49 


4. Divide 2? + ay + az — xyz — y'z — y by x — yz. 


Observe that (y? + 1)? = yt + 2y”+1, and that (y? + 1) 
(A — y c1 -235-Fl Ans. a + Gy! H H at — 
y^ + 1. 

6. Divide e+ a by x — a. 


ve+0+0Ox+ a'lz—a a 
235 — aa? w+ at + a’ + = 


Ans. 
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Divide the first expression by the second : 
7. 42 + 13 — 2; 9r + BAZ L 2. Ans. 2235 — 32^ 4+ 2x. 
8. 1 — 62? + 52$; 1 — 2x + 2’. 
Ans. 1+ 244+ 93x? + 43? + bat, 
9. vv" — ix + 53; x — uw. Ans. x + 22° — bz. 
10. @+ (a — 1) 7+ (a —1) à -E(a—1)2* — 3$; a — c. 


Ans. a + r+ a? -2- e+ ot, 


11. 1 — 9: — 82; 14+ 2x a 
| Ans. l— 2z + 32? — Az? + 52t — 62? L 739 — Bx". 


12. 0+ 2ab — c — Red + 0 — d^; a -- b 4- e 4- d. 
Ans. a+ b — c — d. 


13. 2? — (a +b + e) 2? + (ab 4- ac 4- be) x — abe; x — D. 
Ans. a? — (a + e) z + ac. 


14. à? —2ab + Gè — e; a — 5-4 c. Ans. a — b — c. 


15. art — (0 — 2ac) à? + €; ax? — bz + c. 
Ans. az +- bz +- c. 


16. a" + 86 +c — babe; a + 2b +c. 
Ans. a" + 4 + c — ac — Rab — 2be. 


19. (a — bF — 2? (a — d)c+e;a—b—c. Ans. a — b — c. 


20. (a—0y43(a—d)'e+3(a—bye'4-8; (a—D4-9(—2)e- H 
Ans. a — 6 4- c. 


21. 1275 — 242 -- 58471 — PA E we, "b, m om^ 1 
Ans. x^ A Be Yre? 


22. (V +Yy) (8 — yy (ev — xy + y) (£ — y). 
Ans. a? + 2xy + y'. 
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SYNTHETIC DIVISION. 


144. An examination of the solutions in (143) will show 
that they may be abbreviated in several respects : 

(1) The products of the first term of the divisor by the 
various terms of the quotient are unnecessary, as they are 
the same as the first terms of the corresponding dividends. 

(2) Since only the first term of each remainder is used 
for purposes of division, the other terms need not be found. 

(3) By changing the signs of the terms of the divisor in 
the first instance, the subtraction of the various partial 
products 18 avoided. 

(4) Since the like powers of the'letter of arrangement 
occur in the same column and follow a uniform law, such 
letter may be omitted in the solution and supplied in the 
answer. 

These suggestions are embodied in the following solutions 
of four problems considered in the preceding article. 
For the sake of conciseness, the divisor 18 written at the 
left in a vertical column. The first term of the divisor 
is separated from the others, because it 18 used as a divisor 
and not as a multiplicand. The signs of all the other 
terms of the divisor are changed. The quotient 1s written 
below the dividend and partial products. 


1. «= @ | at — 48 — 19a? | +106a—120 Without detaching 
-L5a! +50— 6a? co-efficients. 


— 100a +120 


a'+ a — 20 E 0 +0 Quo. ata — 20. 
1|1—4—19|-F106—120 By detached co-efficients. 


Quotient, a^ + a — 20. 
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EXPLANATION.—After the terms are arranged and 
graded, divide the first term of the dividend, af, by the 
first term of the divisor, a’, and write the first term of the 
quotient, a^, under the dividend, as shown above. Multi- 
ply 5a — 6 (the terms of the.divisor, except the first, with 
contrary signs) by «^, and write the product under the 
dividend in the second, third, etc., columns. Add the 
second column and divide the sum, a’, by a’, the first term 
of the divisor. Write the quotient, + a, under the column 
added. Multiply 5a — 6 by a, and write the product 
under the dividend, beginning in the third column. Add 
the third column, and divide the sum, — 20a’, by a’. 
Write the quotient, — 20, under the third column. Mul- 
tiply 5a — 6 by — 20, and write the product as before, 
beginning in the fourth column. The sum of the other 
columns being 0, the division 1s exact, and the quotient 1s 
a +a —920. It is well to draw a second vertical line, to 
denote where the division ends. The number of columns 
to the right of this line 1s one less than the number of 
terms in the divisor. | 


If the letter of arrangement be omitted, the work 1s still 
shorter, as 18 shown in the second solutions. 


2 — 3+0 +5 |4+0 +040 


1 1—4+4+3+2|+4+0—15 Bydetached 


T +1] 4- 0+3 co-efficlents. 
10 -—— Án 
13 +5+0 15 


1—34045|4 0-04 0 
Quotient, la? — 3224+ 0x + 5 = a — 32 + 5. 
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3. Divide 2? + z?y + x2 — tyz — y'z — yz? by 2? — yz. 


EXAMPLES. 


Divide the first expression by the second: 
1. — 102*-+ 152? — 52°; — 527. Ans. + 227+ x — 3. 
2. 2° — 407 — 63; x — T. Ans. 2+ Tx+ 9. 
3. t+ 25— 92?-— lóz — 4; 2 + 4744. Ans. 2— 3x — 1. 
4. zt —a2 + (b —1)2 +ar— d; az? — 1. 
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EXERCISE VIII. 


Divide the first expression by the second: 


1. — 8a?bc; 4adc. 

2. 6a°b — IRab" + IBa'b; — Bad. 

3. (m — a)" (m + ny; — (m — a)(m + ay). 

4. af — Ga L 5; a? — 2a +1. 

b. a+ 4r +3; a? -- 22741. 

6. a? Af — 8070? — l7ab5 — 1905; a? — Zab — 36%. 
7. à? — (a+ l) + (c+ ab) z — ac; x — a. 

8. 25 — ax + bx — bx? + ax — 1; x — 1, 

9a — b — e — Babe; a — b — c. 


14. "HIP Sod HIP Lab "n 

15. (a — b)? — (a — b) cd +a — b; (a — VÈ. 

16. 3? (a — b) — 33 (a — by — 3* (a — by; 37! (a — Ai 
17. (a+b—c)* —(a+b—c)*—¥—(a+b—c)*; (a4-b—o)***. 
18. 2* -+ 2^ + 1; xz — xi + 1. 

19. (à? — 2bc — 8068; a? — Abc. 

20. (à? — b*)(a? — 0); (a — by. 

21. at — 2a? + 28-7! — 473; aè --1— a-& 
22. Zei + 20° + 20 — Gabe; (a — by + (b — ey ++ (e — ay. 
23. (a? — Dy; (ei + ab + bF. 

24. 47? — (b —c) 5; ac! —(b — 6)”, 


CHAPTER IX. 


EVOLUTION. 


145. Evolution is the process of finding any required root 
of an expression; that 1s, evolution 1s the process of finding 
a number which, being raised to.a proposed power, will 
produce a given number. 


MONOMIALS. 


146. Since evolution is the opposite of involution, there- 
fore the rules for the extraction of roots are formed by 
reversing those given in Chapter VII. 


Since (oa = a! (Art. 127), therefore Va" = a. 


Since (x art” = + a78,.°. Va-* — Lac 


3 3 3 
Since d Re id therefore the cube root of id is T 


b b* D ob 

Since no even power is negative, therefore an even root 
of a negative number is impossible. 

Rule for Extracting any required Root of a Monomial: 

(1) SIGN. Jf the given monomial be positive, any odd 
root will be positive, and any even root will have the double 
sign (+). Jf the given monomial be negative, any odd root 
will be negative, and any even root will be impossible. 

(2) NUMERICAL CO-EFFICIENT. Separate the given nu- 
merical co-efficient into as many equal factors as there are 
units in the index of the root. One of these factors will be 


the numerical co-efficient of the required root. 
(75) 
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(3) EXPONENT. Divide the exponent of each factor by the 


index of the root; the quotient will be the exponent of that 
factor in the required root. 


147. If the root of a number expressed in figures is not 
readily detected, it may be found by resolving the number 
into its prime factors. For this purpose the following prin- 
ciples may be advantageously employed: 

(1) Every number is divisible by 2 when its right-hand 
digit is 0, 2, 4, 6, or 8. 

(2) Every number is divisible by 2? — 4 when the number 
denoted by its two right-hand digits 1s divisible by 4. 

(3) Every number is divisible by 2? = 8 when the number 
denoted by its three right-hand digits 1s divisible by 8. 

(4) Every number is divisible by 3 or 9 when the sum of 
its digits is divisible by 3 or 9. 

(5) Every number is divisible by 5 when its right-hand 
digit 18 0 or 5. 

(6) Every number 1s divisible by 11 when the sum of the 
digits in the odd places and the sum of the digits in the 
even places differ by zero, or by a multiple of 11. 

(7) Every number is divisible by a composite number 
when it is divisible by all the factors of that number. 


148. An integer is prime when it is divisible by no 
integer except itself and unity. Examples: 2, 5, 7, ete. 
An integer is composite when it is divisible by some other 
integer besides itself and unity. Examples: 4, 6, 9, etc. 


SQUARE ROOTS OF POLYNOMIALS. 


149. Since the square of a + b is à? + 2ab + b', .*. the 
square root of a? + 2ab + b 1s a + b. Since the square of 
a+o+cis(at+ b +2? (a+6)c+, .*. the square root 
of (a + bF +2 (a+ 0) e 4- e is (a+ 0) -- c. Similarly, 
the square root of (a +b + cy! 4- 2 (a+ 0 4 - e) d+d: is 
(a +b 4- c) + d; etc. All of these squares are of the 
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general form, a" + 2a0 + 6“, in which a stands in succes- 
sion for one term, two terms, three terms, etc. “The rule 
for the extraction of the square roots of polynomials 1s 
formed, therefore, by finding in what manner a + b 1s 


derived from a? + 2ab + £^, or its equal, a" + (2a + b) b. 
a +2ab+ b^|a-- 65 
or? 


a 
2a + b 2ab + 6 
2ab + b 


The first term, a, of the root is evidently the square root 
of the first term, a’, of the given expression. If a" be sub- 
tracted from e? + 2ab LZ the remainder is 2ad + l?. 
Therefore b, the second term of the root, is obtained by 
dividing 24b, the first term of this remainder, by 2a; that 
is, by twice the part of the root already found. Multiply 
2a + 6 by b, and subtract the product, 2«6 + P, from 
the remainder. If the root contain more terms, we pro- 
ceed with a + 0 as we formerly did with a; its square, 
a" + 2ab + 6", has already been subtracted from the given 
expression, and the first term of the remainder is 2 (a + 0) c; 
so we divide this term by 2 (a + 0), and the quotient is c, 
the third term of the root. Multiply 2 (a + 0) + c by c, 
and subtract the product, 2 (a + b) c + £, from the second 
remainder. This process must be continued until the 
required root is found; the trial divisor in each case being 
double the part of the root already found, and the complete 
divisor being the sum of the trial divisor and the new term 


of the root. 
EXAMPLES.—1. 4362? — 60xy + 25y? = what? 
362° — 60ry + 254? | 6z — 5y 
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The square root of the first term is Dr, and 6z 1s placed 
at the right of the given expression for the first term of the 
root. The trial divisor 1s 12z, and the second term of the 
root, — 54, 1s obtained by dividing — 60zy by 12z. ‘The 
complete divisor 1s 12a — 5y. 

2. Find the square root of zt — 2a° — 274+ 2x + 1. 


The square root of z* is 2*, .*. 2^ 1s the first term of the 
root. The first term of the oe is — 22°, and the 
first trial divisor 1s 227; .". — 225 + 22? = — z is the second 
term of the root. The complete divisor is 22? — x, and the 
product of 224? — z into the second term of the root 1s 


— 27 + 27. The second trial divisor 1s 22? — 21, and 
the first term of the second remainder 1s — 22% Since 
— 277 + 227 = —1,.°. — 1 is the third term of the root. 


The second complete divisor is 22? — 2x — 1; etc. 


150. The fourth root of an expression may be found by 
extracting the square root of the square root; the eighth 
root, by extracting the square root of the fourth root; 
the sixteenth root, by extracting the "ne root of the 
eighth root; etc. 


151. Since (a + 0)" = a" + 2ub + b°, therefore: 

(1) The square root of a trinomial, which ts a perfect 
square, may be found by extracting the square roots of the 
terms which are squares, and placing the sign of the re- 
maining term between them. Thus, the square root of 


9z? — 62 + lis + (3x — 1), because the square root of 92? 
is 3z, of 11s 1, and the sign of the remaining term is —. 
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(2) If the first and third terms of a square be given, the 
second term 4s found by taking twice the product of the 
square roots of the given terms. Example: The first and 
third terms of a square being 9z* and 44", the second term 


is + 2 492 x V4y* = £2 x 32? x 2y! = + 1225. 

(3) Lf the first and second terms of a square be given, the 
third term 18 found by extracting the square root of the first 
term, dividing the given second term by twice this root, and 
squaring the result. Example: The first and second terms 
of a square are 16z* and + 242y. To complete the square 


proceed as follows: (1) 41627? = 4z. e) 9 (4x) = 82. 
(3) 24ry + 8r = 3y. (4) (By)? = 9y. . the third term 
is + 94%, and the complete square 18 1628. + 24zy + Iy?. 

(4) A binomial can not be a perfect square, for the square 
of a monomial 1s a monomial, and the square of a binomial 


is a trinomial. 


EXAMPLES. 


Extract the square root of each of the following : 


1. Au — 126? + 254? — 24a + 16. Ans. Ra" — 3a + 4. 
2. 1628 — 2425 + 2524 — 202 + 102? — 4x + 1. 


Ans. 42° — 327 + 27 — 1. 

3. 9a? + 12ab + 40" + bac + 46e E Ans. 3a + 20 4 c. 
4. l— 6x + 1522 — 2033 + 152* — 625 + at. 

Ans. 1 — 3x + 32? — z. 


b. da" + 5a? — llat — 4a? + 140° — 12a + 4. 
Ans. 2a? — ui — 3a + 2. 
6. 2524 — 30a? + 49L — Zär + Lët, 
Ans. 527 — 3ax + 4c’. 


Extract the fourth root of: ` 


7. at — 4a°d + Orb? — 4al? 4+ Ot. Ans. a — b. 
8. at — 8a` + 24a? — 32a + 16. Ans. a — 2. 
9. 16a‘ — 96a°d + ZIGa“b" — ZG? + 810+. Ans. 2a — 3b. 
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Extract the eighth root of : 


10. 2? — 82 + 282° — 562? + 70a* — 562? + 282? — 8x+ 1. 
Ans. x — 1. 


11. [( + rT ^y —4 (x GE o^! y + 12]. Ans. x — 27}. 


Complete the square 1n the following expressions : 


12. at — Ga? + ( ). Ans. at — Ga" + 9. 
13. 1689 — 24a? LI A Ans. 4a® — Z4atl? -L 90+. 
14. Ja" — ( ) + 44. Ans. 9a$ — 120? + 40t 


Ans. (a + Dy! — 4 (a + D (a — D) + 4 (a — DY. 


16. (a— EU VE gie 
Ans. (a — bF + 18 (a — b) c + 81e. 


SQUARE ROOTS OF ARITHMETICAL NUMBERS. 


152. The method of finding the square roots of arith- 
metical expressions 1s similar to the preceding, but in the 
first place it 1s convenient to mark off the figures in periods. 

Since 1 = 1°, 100 = 10°, 10000 = 100”, 1000000 = 10002, 
etc.; therefore the square root of any number between 1 
and 100 lies between 1 and 10; the square root of any 
number between 100 and 10000 hes between 10 and 100; 
the square root of any number between 10000 and 1000000 
lies between 100 and 1000; etc. In other words, the 
square root of any number expressed by one or two figures 
is a number of one figure; the square root of any number 
expressed by three or four figures 1s a number expressed by 
two figures; the square root of any number expressed by 
five or six figures 1s a number expressed by three figures; 
etc. If, therefore, a dot be placed over the units’ figure 
of a number, and also over every alternate figure, the 
number of dots will be equal to the number of figures in 


its square root. 
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To extract the square root of 5329. 
5329 | YO 1 3 Since the square of 70 1s 4900, 


4900 and the square of 80 is 6400, there- 
ot ca fore the square root of 5329 must 
wech ge poe be greater than 70 and less than 80. 


Taking 70 as a in the general for- 


mula &@ + 2ub + 6° = 5329, and subtracting «? = 4900 
from a? + 2ab + & = 5329, we find 2a6 + & = 429. Since 
2a = 140, then b can not be greater than 3. Taking 6 = 3, 
2a + b = 143, and ò(2a + b) = 429. There being no re- 
mainder, 73 is the required square root. 

In practice the ciphers are usually omitted; thus, 


5329 | 73 

49 | |— 
143 | 499 
4°29 


153. The same method will apply to numbers of more 
than two periods by considering a in the formula 
a*+ 2ab-+ 6 = (a+ A at each step to represent the 
part of the root found; that 1s, a represents so many tens 
with respect to the next figure of the root. 


L Find the square root of 11607649. 
11607649 | 3407 


9 
ga = DU 641 260 

. | 956 
2a, = 6800 $9904] — 47649 


154. From the arithmetical rule for the multiplication 
of decimals, it is plain that if a number have any number 
of decimal places, its square will have twice as many ; 
therefore the number of decimal places in every square 
decimal wili necessarily be even, and the number of decimal 
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places in the root will be half that number. Hence, if the 
given square number be a decimal, and therefore one of an 
even number of places, place a dot over the units’ figure, 
and then over every alternate figure on both sides of it. 
The number of dots to the left of the decimal point will be 
the number of figures 1n the integral part of the root, and 
the number of dots to the right the number of decimal 
places. ‘The square root of 11607649 being 3407, the 
square root of 116076.49 is 340.7; of 1160.7649 1s 34.07; of 
11.607649 1s 3.407; ete. 


155. If a number have an odd number of decimal places, 
its exact square root can not be determined. Thus, .144 18 
not a perfect square. In every case, if there be a remainder 
after finding as many figures in the root as there are periods 
in the proposed number, the exact root can not be deter- 
mined. The approximate root may be found to any required 
degree of accuracy by annexing ciphers and continuing the 
operation. 

2and 3. To find the square roots of 12 and of .144 to 
five places: 


12.0000000000| 3.46410 1440000000 |.37942 
9 mann 9 
64 | 300 67 | 540 
256 469 
686| 4400 — 749| 7100 
4116 6741 
6924| 28400 | 7584| 35900 
27696 30336 
69281] 70400 75887| 556400 
69281 531209 
692820 111900 25191 


V12 is between 3.46410 and | 4.144 is between .37947 
3. 46411. and .37948. 
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EXAMPLES. 


Extract the square root of : 


4. 33124. Ans. 182. 8. 6.5536. Ans. 2.56. 
6. 47961. Ans. 219. 9. .194481. Ans. .441. 
6. 4643.0596. Ans. 68.14. 10. 3.515625. Ans. 1.875. 
7. 285.61. Ans. 16.9. 11. 3. Ans. 1.7320 +. 


Extract the fourth root of : 


12. 6.5536. Ans. 1.6. 14. .00028561. Ans. .13. 
13. 19.4481. Ans. 9.1. 16. 4304.6721. Ans. 8.1. 


CUBE ROOTS OF POLYNOMIALS. 


156. Since the cube of (a + b) is a" + 3Ja“b + dab' + D, 
.*. the cube root of à? + 3a“b + 3a? L W 18a 4- b. The 
cube being given, a general rule for the extraction of the 


cube root may be deduced by observing in what manner 
a and b may be derived from à? + 30°) + 34b? + & or its 


equal, à? + (3a? + 3ab + d?) 0. 
a+ 3«?b + Jab? L P |a + 5 
3 


a 
aa" 30°b + Zodi + DS 
+ 3ab + |  3a*b + 3ab? + Li 


The first term, a, of the root is evidently the cube root 
of the first term, a", of the given expression. 

If the cube of a be subtracted, the remainder is 3a*5 + 
3ab* Lg: therefore the second term, 0, of the root is found 
by dividing 3a“0 by 3a’ ; that 1s, by three times the square 
of the first term of the root. To this trial divisor add 
dab LG for the complete divisor. Multiply the complete 
divisor by 0, and subtract the product, 3a7b + 3a6^ Lo, 
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from the remainder. If there be but two terms in the 
root, this finishes the operation. If the root contain more 
terms, the same method may be employed, by considering 
a to represent the part of the root already found, and 0 to 
represent the new term of the root. In every-ease, The 
trial divisor ts three times the square of the part of the root 
already found, and The complete divisor vs formed by adding 
to the trial divisor three times the product of the part of 
the root already found times the new term of the root, and 


the square of the new term of the root. 


If the root be a 23- à -- e 4- d, 
(1) To find 0, the trial divisor 18 3a’, and the complete 


divisor 18 Ja" + 3ab + bi. 

(2) To find c, the trial divisor is 3 (a + 0)”, and the com- 
plete divisor is 3 (a + bF + 3 (a + 0)e + e. 

(3) To find d, the trial divisor is 3 (a + b + cF, and the 
complete divisor is 3 (a + b+ cy 4- 9 (a -4- 6 4- e) d Edi 

Ex. 1. Find the cube root of 272? + 542? y + 36zy? + 8y’. 


RIZ” 54r'y+ Bry’ -+ 8y? | oq + 29 
2123 
8a? = Ont = 272 04z^y-1- 902z3y*-1- 8y? 
sab + b= + 18zy + 4y’ 54r y+ 3023?-I- Ba 


Sa? + 3ab + b? = 272? 18zy + 4? 
Cube root, dv + 2y. 
The expression being arranged according to the descend- 
ing powers of z, the first term, 272°, corresponds to a" in 
the general formula; therefore the cube root of 27:5, which 
is 3z, is the first term of the root. The trial divisor is 
three times the square of 3z, that is, 2727. Since 54z'y + 
274^ = 2y, therefore 2y 1s the second term of the root. 
lo 272? add three times the product of the two terms oi 
the root, 18zy, also the square of the second term, Aa, ` 
and the sum is the complete divisor, 272? 4- 18zy + 4y*. 
Multiply this complete divisor by 2y, and subtraet the 
product from the remainder. 
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Ex. 2. Find the cube root of z* — 629 + 92t + 42° — 
02? — 6x — 1. Ans. a? — 2x — 1. 


ep — 625+ Iri+dei— 92? —Grz—1 
Q^ = x 


339 ` = Bn — G251 Ori 4-42? — 9:2 — 6x — 1 
Babbo = — Get 4r Te ae be 
— Sr! - 122 — 92? — 6r — 1 
Ya -- 5) = än —192? + 122! 
gla + bye = — 3r'41+6z 
+c = +1 


Bri—122i+ 924+ 6241] — Irt 120 — 9: — 6e—1 


The expression being arranged according to the descend- 
ing powers of x, extract the cube root of 2“, and the result, 
zz, is the first term of the root. Subtract z*. The trial 
divisor being 3z*, and the first term of the remainder being 
— 629, .*. — 62 + 324 = — 2x is the second term of the 
root. To 3z' add 3 (2*)(— 2x) = — 62°; also add (— 22)’ 
= 4x, and multiply the sum, 3z* — 622 + 42’, by — 2z. 
Subtract the product, — 62° + 122‘ — 8x’, from the first 
remainder. ‘The second trial divisor 18 3 (e? — 22)? = 32* 
— 122 + 122%. The quotient of the first term of the re- 
mainder, — 324, by the first term of the trial divisor is — 1; 
..— lis the third term of the root. ‘fo the trial divisor 
add 3 (2? — 2z)(— 1) + (— 1)? = — 37? + 67 + 1, and 
multiply the complete divisor by — 1. Subtract the product 
from the second remainder. 


CUBE ROOTS OF ARITHMETICAL NUMBERS. 


157. Since 1 = 15, 1000 = 103, 1000000 = 1003, etc., it 


follows that the cube root of any number between 1 and 
1000 1s between 1 and 10; the cube root of any number 
between 1000 and 1000000 1s between 10 and 100; etc. In 


other words, the cube root of any number which has one, 
two, or three figures, is expressed by one figure; the cube 
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root of any number which has four, five, or six figures, is a 
number of two figures; the cube root of any number which 
has seven, eight, or nine figures, is a number of three 
figures; etc. 

Hence, if a dot be placed over every third figure of a 
cube, beginning with units’ figure, the number of dots will 
be equal to the number of figures 1n 1ts cube root. 


158. If a number contain any decimal figures, its cube 
will contain three times as many. Hence, there must be 


one decimal place in the cube root for every three decimal 
places in the cube. If a given cube have decimal places, 
and a dot be placed over the units’ figure, and over every 
third figure on both sides of it, the number of dots to the 
left of the decimal point will be the number of figures in 
the integral part of the root, and the number of dots to the 
right will be the number of figures in the decimal part of 
the root. 


159. From the preceding article 1t follows that if the 
number of decimal places m a given number be not exactly 
divisible by three, the number is not an exact cube. If 
there be a remainder left after finding as many figures m 
the root as there are periods, then the given number 1s not 
a perfect cube. The approximate cube root of an imperfect 
cube may be found to any required degree ot accuracy by 
annexing ciphers and continuing the work. 


160. After pointing off the number into periods of three 


figures each as explained in the preceding articles, the work 
Is continued, as in the extraction of the cube root of alge- 


braic expressions, by applying the formula (a + 6)" =.a* + 
(3w” + 3ab + P )5; a representing the first figure of the 
root, then the first two, next the first three, and so on. In 
every case a represents so many tens, and 0 represents so 
many units. 
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1. Find the cube root of 820025. 856. 
820025.856 |93.G | 


a = 93 We 729 
3a? =3(90"? = 24300] 91025 
3ab = 3 (90)(3) = 810 

b= 3° iss 9 


3a? + Jab L Lè = 25119 | 75357 
3a? En d (930)? = 2594700 15668856 
do D = 3(930)(6) = 16740 


D^ = 6" 36 


3a’? L 3a’b’ + b”? = 2611476 | 15668856 


161. If the successive terms of the root be represented by 
a, b, c, etc., it will be observed that the first complete 
divisor = 3a’? + 3«6 + 6*, and the second trial divisor 
= 3 (a + bF = 3a’? + bab + 30’. 

Hence: To the first complete divisor add its second term 
and twice its third term, and the sum will be the second trial 
divisor. 

In like manner, each trial divisor may be found from the 
preceding complete divisor. 


EXAMPLES. 


Extract the cube root of : 


1. 272° — S4x'y + 36xy* — 845. Ans. 32 — Zy. 
2. 81*—30635--662* —6327°4+-332°7—-9274+1. Ans. Zze'—3Jae+1. 
3. 25y ^? — 62* + 122"? — 8y’. Ans. TYT! — 2. 


4. a° — 9a + 36a — 84a +1260 —126a*-4- 844? —36a?-- Ia — 1. 
Ans. a" — 3a°+ 3a — 1. 


b. 2°+ zty? + 122*y* Lg 3 (x? + 2y’)? + 327 + 67? — 1. 
Ans. a* + dy” — 1. 


6. 1 +122 + 602? + 16023 + 2402 + 19225 + 6425, 


Ans. 1 + 4x + 42’. 
Alg.—8. 
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7. 34012.2234. Ans. 32.4. 10. 6321363049. Ans. 1849. 
8. 148:035889. Ans. 5.29. 11. 1.073741824. Ans. 1.024. 


9. .2A4140625. Ans. .625. 12. 3 (3 places). Ans. 1.443. 


HIGHER KOOTS. 


162. Since the sixth power of a number is the square of 
the cube, or the cube of the square, therefore the sixth root 
of a number 1s the square root of the cube root, or the cube 
root of the square root. Since the ninth power of a number 
is the cube of the cube, therefore the ninth root of a number 
is the cube root of the cube root. In like manner, the 
tenth root is the fifth root of the square root, the twelfth 
root'is the cube root of the fourth root, etc. That 1s, when 
the index of the root 1s a composite number, the root may 
be found by extracting the root indicated by one factor of 
the given index, then the root of the result as indicated by 
one of the remaining factors of the given index, and so on 
until all the factors have been used. The final result 1s 
the root required. ‘Thus: 


56 =M V V56 = V 16 = V4= 2. 


163. The root of any expression may be found by apply- 
ing the formula for the corresponding power. For example, 
since (a + b) = a“ + 4a°b + 6a?b^ + 4ab? + b = at + 
b (4a + Geib + 4ab* + 0°), therefore the first term of the 
root is the fourth root of the first term of the given power. 
The trial divisor is 4a°, and the second term of the root, 0, 
is found by dividing 4a*b (the first term of the remainder 
left after subtracting a* from the dividend) by the trial 
divisor. The complete divisor is (4a° + Ga“b + 4a? + 0”). 
Similarly, the fifth root is found by extracting the fifth 
root of the first term of the power, dividing the first term 
of the remainder by 5a*, etc.; the sixth root is found by 
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extracting the sixth root of the first term of the power, 
dividing the first term of the remainder by 6a’, etc. The 
trial divisor for finding the nth root is na". That 18: 
In the extraction of «ny root, the trial divisor 18 formed by 
raising the root found to a power whose exponent 18 less by 
unity than the index of the root, and multiplying this power 
by a number equal to that index. 


EXERCISE IX. 


Extract the square root of : 
1. Du: 25a*0"; Slat (b — c}; 36a" (x — at, 
2. (a? — 2ab+ P); (427 — 4x + 1); (à? — 6a + 9). 
3. (a — b+ o)”; at -* (b — c)™—8; a*" (a — 20)*". 
4. (3?—22y-4-9?)"; (9à*—6a--1)"; 1(a—5b)*—2(a—0) 3-13. 
5. 92* — 62° — bz? 4+ 2x + 1. 
6. 167° — 402? + a* + 462 — 112? — 12x + 4. 
7. 171241; 543169; 14356521; 17.338890. 
8. To four decimal places: 2.5; 14.4; .169; .3; .03. 


Extract the cube root of : 


9. 81" + 482° + 60z* — 80:3 — 902* + 108z — 27. 
10. 2*— 32°+ 627 — 102*-- 1225— 122'+ 10:2 —62?-4- 3x — 1. 
11. a“+b+c+3Ja"bi+3a"c+ Zo? 4- 30*c + Jac'-+ 3b2+ 6abc. 
12. 74088; 110592; 103.823; 884.730. 
13. 19.812904; 33076.161; 102.503232. 
14. To two decimal places: 1.25; .08; 16; 12.8. 


Extract the sixth root of : 


15. 27? — Ga” + 15a 7* — 20a-7?* + 15247? — 6287! +4 1. 
16. 729; .004096; 15625425 — 5, 


CHAPTER X. 


SIMPLE EQUATIONS INVOLVING ONE UNKNOWN 
QUANTITY. 


164. AN Equation is a statement that two expressions are 
equal. ‘Thus, 3r — 8 — 10. 

The expression to the left of the sign of equality 1s called 
the first member or first side, and the expression to the 
right, the second member or second side. 


165. An Identical Equation is one in which the two 
sides are equal for all values of every letter employed. 
Thus, (a + b) (a — b) = a" — 8“ is an identical equation. 
An identical equation 1s also called an ?dentity. 


166. An Equation of Condition 1s one which 1s true only 
for particular values of one or more of the letters employed. 
Thus, 2 + 4 = 7 is true only when z = 3. 

When the word equation is used in Algebra, it 1s under- 
stood that equation of condition is meant. 


167. A letter to which a particular value must be given 
in order that the statement contained in an equation may 
be true, is called an unknown quantity. Such particular 
value of the unknown quantity is said to satisfy the equa- 
tion, and is called a root of the equation. 


168. To Solve an Equation is to find the value of the un- 


known quantity. 
(92) 
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169. A Simple Equation, also called an equation of the 
first degree, is one which contains only the first power of 
the unknown quantity. 


170. To solve an equation, we separate the known from 
the unknown quantities by using the contrary operation to 
that indicated by the connecting sign. That is, 1f the 
known and the unknown quantities be connected by +, 
they may be separated by subtraction; if connected by x, 
they may be separated by division; etc. In performing 
these operations, the two sides remain equal throughout; 
if the value of one side be changed in any way, the same 
change must be made on the other side (Ax. II, III, IV, V, 
etc., Art. 62). To illustrate this principle, let it be required 
to find the value of z in the following examples: 


1. 3x7 — 1 = 14. Here 1 is connected with the unknown 
term, 3z, by the sign —; therefore we add 1 to each side. 
Whence 3z = 15. Now, since 3 and z are connected by 


the sign X, we divide each side by 3. .'. z = 5. 


2. 9: - 6 — 21. 6 being joined to 5z by +, we subtract 
6 from each side. Whence 5z = 21 — 6 = 15. zand 5 being 
connected by X, we divide each side by 5. .'. a = 3. 


3. de + 3 = 2x + 11. By subtracting Ze from each 
member, the unknown term disappears from the second 
side; that is, 41 — 2x + 3 = 11. Now subtract 3 from 
each side, and 22 = 8. .'. z= 4. 


4. 3272-13 = 68 — 2x. Here we add 2x to each side to 
cause z to disappear from the second member, and we sub- 
tract 13 from each side to cause the known term to dis- 


appear from the first member. Whence 32 + 2z = 68 — 13; 
that is, 52 = 55. .'.tr = 1l. 


171. If terms containing the unknown quantity occur on 


both sides of an equation, it is customary, by means of 
Ax. II and III, to place them all on the first side, and, 
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in like manner, to put the known terms on the second side. 
This operation is called transposition. Thus, if we have 
x + a = b, by subtracting a from each side we find 7 = 
b — a; also, if z — a = b, by adding a to each side we find 
z-b--a. In each case a 1s transposed from one side to 
the other, but its sign is changed ; hence, Any term may 
be transposed from one side of an equation to the other, pro- 
vided its sign be changed. 


172. 'l'he signs of all the terms on both sides of an equa- 
tion may be changed, for this 1s equivalent to multiplying 
every term by (— 1). (Ax. IV.) 

In like manner, an equation may be cleared of fractions 


by multiplying every term of each side by à common mul- 
tiple of the denominators (29). Thus: 


5. +2=4; 4 2 = 2 Since x and 5 are 


connected by division, we multiply each term by 5. .'. z—10. 


L dëi L 


6. = + 1 — 7 =5. Since « is connected by division with 


9, 4, and 6, we multiply each term by 12. .'. 4z + 3z — 
22 = 60. Whence 5z = 60, and z = 12. 


7. —-F-- +r= Here multiply each term by z. 
..24-2- 122-6 — 7x. Whence 42 = Yx, and z = 6. 


173. To solve an equation of the first degree, containing 
one unknown quantity. 

(1) If necessary, clear the equation of fractions. |. (172.) 

(2) Transpose all the terms containing the unknown 
quantity to one side, and all other terms to the other 
side, remembering to change the sign of each transposed 
term. (IVL) 

(3) Reduce each side to its simplest form. 

(4) Divide both sides by the co-efficient of the unknown 


quantity. 
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EXAMPLES. 


Find the value of z in each of the following equations: 


l 3z + 7 = 9x — 5. Ans. 2. 
2. 9 + 2x = 17 — 52. Ans. 2. 
3. 3 (z — 2) = 4(2 — 2). Ans. 2. 
4.5 — 3 (4 — 2) = 4(2z — 3). Ans. 1. 
b. 137 — 21 (x — 3) = 10 — 21 (3 — z). Ans. 4. 
6.5 (2x + 6) = 4(3z + 6). Ans. 3. 
7. 4x — 40 = 40 — zx. Ans. 16. 
8. 4 (z-- 16) = 10 (x + 1). Ans. 9. 
9. 2z — 22 = 3 (x — 22). Ans. 44. 
10. az + b = bx + &. Ans. a + 6. 
11. 5(z+1) —2(6-—2z)—2=3(z+ 5). Ans. 6. 
12. 3(@— 2) —4(8 — z) = — 4 42 (r + 1) — 3z. Ans. 2. 
13. 3+ ` 4 7 = 26 — 13 (13 — 2). Ans. 12. 
14. 22 — 1 — 2 (32 — 2) + 3 (4r — 3) — 4(5z — 4) = 0. 
Ans. $ 
15. (30 — 1) — $4 (z -1) 2 (2—3) — (2 — 5) +48 
Ans. 7 
16. l1z-1$ = 83 +2 ($f r—1)—4 (z + 8). Ans. —8 
4r , oc r 2 

E — L Lm “2 
17 T 1 15 +g G Ans. 24 

z+1_1 10 6%+4 7 

ot — 11 11 1 
19. 4 — + (@ — 1) = 75% — ip Ans. 11 

4r—au 2t4-30 zg 5a — 186 
20. —3— — — p = Ans e 
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PROBLEMS. 


174. One of the main uses of equations is to find num- 
bers which shall satisfy certain given conditions. In order 
to find such a number, two steps are necessary: 

(1) To express the conditions of the problem an algebraic 
language ; that 1s, to form the equation. 

(2) Zo solve the equation thus formed. 

It is impossible to give a precise rule by means of which 
every question may be readily stated in the form of an equa- 
tion. ‘The first step 1s to understand fully the nature of 
the question; secondly, to denote the required quantity by 
one of the final letters of the alphabet; thirdly, to indicate, 
by means of signs, the same operations that 1t would be 
necessary to perform with the answer, to verify it. 


EXAMPLES. 


1. Five times a certain number exceeds twice the number 
by 30; find the number. 

Let z represent the required number; then the problem 
becomes: Five times z exceeds twice z by 30; find z: or, 
oz exceeds 2x by 30; find z ‘The corresponding equation 


is 5g — 2g = 30. .'. zz 10. 


2. Divide 140 into two parts such that one part shall be 
24 times the other. 

Here 1t is convenient to represent the smaller part by 2z. 
Since the larger part is 21 times the smaller, then 5z is 
the larger. But the sum of the two parts must be 140, 
and their sum is 2z + 5x = 7x. We now have two ex- 
pressions for the same thing. .:. (Ax. I) 7z = 140. Whence 
Tt = 20, and the two numbers are 40 and 100. 


3. Divide 27 cents between A and B so that 1 of A's 
share shall equal + of B's. 

Let x represent the number of cents A shall receive. 
Since A and B together receive 27 cents, and since A alone 
receives x cents, therefore B must receive 27 — z cents. 
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But 4 of A’s share must equal } of B’s. 
.*. 4x = 4 (27 — x). Now multiply both sides by 20. 
4r = 5 (27 — z); that is, 4x = 135 — 5z. 

s. 2$— 15, A's share, and 27 — z = 12, B's share. 

4. A and B together have $7; 4 of A's equals $ of Be 
How many dollars has each? 

Let 3z represent the number of dollars B has. Since 4 
of A's = 2 of B’s, .'. 4 of A's = 2x, and A's = 4x. 

As A has 4z dollars and B 3z, both have 7z dollars. 

But together they-have 7 dollars. .*. 7z = 7. Therefore 
z=1, 3x = 3, B’s share, and 4z = 4, A's share. 


5. Find two consecutive integers, the difference of whose 
squares 1s 20. 

Let z represent the smaller; then, since the integers are 
consecutive, v + 1 1s the greater. 

e (£ + IN)” — 2 = 25. Ans. 12 and 13. 

6. A is three times as old as B, but in ten years he will 
be only twice as old; how old is A? 

Let z represent B's age. Since A’s age is three times 
B's, .:. 3x will represent A's age. In ten years B's age 
will be z + 10, and A's 3r 4-10. But then A's age will be 
twice B's. 

.".3z 4-10 =2 (z + 10). Whence z = 10, and 3z = 30. 


7. A has $25 in half-dollars and dimes, the number of 
both being 170. How many half-dollars has he ? 
Let x represent the number of half-dollars; then 170 — z 
must be the number of dimes. 
The z half-dollars must be worth 50z cents. 
The 170 — z dimes must be worth 10 (170 — x) cents. 
'. 50x + 10 (170 — 2) = 2500. Whence z = 20. Ans. 


8. Divide $33 between A and B, in such a manner that 

4 times what A receives shall equal 7 times what B receives. 
Ans. A receives $21, and B $12. 

9. How many dollars has A, if $5 more than $ of his 


money is $20 less than 2 of it? Ans. 150. 
Alg.—9. 
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10. A and B together have $156; 3 of A’s equals % of 
B’s. How much has each? Ans. A, $48; B, $108. 


11. A and B together have $130; A and C together have 
$60. B has $20 more than twice as much as C. How 
many dollars has each” Ans. A has 10; B, 120; C, 50. 


12. A and B had equal sums of money; A gave B $30, 
and then had only half as much money as B. How much 


had each at first ? Ans. $90. 
13. A is five times as old as B; in 15 years he will be 
only twice as old. How old 1s A? Ans. 25 years. 
14. A is 50 years old, and B is 5. In how many years 
will B be 1 as old as A? Ans. 10. 
15. What o'clock is it, if the time past noon is } the 
time to midnight? Ans. 4 P.M. 


16. A can do a piece of work in 10 days; A and B do the 
same work in 8 days. How long would it take B alone? 

Let x = the number of days B would take to do the work. 

Since A can do all the work in 10 days, he can do 41. of 

, it in one day, and 48, of it in 8 days. 

Since B can do all the work in z days, he can do 1 — c 
of it in one day, and 8 + z in 8 days. 

In 8 days both do (8 = 10) + (8 + x) (the work being rep- 
resented by unity). But in 8 days both do once the work. 

8 8 


(Ax D vr +-=1. ` Ans. 40 days. 
Verification: A can do 3; in a day, and B Aer together 
they can do 4-4 — 1. .°*. they together can do the 

work in 8 days, which agrees with the given conditions. 


17. A cistern can be filled by a pipe, A, 1n 8 hours, and 
emptied by a pipe, B, in 12 hours. How long would it 
take to fill 2 of the cistern if both pipes be left open? 

Let z represent the required number of hours. 

Since A can fill the cistern in 8 hours, 1t can fill 1 of the 


cistern in 1 hour, and z + 8 in z hours. 
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Since B can empty the cistern in 12 hours, it can empty 
js of it in 1 hour, and z — 12 1n z hours. 
(x + 8) — (x + 12) will remain in z hours. 


But 2? remain in z hours. .*. (Ax. I) > — — — 


W hence 2 — 18. | Ans. 18 hours. 


18. A can do a piece of work in 60 days. After working . 
20 days, D joins him, and together they complete the job 
in 16 days more. How long would it take B alone to do 
all the work? Ans. 40 days. 


19. À can do a piece of work in 1 the time that B can; 
B in & the time that C can. The three can do the work in 


18 days. How long would it take each of them alone? 
Ans. A, 33 days; B, 66 days; C, 99 days. 


20. A works half as fast as B; together they can finish a 
piece of work in 12 days. How long would it take each 


alone? Ans. A, 36 days; B, 18 days. 


EXERCISE X. 


Find the value of z in the following equations: 


3. taa +4(74+8)=—2. 8 EE 
a+b a—è — 20 — b 
^x Té dau uc" 
1, 1 I u 
5. tata, H 10. Ar — a = cx — b 
ctl 3x +2 
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8 5 
14. = — 8} = Ge- 1) -2 +z — 268 
i, Roi #29 2-3? z—4 1 
` 10 5 15 6 2 


16. 5x + 16 — 2x + 3a = 5a + x 4- 8. 


Solve the following problems: 


17. Find two numbers whose difference is 2, and whose 
product exceeds the square of the less by 8. 


18. The half of what number exceeds the third by 6? 


19. À cistern 1s supplied by two pipes; the smaller alone 
can fill it in half an hour, and the larger in 20 minutes. 
In what time will they both fill it when running together? 


20. It takes an inlet-pipe, A, one third as long to fill a 
cistern as it takes an outlet-pipe, B, to empty it. When 
both run, it requires 6 hours to fill the cistern. How long 
would it take B to empty it? 


21. A can perform a piece of work in 4 days, B in 6 
days, and C in 8 days. How long would 1t take all to do 


the work? A and B? Aand C? Band C? 


22. Equal numbers of dollars, half-dollars, and quarters 
amount to $700. How many of each are there? 


23. Divide $440 among three persons, so that A may 
have 2 as much as B, and B 3 as much as C. 


24. A and B engage in trade with the same capital. A 
gains $1600, and B loses $1900, and A's capital is now 8 
times B's. With how much money does each begin ? 


25. À gentleman divided a dollar among 12 children, 
giving to some 9 cents, and to the remainder 7 cents. How 
many children received 9 cents apiece ? 


26. Divide 12 into two such parts that the difference of 
their squares shall be 48. 


27. A is 54 years old, and B 9 years. In how many 
years will A’s age be just four times B’s? 
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28. A is 3 times as old as B, and in 3 years the sum of 
their ages will be 30 years. How old 18 each? 


29. 'l'en years ago A was twice as old as B; 20 years hence 
he will be £ as old. How old is each? 


30. A is 15 years older than B, and in 10 years he will be 
twice as old as B. How old 1s each? 


31. Two shepherds owning a flock of sheep agree to divide 


its value cqually. A takes 20 sheep; B takes 30 sheep, 
and pays A $150. What is the value of a sheep? 


32. One square field 1s 2 rods longer than another, and 
contains 1 acre more. How long is each? 


33. A lent $500, part at 4 per cent and the rest at 5 per 
cent: the whole annual interest received was $22. How 


much was lent at 5 per cent? 


34. A lent $900, part at 4 per cent and the rest at 5 per 
cent, and he received equal sums as interest from the two 
parts. How much did he lend at 5 per cent? 


35. In a mixture of wine and water, the wine composed 
25 gallons more than half, and the water 5 gallons less than 
a third. How many gallons were there of each? 


36. Divide 144 into two parts such that one part may be 
five sevenths of the other. 


37. The time past midnight 1s one third of the time to 
noon. What o'clock is it? 


38. The time past noon 1s one fifth of the time past mid- 
night. What o’clock is it? 


39. If 20 men, 40 women, and 50 children receive $500 
for a week’s work, and 2 men receive as much as 3 women 


or 5 children, how much does each woman receive? 


40. A bought a number of apples, half at 2 for a dime, 
and half at 3 for a dime. By selling all at 4 cents each, he 
lost half a dollar. What was the number of apples? 


CHAPTER XI. 


SIMULTANEOUS EQUATIONS OF THE FIRST DEGREE. 


175. IF one equation contains two unknown quantities, 
an unlimited number of pairs of values may be found that 
will satisfy the equation. Thus, m z+ y = 16, if any 
value be given to y, a corresponding value for z may be 
found which will satisfy the equation. If y = 15, zi; 
if y = 12, xz = 4; if y = 21, z = 134; ete. 

But if a second equation be given, independent of the 
first (that 1s, expressing different relations between the un- 
known quantities), only one pair of values of xz and y can 
be found that will satisfy both equations. Thus, whilst 
x+ y= 16 and 22 — y = 2, considered separately, may 
be satisfied by an indefinite number of pairs of values, 
there will be but one pair common to both; namely, z = 6, 
y = 10. These are therefore the roots of the pair of equa- 
tions z+ y = 16, and 2z — y = 2. 


176. Equations which are to be satisfied by the same 
values of the unknown quantities, are called simultaneous 
equations. To determine the values of the unknown 
quantities: (1) The number of independent equations must 
be equal to the number of unknown quantities. (2) The 
given equations must be consistent; thus, 2x + y = 11 and 
4X + y = 15, can not both be satisfied by any pair of values. 


177. Simultaneous equations are solved by combining 
the equations so as to obtain one equation containing one 


unknown quantity. This process is called elimination. 
(102) 
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Three methods of elimination are generally given: 
(1) By Addition or Subtraction. 

(2) By Comparison. 

(3) By Substitution. 


ELIMINATION BY ADDITION OR SUBTRACTION. 


178.—1. Solve: I. 3z — 2y — 11. 

II. 5z — 4y = 17. 
Multiply I by 2. III. 6z — 4y — 22. 
Subtract II from III. IV. z ZE. 


Substitute 5forzinl V. 15 —2y=I1 ..y=2. 


Verification: I. 9x5—2x2—15—4-— 1l. 
II. 5x5—4x2-—235—8-21'". 


2. Solve: IL 52+2y = 30. 
Il. 4xz—3y — 1. 
Multiply I by 3. III. 152 4+ 6y = 90. 
Multiply II by2. IV. 8z—6y-— 2. 
Add III and IV. V. 232 mL £4 
Substitute 4 for zin I. 204-2y —10. .:.9y — 5. 


Hence, to eliminate an unknown quantity by addition or 
subtraction: 
Multiply the equations by such numbers as will make 
the co-efficuents of this unknown quantity equal in the 
resulting equations. 

If these equal quantities have unlike signs, add the re- 
sulting equations; if they have like signs, subtract one 
equation from the other. 


ELIMINATION BY COMPARISON. 


179.—1. Solve: I. 32 — 2y = 11. 

! II. 5x — 4y — 17. 
In I transpose 37. III. —2y=11— 3z. 
Multiply III by 2. IV. — 4y = 22 — Dr, 
In II transpose 5z. V. —4y=17 — 5r. 


Expressions which are equalto — 4y must be equal to each 


104 ALGEBRA. 


other. .'. 22 — 6z = 17 — 5z. Whence z= 5. Substi- 


tuting 5 for zin Ill, — 2y = 11 — 15. .:.9y — 2. ` 
2. Solve: I. 5z + 2y = 30. 
Il. 4z — 3y = 1. 
In I transpose 52. III. Zu =30— 52. 
Multiply III by 3. IV. 6y = 90 — 152. 
In II transpose 4z. V. —3y = 1— A, 
Multiply V by —2. VI. 6y = —24 82. 


Since the first sides of IV and VI are equal, the second 
sides must be equal (Ax. I.). .:. 90 — 15r = — 2 + Bz. 

Whence z = 4. In III substitute 4 for z. 

Whence 2y = 30 — 20. .'. y=5. 

Hence, to eliminate an unknown quantity by comparison, 

In each equation find the value of one of the unknown 
guantities (or of the same multiple of that quantity) in 
terms of the other, and place these values equal to each 
other. 


ELIMINATION BY SUBSTITUTION. 


180.—1. Solve: I. 32 — 2y = 11. 
In I transpose 3z. III. — 2y = 11 — 3z. 


In II substitute for — 2y its value = 11 — 32. 
Whence, IV. 524+ 2(11 — 32) = 17. .'. 2 =5. 
Substituting 5 for zin III. —2y —11—15. .:. y — 3. 


2. Solve: I. 5z + 2y = 30. 
Il. 47 — 3y = 1. 
In I transpose 52. III. AY = 30 — 52. 
rs AV. y —15— 3 


In II substitute for y its value. 
". V. 4z — 3(15 ele =1, 


Multiply V by 2. 8z—90+15z=2. .:. x — 4. 
In IV substitute 4 for z. .'. y =15 —10— 5. 
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Hence, to eliminate an unknown quantity by substitution: 


. From one of the equations find the value of one of the 
unknown quantities in terms of the other. 
Substitute this value instead of that unknown quantity 


in the other equation. 


Note. Each equation must be simplified, if necessary, before the 
elimination is performed. 


EXAMPLES. 


Find the values of x and y in the following pairs of equa- 
tions: 

1 72 — 5y = 24; 4z — 3y = 1l. Ans. z= 17; y= 19. 
2. 3a + 2y = 392; 20r — 3y = 1. Ans. z—2; y= 13. 


3. 3z — 4y = 18; 32 + 2y =0. Ans. L =2; y = — 3. 

4. 2x — Ay = ll; 2z — 6y = 0. Ans. 1 = 6; y =2. 

b. oz = 2y; 6x — 5y = — Bh. Ans. z = 21; y = 34. 
t Y ete YO — . 4p — 

6. 5 g =0; Te =l Ans. x = 6; y= 9. 
1 , 1 0 1 1 1 

7 tty Dany m Ans. xz — 6; y= 4. 


Ans. x = 10; y= 12. 
9. = + 5y = 5l; 5z 4y =27. Ans z—5; y= 10. 


bc ac 
10. ax = by; ry =c. Ku quc yw. 
a,b b a a" — b a" — b? 
e TIN a SAA Y TO 
12. 02 + Ty = 43; 1lzr + 9y = 69. Ans. 2—3; y= 4. 
13. dy — Tx = 4; 5r + 2y = 22. Ans. x = 2; y — 6. 


14. 111 — 10y = 14; 5z + Ty = 41. Ans. x = 4; y= 3. 
16. 132 +lly = 4a; 123x — 6y — a. Ans. zt = 1a; y = (a. 


106 ALGEBRA. 


SIMULTANEOUS EQUATIONS CONTAINING THREE OR MORE 
UNKNOWN QUANTITIES. 


181. If three simultaneous equations involving three 
unknown quantities be given, one of the three unknown 
quantities must be eliminated between two pairs of the 


equations; then a second between the resulting pair. 
Solve: IL. 3xr—- 2y+ z= B. 


III]. 2xy— 5y4+42= " 


IV= Ix 5.15z—]10y-4-5z = 25. 
V — II +- IV. 20r m ty — 27, Contains only x and y. 
VI= Ix 4 Ur 8y L4 —RO. 
VIL= VI— III. 10z — 3Y = 13.Contains only z and y. 
VIII = VIIX 2. 20z— 6y — 26. 
IX = VIII — V. y — à 


In VII put — 1 for y. 10-93-13. ..z=1, 
In I put — 1 for y and 1 for z. .:.2—0. 


182. If four simultaneous equations involving four un- 
known quantities be given, one of the unknown quantities 
must be eliminated between three pairs of the equations; 
there will result three equations containing three unknown 
quantities. Another unknown quantity is then eliminated 
between two pairs of these equations, the result being two 
equations containing two unknown quantities. A third 
unknown quantity is eliminated between this pair of equa- 
tions. Proceed in a similar manner if there be more than 
four unknown quantities. 


EXAMPLES. 


Solve the following simultaneous equations: 
1. 92 ]-2y —42—15; dx—3y+ 22=28; —z T dY + 4z = 24. 


SIMULTANEOUS EQUATIONS OF THE FIRST DEGREE. 107 


dh ¥ — z= 8a + 3y —02— — 4r — y + əz = ]. 
| " Ans, dees Y= 05 Ze 


1 , 1 «4 Ii 1 1,1 5 
hie str yta 
Ans. x = 3; Yy = 4; 2= 
o.l 3 3 2 1 1 4 
Srty-aiz y O ae 


PROBLEMS INVOLVING SIMULTANEOUS EQUATIONS. 


183. A pound of tea and 3 pounds of sugar cost 96 cents, 
but if sugar rise 50 per cent and tea 25 per cent, they 
would cost $1.26. Find the price of tea and sugar. 

Let 4z represent the number of cents 1 lb. of tea costs. 

Let 2y represent the number of cents 1 lb. of sugar costs. 

From the first condition, I. 4z + 6y = 96. 

If sugar rise 50 per cent, then the original cost, 6y, 
would be increased by 3y. If tea rise ?5 per cent, then the 
original cost, 42, would be increased by 1x. But the total 
increase in price 18 30 cents. .'. II. «+ 3y = 30. 

solving these equations, we find that a pound of tea costs 
72 cents, and a pound of sugar 8 cents. 


184. What fraction becomes 1 when 3 is added to its 
numerator, and } when 2 is added to its denominator? 


Let x represent the numerator, and y the denominator. 
"rt mi 


From the first condition, : "lI. z4-32-y. 
- x 1 
From the second condition, ra m n II. 22=y-42. 
'. z = 5, and y = 8. Ans. £ 1s the fraction. 


185. A purse holds 6 dimes and 19 nickels; 44 of it holds 
15 dimes and 12 nickels; how many of each will it hold? 
Let z = the number of dimes that will fill the purse. 
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Let y = the number of nickels that will fill the purse. 
The size of the purse may be represented by unity (1). 
If z dimes or y nickels fill the purse, 1 dime will occupy 


- of it, and 1 nickel will occupy ; of it. 
Therefore 6 dimes occupy 7 19 nickels occupy ri and 
6 , 19. 
both occupy cT S 
) 6 , 19 
But both just fill the purse. .*. I. " -+ Fi Ss E 
- 15 123 17 
In a similar manner, II. pou +. owe 
! 90 , 95 
Multiply I by D. III. pu + y = 
| , 30, 24 34 
Multiply II by 2. IV. P +- 27» 
Subtract IV from III. he SS LÈ via EU 
y Rl 
Substitute 21 for y in I. t. 9 — 63. 


EXERCISE XI. 

solve: 
1. 6% — Oy = 1; 142 Bu — 17. 
2. 24+ y = 147; 22 — y = 77. 
3. Vx + 3y— 22 = 16; 2a + 5y + 8z = 39; 5a—y+ 5z = 31. 
4. 4x —òy+2=6; 7x — lly+ 22 = 9; 6r—12y—z =— 3. 
5. HY 424014; x:—2—2y —2v—2; 2y422+3v=19+2; 

ox + 4y + 10z + £9 v = 80. 

6. A, D, and C can together perform a piece of work in 

15 days; A and B can together perform it in 16 days; and 


B and C can together perform it in 60 days. Find the 
time in which each alone can perform the work. 
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7. If B give A $50, they will have equal sums of money; 
if A give B $44, B’s money will be double that of A. Find 
the money which each actually has. 


8. Seven years ago A was three times as old as B, and 
seven years hence A will be twice as old as B will be. Find 
their present ages. 


9. What fraction becomes equal to 1 when the numerator 
is increased by 1, and equal to + when the denominator is 
increased by 1? 

10. A spends $3 in apples and pears, buying the apples 
at 4 for a dime and the pears at 5 for a dime; he sells half 


his apples and one third of his pears at prime cost for 
$1.30. How many apples and pears does he buy? 


11. A owes $240, and B $510. Said A to B, “Give me l 


of your money and I shall have enough to pay my debts.” 
B answered, ‘‘ I can pay my debts if you give me 1 of your 


23 


money." How much has each? 


12. Divide $640 between A and D, so that 7 times A's 
share shall equal 9 times B’s share. 


13. What numbers are those whose difference 1s 20, and 
quotient 3° 


14. Find four numbers, such that the sum of the first, 
second, and third shall be 13; the sum of the first, second, 
and fourth, 15; the sum of the first, third, and fourth, 18; 
and the sum of the second, third, and fourth, 20. 


15. Find three numbers which, being taken in pairs, 
shall produce sums of a, 0, and c, respectively. 


CHAPTER XII. 


ELEMENTARY QUADRATIC EQUATIONS. 


186. AN equation which contains the second power of 
the unknown quantity, but no higher power, is called a 
quadratic equation. Ex. a? = 25; a? + 4x = 60. 


187. If the equation contain the second power only, it 1s 
called a pure quadratic; but if it contain both second and 
first powers, 1t is called an affected quadratic. 

Thus, 3277 = 36 — a* is a pure quadratic, 
and oz" — 2z = 3 1s an affected quadratic. 


188. To solve a pure quadratic: 

(1) Collect the unknown quantities on one side, and the 
known quantities on the other. (2) Divide both sides by 
the co-efficient of the unknown quantity. (3) Extract the 
square root of each side of the resulting equation. 

1. Solve 3z? = 36 — z’. 

lranspose — z’. 4a? = 36. 

Divide by 4. gen a 

Extract square root. ` 1 = + 3. 


2. If 327 — 48 = 0, .*. 322 = 48, à? = 16, and z = + 4. 
3. If 4z? —9 = 19, then 427 = 28, 2? = 7, and X = t y. 


Here x represents a number whose value can not be ex- 
actly ascertained, but an approximate value of it to any 
assigned degree of accuracy may be found. 


189. It will be observed that there are two roots of equal 


value but of opposite signs. The square root of 2*— 9 
(110) 
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really admits of four forms: + z = + 3; that is, + z = + 3, 
+z = — 3, — z = +3, — z = — 3. But the equation 
— xt = LA gives z = — 3, and the equation — z = — 3 
gives z = + 3; hence the equation z = + 3 expresses all 
the values, and there are only two roots. 


EXAMPLES. 
Solve the following equations: 

Answers. 
4. lla? — 30 = 52° + 24. ace cr 
6. 42°79 — 4 = kri — 1. gom +ô. 
6. (x +3)? = Ga + 25. r= +4. 
7. (2a — 3)? = 18 — 122. t= li. 


8. 162° = 4(3 — x}. Extract sq. root. r= lor — 3. 


9, 2 + pem t= t 
10. (x — 4) (a+ 4) = 9 z-— I9 
uw ut z=4+9 
5 ti 
1 = ( 9)? = 10 or 8 
‘jog = 8 — 5 z = 10 or 84. 


13. 7 aa ii z= ED, 
x 4 m 

ee? T 99 a= + 4, 
cd ni? EEN _ 

15. T i Gos do 

16. (32 + 4)? = 22 + $. x= + 3. 

17. (x — 3) (x — 2) — (2-4) (2 + 5) —3(x — 1)? + 11. 

Ans. © — £2. 


18. (z + l)(z — D) (3-2) = (22-1)? +49. Ans. z — +2. 


19. 4 (32? + 5) — 4 (z — 1) (z + 1) = 4 (42? + 9) — 13. 
Ans. x= to. 
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AFFECTED QUADRATIC EQUATIONS. 


190. Every affected quadratic may be reduced to the 
form of a'z? + 2abx = c. The first step 1n the solution of 
such an equation is to complete the square (151 (3)); that 
is, Add to each side the square of the quotient found from 
dividing the second term by twice the square root of the 
first. The first side will then be a perfect square. The 
second step 1s to extract the square root of each side of the 
resulting equation. By placing + before the second side, 
two simple equations will result. The third step is to find 
the value of x in each of these simple equations. 


1. Solve 2? — 412 = D. 

(1) The square root of z? is z (2) Twice this root is 2z. 

(3) 42 + 2x = 2. (4) The square of this quotient 1s 4. 

.". Add 4 to each side of the given equation. Whence 
rt — 4xz 4-4 — 9. 

Extract the square root, and use the double sign on the 
second side only, for the reasons explained in Art. 189. 
Whence z — 2 = + 3. 

If z — 2 = + 3, then z = 5. 


If z — 2 = — 3, then z = — 1. .*. x=5or —1. 
2. Solve z? + 13x = — 12. 
Twice the square root of the first term = 2z, and 


132 + 2x = 13; therefore we add (4,*)” to each side. 
C. H 132 + (43)? = — 12 4+ 199 = 121, 
Extract the square root. z -+ 13 = + X. 

t. = — lè tit = —lor 12. 


3. Solve 22? + z = 3. 

Since 22? is not a perfect square, it is necessary to multi- 
ply or divide each term by such a number that the first 
term shall be a square. 

Multiply each side by 2. .'. 42? + 2x = 6. 

Now proceed as before. .*. 42” + 27-+4= 6}. 

n «=lor — 3. 


ELEMENTARY QUADRATIC EQUATIONS. 113 


4. Solve 327 —3 +2 = 3x — 22”. 

lranspose and combine so that the first term shall con- 
tain all the z*’s, the second term all the z’s, and the second 
side all the known terms. .'. bi? — 21 = 3. 


The first term not being a square, multiply by 5. 
^". 2527 — 10z = 15, whence 252” — 10x + 1 = 16. 
.ot—-l= żŁ 4, and z=lor — à. 


EXAMPLES. 
Solve: 


b. zt? — 8x = — 12. x 
6. z? -+ 57 — 14 = 0. a pi 
7. 2° — ôx = 4x — 16. x 
8. + 1074+ 21 = 0. x 
9. 2^ -- z — 6. x 
10. (x — 2) (xz + 6) = 33. 2 
11. (82 — 5)" = 202. x 
12. 12x? — Yr + 1 = 0. z= tor d. 
13. 227 — 3 = p (x + 5) +4 11. 2 
x 
x 
x 
x 
x 


EXERCISE XII. 


Solve: ! 

L 2 — 5r — — 4. 6. l4x —2?— 45. 

2. rt — 4r + 3 =0. 6. (x — 2)(z +1) = 10. 
3. 2x? — Tr = — 3. 7. (2 — 4)(z — 5) = 0. 
4. 33 -- 10z 4- 9 — 0. 8. (x — 14)(x + 3) — 0. 


9. (2x + 1)(z + 2) = 32 — 4. 
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11. (22 — 3? = 6z + 1. 14, 2? — 3 = 1 (x — 3). 
12. (38 —2)(z — 1) = 14. — 15. ? — 2az + æ = b. 
13. (5x —3) = 4(11z 4-3). 16. (x + a)” — =Q. 


SPECIMEN PAPER. 


1. Solve 2? — 16z = — 63. 
No. Operation. Axiom. 
I | g? — 167 = — 63. 
II LA G5) 2 r? — 107+ & = 64 — 68 = 1. 
III v II 15 gz —8= +1. 
IV III -+ 8 2 Tt —821-9orT7. 
Ans. 2 — 90r 7%. 


Verification: Ist, z = 9. 1st side: (9)? — 16(9) — 81 — 144 = — 63. 


2d side: = — 63. 
9d, o — 7. Ast side: (7? — 16(7) = 49 — 112 = — 63. 
2d side: — — 63. 


2. Solve 42? — llz — 2 = 7/4? — 20x — 32. 


No. Operation. Axiom. 
I dv? — 112 — 2 = 72? — 20x — 82. 
II | I transposed |2and3] 42? — ilz — 72? + 207 = + 2 — 82. 
III | II simplified — 8a? + 92 — — 80. 
IV III —+- (— o) Y qz? — Oc — +- 10. 
V IV + (3) 2 t — ər +e = 4. 
VI VV 15 g—-$= 47. 
VII VI- 2 z=zt+3+ti =5or—?2 


Ans. 22 5 or — 9. 


Verification: 
ist, g= 5. Let side: 4(5? — AID) — 2—100— 55— 2= 43. 
2d side: 7(5)? — 20(5) — 82 = 175 — 100 — 32 — 43. 
2d, 2 = — 29. ist side: 4(—2)—11(— 2)— 2—16--22 — 23 = 96. 
2d side: 7(—2)?—20(— 2)—82 = 28 + 40 — 32 = 36. 


CHAPTER XIII. 


FACTORING. 


191. Factoring is the process of finding the simplest 
numbers whose product is a given number. 


192.— CASE I. Monomials. 
The factors of a monomial consist of the factors of the 
numerical co-efficient, together with the various letters 


taken as many times as there are units in their exponents. 
Thus: Geib =2.3.a.a.b.c.c.ce; Ra" (b — ce = 
2.2.3.a.a.(6 —c).(b — c). (6 — c). 


193.—CASE II. A polynomial whose terms have a com- 
mon factor 18 factored as in Chapter IV. ‘Thus: 


1. à? + Zab = a (a + 20). 2. UÊ — 6 = Ze (1 — 3a). 

3. (x — y) — (E—yy=(v— yyil — (z — yi. 
4.(a—b—c)y—(a—b—c)=(a—b—c)[(a — b — c) —1]. 
p. 27 — 94 = 9*(23 — 1) = 24(7). 


194.—CasE III. A polynomial whose terms may be so 
combined that the resulting polynomial has a factor com- 
mon to all its terms, is factored as in Chapter IV. Thus: 


L. H+H el = laH l) Hal) l)e + L). 
2. ab — ac — È + be = a (b — c) — b (b — c) = (b—c) (a— b). 
3. a"— 2a—1—a’b+2ab + b=(a—2a—1)—b(a—2a—-1)= 

(a — 2a — 1) (1 — b). 


4. (a—b)*— (b—a)*?=(a—b)*+ (a—by —(a—by [(a—b+1)]. 
(115) 
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5. (a —ó— c) — (b + c — a)’ = (a— b — c) — (a — b — e) = 
(a — 6 — cy [(a — 6 — c) — 1]. 


195. After separating an expression into two factors, 
each of these factors must be separated, if possible, into 
factors, and so on until the various factors are prime. 


.196. Before applying any of the following cases to the 
factoring of a polynomial, the factors which can be found 
by the preceding rules are removed from the expression. 


197.—CasE IV. A trinomial which is a perfect square 


1s factored according to (149) or (151). 

Notice that a trinomial is a perfect square when two of 
its terms are squares and positive, and the remaining term 
is twice the product of their square roots (151). 


Formula: a" + 2ab + b = (a + b)(a b). 


EXAMPLES. 


1. a" — 4a + 4 = (a — 2) (a — 2). 
2. ab" — babe + Ie? = (ab? — 3c) (al? — 3c). 
3. Aaf — 12a2b + IV? = (243 — 30). 
4. Zi — Bi + 8a = Ra (a — 2). 
5. 18a? — 12a + 2 = 2 (3a — 1) (3a — 1). 
6. (a — bF —2(a —b) +1I=[(a — 0) — 1. 
7. 2? — 841+ 16 = (27! — Ay. 


10. 3% — 2 (37) + 1 = (3* — 1)’ 


198.—CasE V. A polynomial which 4s the square of 
three or more terms 18 factored by (149), or thus: 

Transform the given expression into a trinomial such 
that two terms shall be squares and positive, and the other 
term shall be twice the product of their square roots. 
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1. To factor a? + Vè + ê — 2ab — 2ac + 2be. 


Here there are six terms, three being squares and three 
being products with even co-efficients. Arranged accord- 


ing to a, the expression becomes a’?—2a(b+c)+(0?+2bc+-&). 
Now the first term 1s the square of a, and the third term 
is the square of (b + c) (Art. 197); also, the second term is 
twice the product of these square roots; .'. the given ex- 
pression is the square of a — (b + c) =a — 5 — c. 
2. a? + b — 4a + 4b — 2ab + 4 = a? — 2a (b 4- 2) + 
(4+ 46+ 4) — à? —2a(5 --2) + (64+ 2)? = (a — 6 —cy. 
3. To factor a + 2a? + 3a? + 2a + Here there are 


but five terms; .*. one of the terms must be separated into 


two. In such cases it 1s convenient to use Art. 149, but 
the example may also be factored thus: a*+ 2a°+ a+ Ra'+ 


2a + 1 = (a* +a +R(a"+a)+1=(a'+ax`+ l)". 

4. a+  4- c? -- d? — 2ab—2act2ad 4+ 2be—2bd —2cd = 
a? — 2a (b + c — d) + (P 4+ + d?4 bc — 26d — 2cd) = 
[a — (b +c— d) P. See Ex. 1. 


199.—CasE VI. A binomial which 1s the difference of 
two squares. Formula: a" — b = (a+ b) (a — b). 
RULE. (1) Extract the square root af each square. 


(2) One factor will be the sum of these roots, and the 
other will be their difference. 


EXAMPLES. 


1. a! — 4 = (a 4- 2) (a — 2). 

2. a — a = a (œ — 1) =a (a + 1) (a — l). 

3. at — b = (a? + P) (à? — P) = (a? + d) (a + 5) (a — 0). 

4. (a — b)*— (c—d)*= [(a—2) + (c—d)] [(a—25)— (c—4)]. 

b. da? — 9a = a (4? — 9) = a (Ra + 3) (Ra — 3). 

6. (a — by — (2 — Xd + d?) = (a — à — (c — dy = 
[(a — b) + (c — d)] [(a — b) — (c — d)]. 

7. 9* — 4" = (37 + 2") (3* — 2"). 
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8. 4^? — 16 = (aT! + 4) (a^! — 4). 
9. až — 25 = (at + 5) (a? — 5). 


200.—CASE VII. A polynomial which ts the difference 


of two squares 4s factored by collecting the terms of one 
square in one parenthesis, and the terms of the other square 
in a second parenthesis, and then using Case VI. 


1. a? — 2ab + 6 — e = (à? — Rab + 8) — V=(a— bY— cd 
te — NL c] [la — 2) — e]. 
2. à — 4a — P + 4 = (œ — 4a 4-4) C [= (a— 2 — pè — 
(a — 2 + b) (a — 2 — b). 
3. ab — c — d* — 2ab — 2cd = 

(a? — 2ab + 0^) — (e +Red + d?) = 
(a— 5) — (c+ 4 y — [(a—9) - (e3-4)1 [(— 0) — (03-4) | — 
(a—b+ctd)(a—b—c—d). 
4. a" —b —4a — 6b — 5 = (a — 4a + 4) —( + 604+ 9) = 
(a—2)"— (5-3) — [(a—2)4- (61-3) | (a—2) — (6-F3)] — 
(a 4- 6 4- 1) (a — 6 — 5). 


201.—CasE VIII. Since (x+c)(x+d)=x?+(c+d)x+ 
cd, therefore a trinomial of the form x*+ax+ b can be 


resolved into two factors when a 1s the sum of two numbers 
whose product ıs b. Thus: 


1. 2? -- 6z + 5 — (z+ 1) (z4-5), since 5 4- 1 — 6, 
and 5 X 1— 5. 


2. a^ — 324+ 2-—(r—1)(z—2) since — 1 +(— 2)=—- 3, 
and —1(—2)=+ 2. 

3. £? — 5x — 14 = (x — (zi), since — 7+ 2 = 5, 
and — 7 (R) =— 14. 

4 

9. 


202. A composite expression of the form z* + az + 0 1s 
really the difference of two squares, and may be factored 


by Case VII. 
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6. vg dt dd ide dt 4) —1-—(x—23y— 1= 
(z — 2 + 1) (xz — 2 — 1) = (z — 1) (2 — 3). 
6. 2? — 6z — 7 = (à —6z4- 9) —16— (z — 3} — 16 = 
(x — 3 + 4) (z — 3 — 4) = (z + 1) (x — 5). 
7. È + 5z — 6 = (P + 5r + 3#) — 4 = (e+ EH O 4A = 
Ter Deri 3) = @ + 6) œ — 1). 


203.—Hurr. (1) Arrange the given trinomial. 
(2) Complete the square of the first two terms (151, (8) ). 
(3) Subtract the resulting third term from the given third 
term, and write the remainder as the fourth term. (If 
this fourth term 18 not minus a square, the given trinomial 
18 prime.) 
(4) Combine the first three terms in one, and continue as 
in Case VII. 


EXAMPLES. 


9. i, —5r-4- 6 = (x — 2) (2 — 3). 

10. vrè — 2x4 — 3 = (z +4 1) (z — 3). 

11. 2° — 9x + 20 = (x — 4) (x — 5). 

12. 2--2xy — 3 = (x + 3) (v — 1). 

13. z^ + 4z + 3= (x 4- 3) (x + l). 

14. 323 — 3x — 6 = 3 (x + 1) (x — 2). 

15. o — 3? — 20x = x (x + 4) (2 — 5). 

16. zv' + 52°+ 6 = (zè + 3) (2” + 2). © 
17. z* — 102* + 9 = (x + 1) (x — 1) (z + 3) (2 — 3). 
18. 27—27* t1— 15 = (27 — 5) (27 + 3). 


204. In like manner, expressions of the form (cz)? + 
a (cx) + b may be factored. It is convenient in this case 
to let y represent the square root of the first term. 
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EXAMPLES. 


1. 4z 2e+5= zy — 6 Rr) +5 = 4? — 6y + 5 = 
(y — 1)(y — 5). .'. 42? — 12x + 5 = (2x — 1) (2z — 5). 


2 92? — 15z — 14 = (3x)? — 5 (32) — 14 = yè — 5y — 14 = 
(y 3-2)(y — 7). Ans. (3x + 2)(8x — 7). 


(42? + 3) (2x + Da — ]). 
4. 92? — 12x — 5 = (2x + 1)(9x — 5). 


5. 42? — l4z + 6 = ? (2x — 1)(x — 3). 


205.—CASE IX. To factor a trinomial of the form ax?+ 


bx +c, multiply the expression by a, factor the result ac- 
cording to Case VIII, and finally divide by a. Thus: 


(3r) —2(3r) A8  4^—2y —48 | 
J i 3 i 
à(y + 6)(y — 8) = $(3x -F6)(3x — 8) = (x + 2)(3x — 8). 


1. 32° — 97 — 16 = 


Ó 
An Län —12) = 48 + 5)(32—12) = (32 +5) (2 — 4). 
3. 87 — 27 — 3 = à$(167 —4z — 6) = (yw? — y — 6) = 
My — 3)(y +2)= 4 (4e — 3) (&z-- 2) = (42—3) (224-1). 


206. Example 3 shows that 1t 1s not always necessary to 
multiply the expression by the co-efficient of zi It is 
usually best to multiply by the least 1nteger that will make 
the first term a perfect square. 


207. If the multiplier be composite, it is sometimes 
necessary to divide one factor of the product by one factor 
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of the multiplier, and to divide the other factor of the 
product by the other factor of the multiplier. Thus: 


4. 6rèr13xj++6=X+[(6z)”—13 (6z)+36]=4 [yèr13y+36]= 
ily—-4][yr9]=$(Gzr4)(6r—9)=(3z—2)(22-3). 


6. 62? + 13x + 6 = (22 +3)(3z + 2), 
7. 327 + 10x + 3 = (3x + 1)(z + 3). 
8. 327 — 20x + 12 = (3x — 2)(x — 6). 
9. 327 + 10: — 57 = (x — 3)(3x + 19). 
10. 32? — 9x — 65 = (x — 5)(3x + 13). 
11. An — 132724 4 = (3a? — 1)(£ + 2)(z — 2). 


12. ja — 442 — zy = 4 (z DE + 9). 


ROB.—CASE X. A trinomial, which would be a square if 
a square were added to its middle term, is factored like 


Case VII. Thus: 


L t 4- 22? + 9 — (t + 62? + 9) — 42? = (2? + 3)" — 4r = 
E 3 + 22) (2 + 3 — 22). 


3. vi — 102? + 9 = (t "ii + 9) — 4z? = (z*— 3)? — dri = 
(2—3 +2) (2—3 —22) = (z— 1)(x4- 3)(74 1) (z— 3). 
Examples 2 and 3 may e" factored by Case VIII. Thus: 
z* —102? + 9 = (zi — 102? + 25)— 16 = (2? — 5)? — 16 = 
(x1) (a*—9) = (x + 1) (z — 1) (z + 3) (x — 3). 


209.—RuLE. (1) Arrange the expression. 
(2) Write for the second term twice the product of the 


square roots of the extreme terms (151, (2)). 
Alg.--11. 
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(3) Subtract the second term from the given second term, 
and write the remainder as the fourth term. 
(4) Combine the first three terms, and continue as in 


Case VII. 


210. When the terms of a binomial are squares and 
positive, and twice the product of their square roots 1s a 
square, the binomial may be factored by the rule 1n (209). 


4. at+4 = (2t + 4a? + 4) — 4a? = (a? 4- 2)? — 433 = 
(L + 2 + 2x) (2? + 2 — 22). 


EXAMPLES. 


, 4t + 1 = (22? + 2a + 1) (22? — 22 + 1). 

, 642* + y*= (82? + Azy + yB — 4xy + y’). 
HeH =Le +z+I2#— a+ l). 

g vi — Te + 1 = (2? + 3r + 1)(2 — 3z + 1). 

9. 4 — 232? + 1 = (+ 5r + 1)(2? — 5x + 1). 

10. zt + Gay” + 9y* = (z? + zy + 3y?) (A? — xy + 33). 
11. af — a? + 16 = (2? + 3z +4) (a? — 3x + 4). 


211.—CasE XI. A binomial of the form a? — b^, n being 
any integer > 1, can always be factored. 

(1) When z is an even number, a" — 6" is the difference 
of two squares, and can be factored as explained 1n Case VI. 


1. a* — 40° = (à? + 20) (a? — 20). 

2. 4a* — 9 = (2a? + 30’) (2a? — 30"). 

3. at — B= (a? + CE — Db) = (e+ la + bla — 0). 
(2) To factor a" — 6” when n 1s an odd integer. 


(1) Extract that root of each term whose index is the least 
integer > 1 by which nis divisible. 
(2) Divide the expression by the difference of these roots. 
4.a— = (a — b)(a? + ab + d’). 
6. a" — b = (a — b)(a* + ab + ev? + aD? + 6. 


GN 
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6. af — 8 = (à? — 2)(a* + 2a* + 4). 
7. 8$ — 27 = (2a — 3) (4a + Ga + 9). 


212.—CaSE XII. A binomial of the form a" + b? 1s com- 
posite when n is divisible by an odd integer > 1. ‘Thus: 


l. pci dio igi 


6. at + O° is prime, because 4 B no odd factor > 1. 
6. a+ b is prime, because 8 has no odd factor > 1. 


7. a? +1 = (à? + 1) (a! — a" +1) (4? — a* + 1). 


213.—Hhurr. (1) Extract that root of each term whose 
index is the least odd number > 1 by which n ts divisible. 

(2) Divide the given expression by the sum of these roots. 
That is, if the terms of the proposed binomial be cubes, the 
divisor will be the sum of their cube roots ; 1f fifth powers, 
the divisor will be the sum of their fifth roots, etc. 


EXAMPLES. 


8. 27a° + 8 = (3« + 2)(9a* — 6a + 4). 


9. a" + 64 = (a? + 4)(a* — 4a" + 16). 
10. à? + 27a = a* (a+ 3)(a" — 3a + 9). 
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214. The following examples involve Cases XI and XII. 


14. af — 64 = (a — 2)(a? + 2a + 4)(a + 2) (à? — 2a + 4). 


15. a? — a? = a? (a — l1)(a? + a + 1)(a + 1)(à? — a+ 1). 
16. a? — b = (a* — b)(at + ab + O”)(a" + b)(a — ab + 0’). 
17. 27-* — 128 = 2(z-* — 64) = 


2 (LT! — 2)(z-? + lar! -FE4)(z7! + 2) (x7 * — 2a-*+ 4). 
18. 2 —1— ] 

(a7! — 1)(a7* -- a7? 4- 1)Y(071 3-1) (a7? — a1 + 1). 
19. 3° — 297— (3*— 27) (97+ 67+ 47)(37+ 27)(97— 6* + 47). 


[NorE —Beginners may omit 215-220 inclusive.] 


215. In Case XI we have assumed that a" — b” is divisible 
by a — b, if n be any integer; and in Case XII that a" + à" 
is divisible by a + b, if n be an odd integer. That these 
principles are true in any selected case may easily be shown 
by performing the division; but the general proof 1s some- 
what difficult for beginners, as it depends upon induction, 
a kind of reasoning not heretofore employed. 


216. Mathematical Induction may be thus described: 
We prove that if a theorem is true in one case, whatever 
that case may be, 1t 1s true in another case, which may be 
called the next case. Now, by trial we prove that the 
theorem is true in a certain case, hence it is true in the next 
case, and hence in the next to that, and so on without 


limit ; therefore, the theorem must be true in every case 
after that with which we began. For example: 


217. To prove that a" — b” is divisible by a — 0. 


“W "— 6" n—1—pn-1 
By division, e en an-i 4? (a "pun P ). (143.) 


The second term of the quotient Is fractional in form, 
but, if «4^7! — 6"~* be divisible by a — D it will be in- 
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tegral in value; therefore, a” — 4" will be divisible by a — 6 
ifa"r'!—Q"=' be divisible by a — 6. That is, Zf the dif- 
ference of the same powers of two quantities be divisible by 
the difference of the quantities themselves, then will the 
difference of the next higher powers of the same quantities 
be divisible by the difference of the quantities. Hence, 
since at — dd is divisible by a — b, .". a“ — & is divisible by 
a—b; since a^ — b^ 18 divisible by a — b, .'. a — P 18 
divisible by a — 6; and so on without limit. “Therefore, 
for every integral value of n, a" — b" is divisible by a — 0. 


218. =a"! ta"-*bp pat... 


Adel (Agent "REENEN H Me 

By carrying out the division of a" — 4" by a — b, it will 
be observed that the number of the term and the exponents 
of a and b have a constant relation to each other. ‘This 
relation is expressed by the general term, + a"7"b"—- 
By substituting in this term 1, 2, 3, 4, etc., 1n succession, 
in place of 7, all the terms are found. 


20 
Thus, the 15th term of an is found by substi- 
tuting 20 for n, and 15 for r. That is, a"7"6”7" becomes 


a?T5 b51 = api, which is the required 15th term. 


219. To prove that a" + b” is divisible by a + b when n 
is an odd integer, and 1s not so divisible when w is even. 
— t= anti a”? b E E 
Reasoning as in (217), we see that, Jf the sum of the 
same powers of two quantities be divisible by the sum of the 
quantities themselves, then will the sum of the powers two 
degrees higher be divisible by the sum of the quantities. 
Hence, since a! + ò is divisible by a+ b, .". &%&+ 06 is 
divisible by a+ 0; since a? -- is divisible by a+ J, 
.*. @ + P is divisibie by a+ 0; and so on without limit. 
'. lf 2 be any odd integer, a" + Ap 1s divisible by a + 0. 


By division, 
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We see further that a” + b” will not be divisible by a + 0 
unless a”7* + 6"~* 1s divisible by a + 0. 

Now since a” + 0“ 18 not divisible by a + b, therefore 
a* + 6* 1s not divisible by a+ b, therefore a" + b° 1s not 
divisible by a + ð, and so on to infinity. 

The quotient of (a* + 6") — (a + b) is like that in (218), 
excepting that the sign of each even term 1s —. 


220. In like manner it can be shown: (1) a" — 0” is 
divisible by a+ 6 when a 1s even, and 1s not so divisible 
when n is odd; (2) a” + b” is never divisible by a — b. 


221.—CAsE XIII. A polynomial which is a power, the 
difference of like powers, or the sum of like powers, may be 
factored by using the Binomial Formula (199) in connec- 
tion with the preceding cases. ‘Thus: 


1. a" — 3a'b + Bab? — D = (a — Dy. 
2. a* — 4a?b + Ga'b" — 4aD? + 06 — (a — y. 
3. Jr? — 32? T3 —1-cc (X — 32° TN Än 


4. xi— 4a°+ 522 — Az +1= (ri— 4dx'+t+ 62?— 4r -- 1) a?—x 
(c — 1} — a? = Us — 1} +a][(e — 1)? —2] = 
(x° — x + l1)(2?— 3z + 1). 


6. 2 4+ 374 34 — 7 = (g + 382° + 384 + 1) — 8 = 
@+1¥—8=[@ +1) - e+ +? (e +1)+4]= 
(v — D(z” + 4z + A). 
7. ¢0+64+ c Hof — 20? — He = 
(at + bé + c — Ra“b" — 207? + 20?) — AVÈ = 
(a? —V— cy —Apo- (a —U-—do6-E2be) (a? —B—C — 2b) = 
(«a+b — c)(a — 56 --- c) (a +0+oc) (a — 6 — c). 
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222.—CASE XIV. A polynomial which has a binomial 


divisor is readily factored by trial. 
Two methods are m common use: 
(1) Synthetic Division (144); (2) Separation of Terms. 


2239.— (1) 1. To factor 2° — 92? + 262 — 24 by synthetic 
division. The first term of the binomial divisor must be 
z, and the second term must be one of the divisors of — 24. 
It is usually best to try one of the smaller divisors, com- 
mencing with the one next to the square root. In this 
case try — 4. 


1— 9 + 26 — 24 
--4| --4 — 90 4-24 


1—5 "n 6 The division being exact, one of 
the factors is x — 4, and the other is z? — 5z + 6 = 
(x — 2) (x — 3). Ans. (x — 4) (z — 2) (z — 3). 


224.—(2) To factor 2? — 9z* + 26r — 24 by separation 
of terms, proceed as follows : 


(1) Arrange and grade the terms. (2) Write the ez- 
treme terms unchanged. (3) Write as the co-efficient of the 
second term a divisor of the product of the extremes. In 
selecting this co-efficient, try the lesser divisors, commencing 
with the one next to the square root. Hence in this case try 
— 4z7* as the second term. (4) To find the third term: Sub- 
tract this second term from the second term of the proposed 
expression. In this example the third term is — 52? (be- 
cause the sum of the second and third terms must be equal 
to — 922, the second term of the proposed expression). 
(5) To find the fourth term: Divide the product of the 
second and third terms by the first term. Hence the fourth 
term in this case is — 42° (— 527) = z = + 20x. (6) To 
find the fifth term: Subtract this fourth term from the third 
term of the proposed expression. Hence in this case the 
fifth term is + 6z. (7) So continue, each odd term being 
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found from subtracting the preceding even term from the 
corresponding term of the proposed expression, and each 
even term being found from multiplying the preceding odd 
term by the quotient of the second term by the first. 

If the last even term found as above be equal to the last 
term of the proposed expression, the proper second term 
has been selected, and the work is continued by combining 
the odd terms in one parenthesis and the even terms in 
another. If no mistake be made, the expressions in paren- 
theses will be alike, and the work 1s finished as in Case III. 
Thus: 2°— 927+ 267—24 = a? — 42? —52?--20x + 6:—24 = 
x (L? — 5x + 6) — 4 (2° — 52+ 6) = (x — 4) (2? — 5x + 6) = 
(x — 4) (x — 2)(x — 3). 

If the last even term found from the rule be not equal 
to the last term of the proposed expression, the wrong 
second term has been selected, and another trial must be 
made ; and so on. 


EXAMPLES. 


2. 292335 + 327 — 824+ 3 = 29: — 2920? -- 53? — 5x — Ja+3— 
z (2235 + 5r — 3) —(2224- 5z — 3)— (x — 1)(22* 4-52 —3) = 

(x — 1)(2x — 1)(x 4-3). 
3. 2? — 62? + 11z — 6 = (x — 2)(z — l)(x — 3). 


5. 2° — 21a? — 20 = (a? + 4) (a? + 1) (a? — 5). 
6. 228 — a* — 12 = (vx — 2) (22? + 3x + 6). 
7. 2 — 9z — 18 = (a — 3)(z? + 3x + 6). 

8. 25 — 6x + 9 = (x 4 -3)(2? — 3x + 3). 

9. 2 — Tzr + 6 = (x — 2)(4 — 1)(z + 3). 

10. zt — 384 — 4 = (x + 1)(8 — 2? + x — 4). 


220.—CASE XV. Certain polynomials of the general 
form xt + ax? + bx* - ex -- d can be decomposed into two 


trinomial factors. 
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1. To factor z* + 2° — 42? + llz — 3. 

It is evident that the first term of each trinomial Is 2’, 
that the second terms contain z with co-efficients at present 
unknown, and that the product of the third terms 1s equal 
to the last term of the proposed expression. “The required 
factors may, therefore, be represented by (2° + ax + b) 
(2? ++ cx +d), m which a, 0, c, and d are to be found. 

Multiplying these factors together, we find that the pro- 
posed expression must be equal to 


etaler+ bl + bela dd. 
EL cl + ac + ad 
+-d 
Hence, I. a+ c a 1. Since dd = — 3, one 
II. b+ ac -+ d= — 4. [o these numbers 1s 
III. dc + ad = 11. | + l and the other is 


IV. bd —— 3.) +3. Assume d= —1, 
then d= 4-3. We now find a and c by substituting in 
III, and combining the resulting equation with I. Thus: 


I. ate = Ll.) Add. .:. 4« = 12 and a = 3, whence 
III. — c + 3a — 11. e g, 


By trial, we find that the values a= 3, b = — 1, c=— 2, 
and d = 3 satisfy equation II; therefore the proper values 
of the letters have been found, and the required factors are 
(4^ + 32 — 1)(a? — 2x + 3). 

If the values found do not satisfy equation II, other 
values must be assumed for band d, and the correspond- 
ing values of a and c must be found as before; and so on. 


2. lo factor zt — 132* + 22 + 34x — 15. 

Here I. a+c = 4-2; II. 6+ac+d — —13; IIL óc4- ad = 
34; IV. dd = — 15. 

These equations are satisfied by a= 5, b = — 3, c =— 3, 
d = 5; .". the required factors are (z^--5z —3) (4*—3z-4-5). 


3. lo factor 
dt — 625 4 927 — 6x + 2 = 2 (at — 32° + gr? — 3z + l). 
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Herea+c== 3; b + ae + d = 3; be + ad = — 3; 
od —1; which are satisfied by a=—1; b= 1; c= —2; d=2. 
Ans. 2(a?—a2+4)(a’—2242)= Qz*—2z-rF1)(7—22z-4-2). 


EXAMPLES. 


4. 24+ a — 5a? — 272 — 90 = (2 — 2x — 5) (2? + 3x + 6). 
b. xt + 533 + 17a? 4- 27z-4-30— (2? + 2x + 5) (a? 4+ 3x + 6). 
6. wt 3034 92? 4- 10z + 192 = (2? + 23r + 4)(a* 4- x 4-3). 
7. ba*-F-172?-- 1207+ 52 + 1 = (52?4-2z + 1) (2? + 3x 4- 1). 
8. 02! + 23 + 32? — a — 2 = (22? + x 4-2) (927 — x — 1). 


[NorE —Beginners may omit Arts. 226, 227.] 


226.—CASE XVI. A binomial of the form a? + b^, 


where n 48 divisible by two or more odd numbers which are 
prime to each other, may be decomposed into at least four 
factors. Ex. a? + bY; a" X 09; af + b”; a” +1; etc. 
The solution of one of these examples will illustrate the 
method for all; hence we shall explain the method of de- 
composing a” + 1 into four factors. 
By Case XII, a? + 1 = (@ + 1) (a? — æ + 1) = 
(a + 1) (a — dà? + à? — a + 1) (a? — a? 4- 1). 
But a? + 1 = (œ + 1)(«? — a + af — & + 1) = 
(a + 1) (à — a + 1) (a? — a? + a8 — à? + 1). 
It is evident that a number can not be made up of two 
different sets of prime factors; hence one factor at least 
in each of the above sets 1s composite. In the first set 
a" — aq? + 11s the only factor which can be composite; 
therefore a — a? + 1 is divisible by a" — a + 1, the prime 
factor of the second set not found m the first set. 
(a? — a? +1) + (œ — a + 1) = e-rFa!—a—at—a -ra- 1. 
Ss. aqP-pEl-—(a-ql1)j(a6—o-4-a—a-rT1) (ec -—a-r1) 
(a5 + a! — à? — a* —a? -- a 4- 1). 
It 1s clear that the same result would be obtained by 
dividing the composite factor of the second set, a” — a? L 
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a" — a" + 1, by the prime factor of the first set not found 
in the second; viz., wé — a" +a“— a + 1. 


221. Certain other expressions are factored in like man- 
ner. Thus: a’ + 64 = (af + 4) (af — da" + 16). XII. 

But by Case X, at + 4 = (a? + 2a + 2) (a" — 2a + 2). 

.*. 0+ 64 = («^ + 2a + 2) (à? — 2a 4- 2) (a"— 4a* + 16). 

But a" + 64 = (a$--433--8)(a$ — da + 8). X. 

Hence the factors of the second set must be divisible by 
the prime factors of the first set. By trial we find 

a5 + 4a? + 8 = (a — 2a + 2)(a* + Ra” + 20 + 4a + 4), 

and a? — 4a°+ 8 = (a? + 2a 4- 2)(a* — 2a + Ra" — 4a + 4). 


228. Case XVII. When the parts of a polynomial are 
factored by previous cases, and these parts have a com- 
mon factor, the expression is factored by using Cases II 
and III in connection with the cases used in factoring 
the parts. 


1. at—-b—a+b=(a"—H)—(a—d)=(a—d)[(a+0)—1]. VI. 
2. 0 —+iò=—a +ab—b "i + 6) — (a" — ab + 8) = 


3. a" — 2ab + bB — 3a + 3b = (a — bF — 3 (a — b) = 
(a — b) (a — b — 3). IV. 

4. a" — bab + 6P— 2a + 4b= (a° —5ab + 6°) — 2 (a — 20) = 
(a—2b)(a—3b)—2 (a —2b)= (a—2b)(a—3b—2). VIII. 

b. a*—2a? + 4ab —40? + 4b = (a* + 4b) —2(a* —2ab + 24) — 
(a? + 2ab + 20?) (a? — 2ab + 20) —2 (à? — 2ab + 24) = 

(à — 2ab + 26°) (a? + 2ab + 26? — 2). X. 

6. ài —ab—a—9U — 7b— 6 = a? — a (b+1)— (26° + 7b + 6). 
The two numbers whose sum is — (b + 1), and whose 
product is — (20 + 7b + 6) are — (2b + 3) and (b + 2). 
(VIII and IX.) Ans. (a — 26 — 3) (a +b 4- 2). 


7. ba? — Sab + a + 3b — 5b 4^ 2 = 
5a? — a (80 — 7) + (30? — 50 + 2). 
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Multiply by 5, and substitute y for 5a. (Art. 204.) 
te Y? — (8b — T) y + 5(30? — 56+ 2) results. Now factor 
5 (30? — 5b + 2) (Art. 205) into 5 (3b — 2) (b — 1). 

Since (30 — 2) + 5 (b — 1)=(80—7), .°. y?—(80—7)y + 
5 (3b — 2) (b — 1) = (y — 35 + 2) (y — 56 + 5) = 
(5a — 3b + 2) (5a — 5b + 5). Now divide by 5. 

Ans. (5a — 3b + 2) (a — b + 1). 


8. a" + at + 10 = (a? + 8) + (44+ 2) = 
(at + 2) [ (a — 2a* + 5)]. XII. 


(2? — 2zy + 3y’) Let 2zy + 33°) — 2 (8 — 2zy + 3°) = 
(a? — 2zy + 33") e" +Ray+3y'—2). X. 

10. a" — 3a°b + BJab' — bi — 3a? + 6ab — 30° = 
(a—5) —3(a—by = (a—0)" (a—b— 3). XIII and IV. 


11. a -- à? +? = (a? + 1) + (a"+1)= (a"4+IT)(n"ra'-+ 2)= 
(a+I1)(a" —a-r-1)(«$ — à --2). XII. 


GENERAL REMARKS ON FACTORING. 


229. In order to become proficient in factoring, it is 
necessary, first, to learn the formulas; and secondly, to be 
able to apply the proper formula to the proposed expression. 

This power can be acquired only by practice and study, 
but the following general rules may help the student to be- 
come expert in this difficult branch. 

Before applying any of the following rules, 1t 1s necessary ` 
to remove from the proposed expression all monomial factors 
common to the terms (193, 196), and to arrange the result. 


290,—RULE A. Binomials. 
First notice whether the proposed binomial be the differ- 


ence of two squares; 1f so, employ Case VI. 
If the proposed binomial be not the difference of two 


squares, see if its terms be both third powers, or both fifth 
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powers, or both seventh powers, etc.; if so, Case XI or 
Case XII will apply. If VI, XI, and XII fail, try Art. 210. 


231.—RULE B. Trinomials. 
First notice 1f the proposed trinomial be a square (197). 


If it be so, factor according to Case IV. 

If the trinomial be not a square, then, if the first term be 
a square, try VIII; and if the first term be not a square, try 
IX. If two of the terms be squares, and twice the product 
of their square roots exceed the middle term by a square, 


then A will apply. Instead of IV, VIII, and IX, XIV 


may be employed, and instead of A we may use AV; but 
AIV and XV may frequently be used where the others fail. 
Finally, in some examples, III and XVII will apply. 


232.—RULE C. Ezpresstons having four or more terms. 


Try the various cases in the following order: III; V; 
VII; XIII; XIV; XVII; XV. 


233.—RuLE D. After resolving an expression into fac- 


tors, each factor must be examined for the purpose of 
determining if it be prime (195). 


234. It is important to notice that the signs of an even 
number of factors may be changed (116). Thus: 


af — lj = (a — òa + 0) —-(—a-r-5(—a — b); 
v—r:—6-(rx—3)(rz-4-2)2(—z--3)(—2z-— 2) ete. 


It is usual to give the factors whose first terms are +. 


235. Formulas to be memorized: 
1. a" — P? = (a + b)(a— b). 
2. a" — b = (a — Di + ab + d’). 
3. a" + 05 = (a+ b)(a" — ab —+ 5). 


4. a +Rab + P — (a + ò)(a + 0). 
b. a" — 2ab + b^ = (a — b) (a — b). 
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6. 2? + (a+ d)¢+ab= (z + a)( + b). 

7. 2? — (a +0)zx+ab = (x — a)(z — b). 

8. L? + (a — b) x — ab = (x + a)(z — 0). 

9. t+ vy + y* = (X 4+ rycy)v—sey-cy), 
10. TA y 4-2 —3zyz — (2+ yi+z)(e'+y'+ zèTay—ae—ya). 


EXERCISE XIII. 


Resolve the following expressions into prime factors: | 


1. a? — 8a* + Se 6 at—a'+ri. 
2. (a — bF — 3 (a — Dy. 7. a? — Ta’ + “Pa. 
3. vi — tè —+ a? — x. 8. a? — 9. 
4. ata'lrattra'tra'—ra. 9. 16a* — 9. 
b. (a— 5)! — (b—ay--(a—05)*. 10. (a — b — cy — d’. 
11. a" — 2a6 + 0 — Ga + 6b + 9. 
12. a" — 4ab + 40“ + 2a — 46 — 8. 
13. a" — da + 4 — 0 — ROC — c*. 
14. a" + 4a — 6? + 60 — 5. 


15. a" — 14a + 13. 25. 9x'— 162% + 4. 

16. 2? — 10zy + Lou, 26. a” — 8. 

17. 2? — 225 L x. 27. a* — 1. 

18. 2° — 927+ 8. 28. a“+ 1. 

19. 92° + 3x — 2. 29. a” + 27. 

20. 42" — 8z 4+ 3. 30. à? — 6a? + 12a — 9. 

21. 62^ — 5x + 1. 31. a" — Ai — da" — 4a +L 
22. 62^ — xz — 1. 32. 22* — 2? — 122. 

23. 2f — 3+ 1. 33. zè — x — 6. 


24. 4x" — 5x'+ 1. 34. 2? L z + 2. 


CHAPTER XIV. 


COMMON FACTORS AND MULTIPLES. 


236. A Common Factor of two or more expressions is an 
expression which 1s contained in each of them without a 
remainder. Thus: 4a isa common factor of 12a and 20a; 


x + y is a common factor of z? — y’ and (z + y)". 


237. Two expressions which have no common integral 
factor except 1 are said to be prime to each other. 


238. The Highest Common Factor (II. C. F.) of two or 


more expressions consists of all the prime factors common 


to the expressions. 

Thus: 5a? 1s the H. C. F. of 10a’, 15a°, and 25a*. 

The Highest Common Factor 1s also called the Greatest 
Common Divisor (G. C. D.); the Greatest Common Meas- 
ure (G. C. M.); the Highest Common Divisor (H. C. D.); 
and the Highest Common Measure (H. C. M.). 


239. If two or more expressions be divided by their 


Highest Common Factor, the quotients will have no com- 
mon integral factor except 1. 


240. To find the Highest Common Factor by means of 
factoring: 

(1) Resolve each expression into its prime factors, 

(2) Select from these the lowest power of each common 


factor, and find the product of these powers. 
| (139) 
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1. Find the H. C. F. of 24a*0°c? and 36a’bc’. 
Mer m2. Vu; SEET m E, EE 
.*. the H. C. F. = 2 x 33 X w? x b) x = Rabe". 
2. Find the H. C. F. of 42? — 4zy? and 62* + 6zy*. 
4a? — 4gy* = Vae (Le —y") =A.2Z.AZ+Yy) (v — yy 
6z* + 623*— 2.3.x. (4 yY) 2 2.3.2. (x + y)(x?— xy + y’). 
7, the H. C. F. = 21.23. (a + y)! = 2x (x + y) = 22 2zy. 
3. Find the H.C. F. of a" — a; a’ + 2a + 1; and 4a°+ 4. 
aœ —a-a.(a —1)-a.(a--1)(a — l). 
Ate 4- 1) = 2? (a 4- 1) (à —a+1). 
a? 4- 2a 4- 1-— (a-F1y; .:. the H. C. F.— a + 1. 
4. Find the H.C. F. of 2?— (a-4-0)x--ab; 2?—(a-4-c)z-Fac; 
and z? — (a — b) x — ab. 
a? — (a+b) zab= (x —a) (a — b). 


vi—(a+c) x+ac=(x—a) (x — c). 
vi—(a—b) x—ab=(x—a) (x +b). .*. the H.C.F.— z — a. 


EXAMPLES. 


Find the H. C. F. of the following expressions : 


b. 8096; Gabi. Ans. 2a*6. 
6. a" — 0; a" — 3ab + 20%. Ans. a— D 
7. A" — 8; a’ — 4a + 4. Ans. a — 2. 
8. a" + 27; a? + 2a — 3. Ans. a > 3. 
9. a? — a"; a? — 5a? + 4a. Ans. a? — a. 
10. 22 —1; t+ 2? 4L 1. Ans. a? -- x 4- 1. 
11. 2? + 8; zt -+ 42? 4+ 16. Ans. a? — 9x + 4. 
12. a" + 1; a" — 1. Ans. 1. 


241. The method of finding the H. C. F. of two or more 
expressions by division 1s similar to the corresponding case 


in Arithmetic, and depends upon the following principles : 


242. A factor of an expression 1s a factor of any multiple 
of that expression. ‘Thus: a divides ab, and a also divides cad. 
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243. A common factor of two expressions is a factor of the 
sum or difference of any multiples of the expressions. 
Thus: a divides a6 and ac, and a also divides mab = rac. 


244, A common factor of two expressions is a factor of 
their remainder after division. 

This is merely a special case of the preceding principle, 
because the remainder after division is found by subtract- 
ing from the dividend the product of the divisor and quo- 
tient. Let the dividend be ab and the divisor be ac, and 
let the quotient be q; then ab — acq is the remainder, 
which evidently contains a, the common divisor of ob and ac. 


245. The H. C. F. of two or more expressions will not be 
altered if they be multiplied by expressions which are prime 
to each other. 

This follows from (238), since introducing factors which 
are prime to each other can not change the common factors. 


246. Factors which are not part of the H. C. F. may be 
removed from the proposed expressions without affecting the 


H. C. F. (238). The H. C. F. of 12, 36, and 27, is 3; if 4 
be removed from 12 and 36, the resulting numbers, 3, 9, 


and 27, have also 3 for their H. C. F. 


247. If a common fuctor of two or more expressions be 
removed, their H. C. F. ts found from multiplying the 
factor removed by the H. C. F. of the quotients. 

To find the H. C. F. of 5a? (a"— 6") and 3a (a?— 05). The 
factor da“ may be removed from the first expression, and 3a 
from the second, and their common factor, a, 1s part of the 


H. C. F.; but the other factors may be discarded. The 
H C. F. of the quotients, a" — & and à? — 6, isa — 5; 
therefore, the H. C. F. of the proposed expressions 1s 
a (a — b) = a" — ab. 


248. The solutions of the following examples ilustrate 


the method of finding the H. C. F. of two expressions by 


division (Common and Synthetic). Before beginning the 
Alg.—12. 
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operation of division, remove all monomial factors from the 
polynomials (246, 247). Then arrange the proposed ex- 
pressions according to the descending powers of some letter, 


and use the expression containing the highest power, as the 
dividend. | 


1. Find the H. C. F. of 42* + 62? + z — 227 — 1 and 
4i? + 22° — 1. 


+ 433 — 22° --2x— 1 
d + 227 +0 —1 


— dv + 2z = — 2x (22 — 1). 


42? — 22° Ax*--2z-4-1 
J-43?--0 —1 
+ 42° — 9x 
+ 2x — 1 
+2x— 1 .’. 2z — 1 = H. C.F. 
(2) 4;41+6]/—-2+1-1 2144+2+0-1 
—9| —2[—0-r-1 ge LE Bd 
— 0 —2-—0+41 1 
Li 3+2 + 
L+1|—-4+2=—2(?-— 1) 


2. Find the H. C. F. of 3024 — 64a — 172* 4- 492 + 2 
and 102° — 232? — x + 14. 


(i) 302+ — 642° — 172? + 49x 4 2 | 102° — 2327? — x +14 
30z* — 69:7» — 32? + 42r du +4 


+ 5ar— l4a* + Tate 
07 (lk iz+ 7 


"- 2427+ (E — j = — Zb (4^ — AT + 2). 
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1023 —232 — z-r14| z — 32742 


102? — 302? + 20z 10z + 7 


Te — 212+ 14 
Tæ — 2124+ 14 H. C. F. = 2? — 3z + 2. 


| 1/10—23— 14-14 
+3] +30—20 
pati 4-21— 14 


— 24(1— 34-9) 


3. Find the H. C. F. of 222 + (2a — 9) à3— (9a + 6)z 4- 27 
and 2z* — 132 + 18. 


(1) 22 + (Ra — 9) — (Ja+ 6)z + 27 |22? — 13x + 18 
233 — 132 + 182 v + (a+ 2) 


+ (2a-4r-4)7 (9a + 24)x 4+ 27 
+ (2a + 4)2* — (13a + 26)z + (18a + 36) 
+ (4a+ Ba — (18a + 9) = 
2(2a + 1)z —9(2a + 1) = (2a-F1)(2x — 9) 


2r — 13r--18 ` 
2r — 9 di, 
Ans. 2x — 9. 
(2) 22 + (2a — 9— (9a+6) 427 
+13 + 13 |— 18 


+ (13a + 26) — (18a + 36) 
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4. Find the H C. F. of a* — az? — a'r? — ax — Ra" and 
3x? — Tax" + 3a^r — 2a’. 

Since the first term of the dividend 1s not divisible by 
the first term of the divisor, in order to avoid fractions, 
multiply the dividend by such a number as will render the 
first term divisible. The least multiplier is 3; but, since 
the division will be carried out to two terms in the quotient, 


it 1s preferable to multiply by 3? = 9. If there were three 
terms in the quotient, multiply by 3° = 27, etc. 


(1) 92f— 9az— 9a?x?— 9a3z—18a! | 93'—'7a2?4-3a?x — 20? 
9r —2lazr'4- da'r'— Ga'z 9x +4a 


+l2èar”—18a'rè— 3a*r— 18a 
--12aa?—28a*x*--12a*x— Bei 


-Fl0a?z*—15a?r—10a* = 5a (R3 —3azr— 2a’). 


For the same reason as before, we multiply the new divi- 
dend by 4 = 2* 


122? — 28a2? + Lar — 8a? | 22? — 3ax — Ze 
122? — 1Baz" — Län 60x — ou 


— 10aa* + 24a*x — 8a? 
— Lo + 15«?x + 10a? 
+ Ou'z — 18a? = 9a? (x — 2a) 
(222 — 3az — Ra”) + (x —2a) —2x-r-a. Ans. x — da. 


Multiply previous divisor 
by 4 e new dividend. 
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6. Find the H. C. F. of at — ba" + (c — 1)a* + ba — cand 
a" — ca" + (b — la" + ca — b. 


In this case it 1s not necessary to go through the form of 
dividing one expression by the other, because the quotient 
will be unity. “Therefore subtract one expression from the 
other, use the remainder as the divisor, and one of the pro- 
posed expressions as the dividend. From the remainder 
(c — b) a + (c — b) aè — (c — b)a — (c — 0), remove the 
factor (c — 0), which can not be part of the H. C..F. 


(1) a —ca'+(b—la +ca—o6 ata" —a —1 


a*-- a — af — a a — (c+ 1) 
— (c + 1)8 + ba? +- (c + l)a — à 
— (c +1) — (c+ Da'+(c+Ta-—+t(cxrT 


+(b+ce+ 18 +o — (b +e +1) = 
(b 4- c 4- 1)(a* 4- 0 — 1). 


--a«^--0—1 
--a?--0—1 S. Q—1-—H.C.F. 
(2) lll—ec (6 —1) 3-c 
Sr A wèl + 1 41 — b 
+1 T (c F1) — (e -F 1) — (e4- 1) 
4-1 


L— (c 4-2 |4-(6--c4-1) 43-0 —(b4-c4- Us 
(6+c+1)(1+0-—1) 
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249. Rule for finding the H. C. F. of two polynomials. 


(1) Remove all monomial factors from the proposed er, 
pressions, and set aside the H. C. F. of these monomials as 
a factor of the H. C. F. sought. 

(2). Arrange the resulting polynomials according to the 
descending powers of a common letter: take for the dividend 
that expression which has the highest power of the letter of 
arrangement; or, if both have the same power, take either 
for the dividend. 

(3) Divide as in division of polynomials, until a remain- 
der «s obtained which 18 of lower degree than the divisor: 
if the first term of any dividend be not divisible by the first 
term of the divisor, multiply that dividend by such an ex- 
pression as will make it thus divisible. 

(4) Remove from the remainder every factor common to 
all the terms. Take the resulting polynomial as a divisor, 
and the divisor as a dividend, and proceed as before. 


(5) So continue, always dividing the last divisor by the 
last remainder, until nothing remains. 


(6) The product of the final divisor, and the H. C. F. of 
the monomials set aside in the first place, is the H. C. F. 


sought. 

Verification : Divide each of the proposed expressions by 
the answer found. Lf the division be exact, and the quo- 
tients have no factor in common, the correct answer has 


been found. 


290. To find the H. C. F. of three expressions: First 
find the H. C. F. of two of them, and then of that result and 
the third expression. For the H. C. F. of two of the ex- 
pressions contains all the factors common to those two, and 


the H. C. F. of this result and the third expression con- 
tains such of those factors as are found 1n the third. 


Of four expressions: First find the H. C. F. of three of 
them, and then of that result and the fourth. | Proceed in 


like manner tf there be more than four expressions. 


EXAMPLES. 


Find the H C. F. of the following expressions : 


6. 52* — 15x — 50; z — 6z + 5. Ans. x — 9. 
7. 22° — 4x — 16; 227 — 10x + 8. Ans. 22 — 8. 


8. IL + Ia? + 7z — 3; 382° + 52. — 15z + 4. 
Ans. a? + 3z — 1. 
9. xi+ 332 — 3? — 8x +5; at 2:2 — 52? — 10x — 12. 
Ans. x — 1. 


10. 32* + 102° — 2? + 4x + 9; rt 4 323 — 2? 4+ 224 2. 
Ans. rè — x—+1. 


11. 4z* — 82° — 202? + 24% + 20; 32° + 677 — 24z — 45. 
Ans. x" — £ — 5. 


12, 25 4- 925 — L 4+ 2? —3; adrrè+èri+tzxr—3. Ans. xi—l. 
13. zi — 32° 4+ 72 — Ta — 6; rt +x — 828 + Tx — 6. 
Ans. x — 2. 
14. ri — 533 + 82? — ix + 3; 222 — 92? + 10x — 3. 
Ans. a? — 4x + 3. 


15. 2a4— B+ 32°— 32+ 1; 622— “ri+4x—1. Ans. 2z—1. 


16. 20° + 3z — 2; 22:3 4+ 32° 4+ 4c — 3; 42? 4 22? — 1. 
Ans. 2x — 1. 


17. 2+ 232 — 384— 2; 2 — 82+24 2; à! — reror'-ladzxzia4. 
Ans. a? — xz — 1. 


251. A Common Multiple of two or more expressions 1s 
an expression which 1s exactly divisible by each of them. 


202. The Lowest Common Multiple, or the Least Common 


Multiple (L. C. M.), of two or more expressions, 18 an ex- 
pression which 1s exactly divisible by each of them, and the 
quotients have no integral factor in common except unity. 


203. Every common multiple of two or more expres- 
sions must contain all the faetors of the proposed expres- 


sions, and may contau-other-factors also ; but the L. C. M. 
Xo BRAR Ve H 
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consists of the factors of the proposed expressions only, each 
factor being written with its highest exponent. Thus: 


1. Find the L. C. M. of 8a%bc ; 12a?l?c ; 36ab9c. 
8e bc = Va'be; da'be =R. Ja'be; Ibabe = 2’. Babe". 
S. the L.C. M. = 2? x 32. gie = "290. 


2. Find the L. C. M. of 2? — 2z + 1; 42" — 4; z“+Qa+1. 
a — 2r + l= (t — 1}; è 4+ 244 1= (441); 
Ar — 4 = 2*(z — 1)(x + 1). 
S. Ans. 4(~@—1)?(@ + 1). 


204. The L. C. M. of two expressions may also be found 
by means of their H.C. F. For example, the L. C. M. of 
ab and ac ls abc. ‘This 1s evidently obtained from multi- 


plying ab by c, or ac by 0. 

Hence: Divide one of the two proposed expressions by 
(heir H. C. F., and multiply the other expression by the 
quotient. The product is ther L. C. M. 


3. Find the L. C. M. of 2? — (a — 6)x — ab and 
z? — (a + c) x 4- ac. 

(1) The H. C.F. is z — a. 

(2) The quotient of z? — (a— b) z — ab by z — a is z+ b. 
.*.(3) The L. C. M. = [z — (a 4- c) z +ac][z+ b]. 


4. Find the L. C. M. of 2?--2?—4z— 4 and 24-62? -11z4-6. 


(1) The H.C. F. is 2? + 3x + 2. 
(2) The quotient of 2?--2*—4xz—4 by 2?+32742 is x—2. 
.'*.(3) The L. C. M. = (2? + 62? + 112 + 6)(z — 2). 


200. lo find the L. C. M. of three expressions: First 


find the L. C. M. of two of the proposed expressions ; 


then find the L. C. M. of this result and the third er: 
pression. 


5. Find the L. C. M. of 2? — z — 2; z? + z — 6; 2’ — 4. 
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(1) The H.C. F. of 2 — z — ? and 2 + z — 61s 2 — 2. 
(2) The quotient of 2? + z — 6 by z — 2 is z 4 3. 
.”.(3) The L. C. M. of the first and second expressions is 
(x? — x — 2)(2 + 3). 
(4) The H. C. F. of this L. C. M. and z? — 4 is x — 2. 
(5) The quotient of z — 4 by z — 2 1s z 4- 2. 
.'.(6) The required L. C. M. is (2? — x — 2)(z + 3)(x + 2). 


200. To find the L. C. M. of four or more expressions: 
Find the L. C. M. of three of them, and then the L. C. M. 
of this result and the fourth. Proceed in like manner af 
there be more than four expressions. 


291. The operation of finding the L. C. M. may be ab- 


breviated when certain of the proposed expressions are 
divisors of other given expressions, by omitting such divisors. 


For: A multiple of an expression 18 a multiple of every 
divisor of that expression. 


6. Find the L. C. M. of zé — yé; £ + ry H yY 2 7’; 
TAY; zy; DV —y. 

Since’ z? + zy + y? is a divisor of 2? — 7’, and since 
2? + 4f, x + y, and z — y are divisors of zé — y*, therefore 
the L. C. M. of 2? — 3? and zé — yf contains all the pro- 


posed expressions. Ans. (zé — yt) (2 + xy + y). 


EXAMPLES. 


Find the L. C. M. of the following expressions: 


7.25 — 2; v, -—4r-4-3; 2% -—37+2; 27-574 6. 
Ans. zi — 62° + 112? — 62. 
8. 6274 727—393; 327 --5xz —2 ; 22? + "xz 4+ 6. 
Ans. 62° + 192? + 11z — 6. 
9. 627 — 52 +1; 227 — 5x 24-2 ; 382° — Tr 2. 


Ans. 6:2 — 172? + llr — 2. 
Alg.—13. 
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10. 1 — 2è; 1 EE TE AER EE E E EE 
Ans. 1 + a? — 33 — z. 


11. zè — 535 + 8:7? — a 4- 8 ; 2a — 92? + 10x — 3. 
Ans. 225 — 112* + 2123 — 223? + 13x — 3. 


12. z* — 42? + 32° + 4x — 12; 22? — a? — 182 4- 9. 
Ans. 22395 — Jx? — Alix + 35:5 — 182? — "72a + 36. 


13. 2? — 4; z — 5r +6; a 22 —8; vè — 72 + 12. 
Ans. x — ix" + 827 + 28x — 48. 


EXERCISE XIV. 


Find the H. C. F. of the following expressions: 


l. z* + 2x + yf; att 3274? + Gut, 

2. z* LADY A+ yès re A+ xy — a, 

3. 2? — 5z"y + Län — 9? ; vi — Zu + Auf — 34. 
4. xu +Rr'y” + 9y* ; 72? — 1la’y + 15z3* + 99. 

b. 9z* — 3zy* + 3z'y" — Iz'y; 24? — 10zy* + Bz'y. 
6. 92 — 22x — 15; ox" + a’ — 542? + 182. 

7. 22 — 81 24-8 ; 2 +3274 24 3. 

8. — 5r? — 22 + 1544+ 6; — 725 + Az? + 21x — 12. 
9. 202* + 2? — 1; 25t ++ 525 — a — 1. 

10. —a*-- 22 — 2? + 8x4 — 8; 43? — 122? -- 9x — 1. 


Find the L. C. M. of the following expressions: 
11. 22--1; 2? 2-2; rè d- à? 4 LH. 
12. 22—2; rè—l; 2è +1; vé+t+z'—+i. 
13. 2? —. 4; 2422? +474 8; zi — 22? + 4x — 8. 
14. vè — 3 +Rr+x—1; Te — 2 — 244+ 2. 
15. 42t + 922 + 227? — 22 — 4; 3902 + 52^ — x -- 2. 
16.2 — 1; 3r? — 5r -+2; 4r? — 4r? — a+ 1. 
17. 62° + 2° — zr; 40° — 62? — Ax + 3. 
18. 122? — 15zy + By”; 62° — 6z^y + Rey” — Zu, 


CHAPTER AV. 


FRACTIONS. 


208. THE expression Z is employed to indicate that one 


Ù 


unit is divided into 0 equal parts, and that a of these parts 
are taken, or that a units are divided into b equal parts, 
and that one of these parts 1s taken. 


a 


209. The expression a is called a fraction. ais called the 


numerator, because it numbers the parts. 6 ıs called the 
denominator, because 1t names the parts. The numerator 
and denominator are called the terms of the fraction. 


260. Every integer may be considered as a fraction 


(t 


whose denominator is unity; thus, a = l1 


261. To multiply a fraction by an integer, we may either 
multiply the numerator or divide the denominator by 1t; and, 
conversely, to divide a fraction by an integer, we may either 
divide the numerator or multiply the denominator by 1t. 

For, to multiply the numerator multiplies the number 
of parts taken without affecting their size; hence the fraction 
is multiplied. 

To divide the denominator increases the size of the parts, 
without affecting the number of parts taken; hence the frac- 
tion is multiplied. 

Again, to divide the numerator divides the number of 
parts taken without affecting their size; hence the fraction 
is divided. 

(147) 
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To multiply the denominator decreases the size of the 
parts without affecting the number taken; hence the frac- 


tion 18 divided. 


262. Asa result of the preceding article: Jf both terms 
of a fraction be multiplied by the same number, or 4f both 
be divided by the same number, the value of the fraction 

a ac we 


will remain unaltered. Thus: — = =- =— , ete. 
b bc abe 


263. Since a = + (Art. 260), ...a@+b6=4++0=- 


(Art. 261). “That is, a fraction represents the quotient oi 
the numerator by the denominator (24). 


REDUCTION OF FRACTIONS. 


264. To reduce a fraction, multiply or divide both terms 
by the same number (262). 


265. CASE I. To reduce a fraction to lower terms: 
Divide both terms by any common factor. 


oh bë ae _ č 
abc ab aw? aqu 
To reduce a fraction to its lowest terms: 
Divide the numerator and denominator by their H. C. F. 


EXAMPLES. 
122? — 3 3(227— 1)(9x 2-1) | _ 3 (22 -F 1) 
"302-10. 10(2z — 1) 10 


z—8z-F12  (z—2)(z2—6) z—6 
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933-L OF + Yr — 3. |. 21 4-3 
9. BIB —10z-L4 34 — 4 


^ 4425-9 42243 
A ri—tr—z+ 1 2 — 2x + 1 
a — 29: — eadal a*—3x--1 
A v'+(a+20òz+ ab z+0 
“'d'di+(a +c)]z+a zx+oec 
n ax" + bam +1 y 
TT "dbz — Ga bla — ba) 
" + (a+ b)ar + abr a+r 
l at — br? |a —br 
- bx +- 2 1 
264 ba — 4x — 262? "A 9x 
m (a — DI + (6 —a)+ (e tay] 2 
“e+ bi + ¢ — 3abe at+b+e 


266. CASE II. To reduce an integer to a fraction with 
a given denominator: 


(1) Express the integer in the form of a fraction (260). 
(2) Multiply both terms by the given denominator. 


Thus: a=% — — e ke hs 


EXAMPLES. 


1. Reduce z? — 1 to a fraction whose denominator 1s 27—3. 


z* — 4z* + 3 

Ans. RECH 

2. Reduce (a— bF toa fraction having a denominator (o LA. 
(a? — 0°)? 

Ans CENE 
3. Reduce z* — 2? + 1 to a fraction having a denominator 
At gt 41. ine, RET 


eet 
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267. CASE III. To reduce a fraction to an integral or 
mixed expression : 


Arrange both terms according to the descending powers 
of a letter common to both. 


Divide the numerator by the denominator. If the divis- 
yon be exact, the value of the fraction 18 integral; but if 
not exact, continue the division until the degree of the 


remainder 15 less than that of the divisor: write the remain- 
der as the numerator and the divisor as the denominator 


of the fractional expression, reduce this fraction to its 
lowest terms and annex 4t to the quotient by means of the 


sign +. 


Thus: (1) eet En 
(2) aie n on Zei? 
a) TE en 
RE 


268. In order that a fraction may be reduced to an in- 
tegral or mixed expression, the degree of the numerator 
must not be less than that of the denominator; and if the 
degrees be equal, the co-efficient of the term containing 
the highest power in the numerator must not be less than 
that of the corresponding term in the denominator. Such 
fractions may be called tmproper fractions. 


269. Thesignsof both terms of a fraction may be changed 
without altering the value of the fraction, because this 1s 
equivalent to multiplying both terms by — 1 (Art. 262). 
If the sign of but one term of a fraction be changed, the 
sion of the fraction is changed. 


A — a a — (1 
Thus, IT ————— La e = IO men m? 
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] ee te S5 E, 
— ; ap ‘ump A 
Ka a-—b b—a ab | b—a 
NON o c—a | c—a X -—c-r-a 


270. CASE IV. To reduce a mixed expression to the 
form of a fraction: 

Multiply the denominator of the fraction by the integer; 
to the product annex the numerator by means of the sign of 
the fraction. Under the result write the denominator, and 
reduce the expression to tts simplest form. 


EXAMPLES. 


—b —ac—(—b) —ac+6 ac— b 


a 
Q 
| 
| 


my zy 
| LE 2a 
ll. t +r +l FI 
` Ou? 
12. ri —47+ 8 — (a i Em - 


271. CASE V. To reduce a complex fraction to a simple 
one. 

A complex fraction is one which has a fraction in the 
numerator or in the denominator, or 1n both. 

A complex fraction does not come under the definition of 
fraction as given 1n (258). It is merely the quotient of the 
numerator by the denominator (263). 


Rue: Multiply both terms by the L. C. M. of the de- 


nominators of the fractions contained in the numerator and 
denominator. 


4 4 6 27 
b b 
(2) are "T. óc _ abe + & 
"n w c "bc abe — c 
EA 
(3) zo 8 X SU PUY 
-—— zy AY — L 
Y y 
b? b° 
(4) "ra (Fab (a-Ga+d. 
ZEN; mu a? (a — b (a +ò) ` 
a+ b at 6 
a—ab'+b(a+òd) a? — ab ab + o a? +- pi 
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EXAMPLES. 


Reduce the following complex fractions to simple ones: 


Answers. Answers. 
a 2 y* 
. a+b a (a — b) í ety Zu 
EM b(a+6) |. | y a^ — zy + y 
a — 0 z+ y 
A x 4ab 
ft. mwen a aiu 
6. H. “me 
r—a Kë 4ab _ 9 b—a 
a -+b 
1 a b 
"T T DIA] 
7. 1 FLT 10. — ^ 1 
eT aT a—b a+b 


242. CASE VI. To reduce fractions to equivalent fractions 
having a common denominator: 


Multiply both terms of each fraction by the product of 
the denominators of the other fractions. 


Thus: 1. Reduce y A - to a common denominator. 

a a ac qc 6 b. ab av 1 1. b bc 
bb ^as aw oc ab abe'a a” be abo 
2. Reduce to a common denominator : l : | : 

a+b a—oba 
4 4 x Hla — 5) Ai — dab 
a+b a+b” ata — b) |. EE ^ 
3. 383 x Ula + 9) — Ja" + Bab 
a—b a-—b ata+b) o ap» 
5 +5 z (O + b) (a — b) _ Sat Dé 
a a (a+ b)(a—b) a&— ab’ 


154 ALGEBRA. 


273. CASE VII. To reduce fractions to equivalent frac- 
tions having the lowest common denominator (L. C. D.): 


(1) Find the L. C. M. of the denominators. 
(2) Divide this L. C. M. by the denominator» of each 


fraction. 

(3) Multiply both terms of the first fraction by the first 
quotient; both terms of the second fraction by the second 
quotient; both terms of the third fraction by the third 
quotient; and so on. 


Nore. Before reducing fractions to the L. C D. it is usually best to 
reduce them to their lowest terms, as in examples 3, 4, 5, 7, below. 


EXAMPLES. 


. Reduce the following fractions to the L. C. D.: 


9q 2b 1 
a— b a+b wa i 


The L. C. M. of the denominators is («œ — 0”), and the 
quotients are a + b, a — 0, 1. | 


9a a+b Zei + 3ab 2b a — b RAD — 20^. 


l. 


Ze? + 3ab Zab — 20° 1 
wu Bo FIE? FIE 
be a 


C ab 
(a — b)(a — ey (a — b)(b — ey (a — c)(b — ey 
The L. C. D. is (a — b) (a — c) (b — c), and the quotients 


bc (b — c) 
are (6 m C), (a m c), (a n d Ans. (a wm b) (a — c)(b — cy 
ac (a — c) ab (a — 8) 


(a — b)(a — c) (b — c (a — b)(a — o) (ò — cy 
7? — 9 wi — g — 20 


Ans. 


2. 


Ane, Debt tlh w+ 8z- 16 
2197 120? 2+ 9x 4+ 20 
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iz +r — 6’ z — 25 
Ans a, mite 6 
xt — Tz +10 a*— '7z--10 
x — 1 r--1 1 1 
oP bret’ d —39z—4 an rem 
4 ] 1 
6. ror 


802—1)  3(2—z—2) æ—3r+2 


Ans. aze 6(e—2)(@=1) 6(z—3)(3—Iy 
1 1 r—1 
“tow =a (1IZa) 
1 — 2 1 — 1 
U^ Cae T= a T=) 
. 1 0 1 
dree 
Ans, ae eng EM 
(a — Die — A lt (—3)«— 90 - 9 
o ete ote 
rer 
aas At 96 i) (5 + dis — a) 


je De — alte Ai (a—3(— aye — y 


ADDITION AND SUBTRACTION OF FRACTIONS. 


274. To add or subtract fractions: 


(1) Reduce the fractions to equivalent fractions having 
the lowest common denominator (273). 


(2) Combine the numerators of the resulting fractions 
according to the rule for addition (98) or subtraction (103). 


(3) Write the result over the L.C. D. 
(4) Reduce this fraction to its simplest form. 
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EXAMPLES. 
; RAM a* — ab n ab+b _ a+’ 
' a+b ' a—b (w+b)(a—b) ' (a+d\(a—b) a'— W 


AN b E — b a—b 1 
 Ra—Rb  2b—2a Ra—db 2(a—05) Aa—b) 2 


* àS—1lz-4-19 epos l (Ber-3E-4) 
z+rz—-1 "EL 


4(9xz —3)(z--29) | | 4(z 4-2) 
(22 —3)(z —4)(z-I--4) a? —1067 


BEEN MN 
MT 0—96—3 (-96— at 
b(b— c) —a(a—c) 


(a— erm (a—b)(a—o)(6—a)" (a—b)(a— c)(6—c) - 
b —be—a + ac c—a—b . 


b. 


1 A1 1 4z) 1 
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275. In many examples it is preferable not to combine 
all the fractions at once. | 
“oue 8 a" 1 4 1 
z"—1 ml z"—l Et 
The sum of the first and third 1s + — qx" La". 1. 


The sum of the second and fourth is 2 —1-—2*. 
1 


Ans. a + 2. 


10. To simplify 


MULTIPLICATION OF FRACTIONS. 


276. To multiply by a fraction means to take such a part 
of the multiplicand as the multiplier 1s part of unity. 
Thus, to multiply by # means to divide the multiplicand 
into four equal parts and to take three of those parts. To 
multiply § by 4 means, therefore, to divide $ into five equal 
parts, and to take four of those parts. Now $ = 12 (Art. 
262). If14 be divided into five equal parts, each part will 
be x;. If $44 be taken four times, the sum will be ṣẹ + 


Ti Hrist ys € c boig org X $= Hy. 


277. If there be more than two fractions to be multi- 
plied together, the same method will apply. Thus: 


Hence, to find the product of two or more fractions: 


248. Multiply the numerators together for the numerator 
of the product, and the denominators together for the 
denominator of the product. 


EXAMPLES. 


PLe_—F+ ae“ atb—e 
(a + b)” (av — bz)" 1 
9. ymt ` x (a? — i?" m 


DIVISION OF FRACTIONS. 


279. Since £ X $—4&,.'. 45 £— 4$. Similarly, since 
a c ac «a c d 
ba bv ba d V 

Hence, to divide one fraction by another: 

Divide the numerator of the dividend by the numerator 
of the divisor for the numerator of the quotient, and 
divide the denominator of the dividend by the denominator 


of the divisor for the denominator of the quotient. 


NOTE 1. If the terms of the dividend be not divisible by the 


corresponding terms of the divisor, multiply both terms of the divi- 
dend by an expression which will render them divisible. See Ex. 2. 
NOTE 2. If the denominators be the same, divide the numerator 


of the dividend by that of the divisor. See Ex. 3. 


FRACTIONS. 159 


EXAMPLES. 
Ww o. y LL 29 
“B+ Paty way +H 
Q2 . 78 = z(ac- zx) ., tr | a-cz 


og —3zxy +3ry — Er (x—y»y 


SE 


(x? — y? "(2 — y) 


280. The rule in Art. 279 is the most convenient when 


the terms of the dividend are multiples of the correspond- 
ing terms of the divisor, as in Ex. 1 and 4 above. In 
other cases one of the following rules 1s preferable: 


281. SECOND RuLE. Multiply the dividend by the re- 


ciprocal of the divisor. 
Thus: To divide A by 3. Multiply 33; by 3 (Art. 30). 


Similarly, 5 = +r SPX >= 3474 


This rule depends upon the following reasoning: Let 
` 


it be required to divide ; by T If ; be divided by c, 


the quotient 1s = (Art. 261). But the divisor c being d times 


as large as the true divisor, 5, the quotient thus obtained 


a 


is d times too small; hence i must be multiplied by d for 


the true quotient. 
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282. THIRD RuLE. (1) Reduce the fractions to a com- 
mon denominator. 
(2) Divide the numerator of the dividend by the nu- 


merator of the divisor. 


Thu: | fy +4=%71 =%=3. 
Similarly Z -— = D be _ ad 
f 0 d bd bd bc 
283. It is evident that a complex fraction may be re- 
duced to a simple one by considering the numerator as the 
dividend and the denominator as the divisor, and finding 


the quotient according to one of the preceding rules. Thus: 


xa 
ata” X — Zax + a? o a 
| “ewa — i (x gl 
L — tb aa "m 
L+ (a + eje + ac 
2 v'+(O-+o)x+ be — (x+a)(x+c) , (z—a)tz4- a) z—b 
T — a — (e +06) (20) (r—b)(x--5) z—a 
x? — fe 
EXAMPLES. 
By each of the three methods show that : 
1 ax— 2x A TRA tW OV 
a" + az TE a" oz ~ w — a" 
2 GEET E 
a x ax 
tr \ | 22 \ z+1 
À (2+ 55) + 2-7) 
a TTY + ry V. (— yy | (e yy 
"mr "ta = 
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MISCELLANEOUS PROPOSITIONS. 


284. In each of the following propositions let z= ` : 
a C b d 
I l+ als, AX. V; e ded. 
a b C b a b 
II. ri rin tè Pe AX. IV; E UP 
a o a+b c4+d 
III 7 tla 7th Ax. II; ala 
a C a—b c—d 
IV pol—g-LbAÀsx III; D Fees d 
V. Seo LE EE Sou e Oa 
a C 7) d 
VI. From I Ee E d whence from IV m A AS 


a C T C 


“VIL HI be divided by IV, .:. 212 FÉ 


Other results may be obtained from propositions III to 
VII, inclusive, by using tnversion (I) or alternation (II). 


Thus: from III, du a NR Aa , whence, from I b — 
d atb b 


b d ? 'a-+b 
1149 Nr y) 


If two fractions are equal, we may combine by addition 


or subtraction, in any way, the numerator and denominator 
of the one, provided that we do the same with the other. 


a” cht 
285. If = 5» then y =a (Ax. XIV). Hence the 
preceding results hold with a”, An, c^, d", instead of a, b, c, 
a” Ss o ch + w d” 


d. For example, VII would read 5 -— ee L 


Alg.—14. 
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286. If a, b, and.c represent positive numbers, then if 


For, 1n order to compare fractions, we reduce them to a 
common denominator and compare the numerators of the 
resulting fractions. 


Now “FS = ab —+ be UN da oe, When a > 8, 


ab + bc « ab + ac; when a = b, ab + be = ab + ac; when 
a < b, ab + bc > ab —+ac: which proves the proposition. 


287. If a, b, and c represent positive numbers, then if 


A — C a A —-Céè aA. A—tC a 

a 0,7— 2 jo ifa= >be D) abi, FA 
a—c ab — be a ab—ac 

For 5 c. b(b—cy and = c — b(b — cy When a> b, 


ab — be ab — ac; when a = d ab — bc — ab — ac ; when 
a< b, ab — bc < ab — ac: which proves the proposition. 


ExERCISE XV. 


simplify the following fractions: 


a? — 34+ 2 i z* + Ba?” + 92? 
L B — 62 +1lz—6 "tie ^ 
2* + ry + y? " e+ ar? ed 
“ EI Bey + dey + af £t — L7 
4, 94^ — 16a + 23x — 6 i t Hr? DN) 
* $3 — lle + lr — p IIS 
, 2 d 92 + 260 + 24 z Lari 


z* -- 102? + 352? +50a-+24 uu 23 Le? 


In the following examples, perform the operations in- 
dicated: 


15 


16 


17 


18 
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3 1 1 
ge (zr 3y zF? z] 
312  3r—2 a—161 
" ta T r+? EEN 
4 — 202 d 3 
Ia 3:41 1-2 
1 y ou. a 
py BF PTH 
a—b ,2%b—a , 3x(a — b) 
l4 yr ppa g-—B 
1 1 1 
ala Ate Zo) " b—ajlb eh " ale — aye — dy 
a" +a-—i ëss 4 ce--c--1 
(a — ite e) * (6 — ay — o) ^ (e aje — by 
NÉE p, + 2 Lo CAE 
re -—6-—2*(-—2a( -—3 
EPOHA), CPE), (d vn D) 
“G=blaza) " G—a6—e) " e ale =d) 
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Wat l—z LE 
1 x 1 x 
a et te te pL 
a—b G-A [até ET 
ge (xi apB tavit p 
ES LEE) EE CH 
e NET A PEP ^ w—y kd 
a -+- 6 e + Tul 
wm a—b latè "wë art 
“L fe 
"A" ap 
33. h-1_— a7! ^g 4 
vta I—a 
tC BO TOU t--a 
94. — d z+ a a i, =e 
T—a cra 
35 l 36 a 
1 a o eb 
t ipfii apr 
To f 
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SIMPLE EQUATIONS. 


CONTINUED FROM CHAPTER X. 


bx _ ax — 0 


988. 1. SOLVE a — — 
a C 


Multiply by ac, the L. C. M. of the denominators. 
Then ac — bex = ax — ab’. 
Transpose. — bcz — ax = — ac — ab. 


Divide both sides by —óc—a. .'. x= 


ax+b a eko 

C be" 
Multiply by dc, the L. C. M. of the denominators. 
Then abxr + b — ac = bex + bd. 
Transpose. bz(a — c) = ac — P + dd. 


Divide both sides by b(a — c). .'. x= A 


aT 


8r +3 Ta —3 44+ 6 
14 T Gr +2 7 
When an equation contains simple and compound de- 

nominators, it is usually best to get rid of the simple 

denominators first, and then of each compound denomina- 
tor in turn, being careful to simplify as much as possible 
after each step. In this example, therefore, transpose 


E — and simplify. 


14 
(72—3)  8x+4+12—8r—5_ 1 
Lhen 6z t2 ” 14 =g" 


Multiply by (6z +2). .°.%a—3 = 32 11, whence 2 — I. 
(165) 


289. 3. Solve 
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6z + 13 kx Ar E 


15 5 bz — 25° 
Multiply both sides by 15. 


4. Solve - 


Then 6z 4- 18 — kan eee, TE Im 
z —O z — 
Multiply both sides by (z — 5). 
Then 13z — 65 = 92 + 15. .:. $2 = 20. 
zr ata Ra—O 
5. Solve Platt 
Multiply both sides by 2z. 
Za 
ANLE ee Re 
Now P both sides by a + z. 
— ab 
= 2274+ (2a + b) xr + ab, whence z = Ba LÈ 


17 10 I 
290. 6. Solve See 17 32 —10 TI 9z 
Multiply both sides by (6x — 17)(3x — 10). 


". 51z — 170 — 602 + 170 — (62 — 17) Ge — 10) 


l — 2x 
1827? — 111z + 170 
l — 2c 
'. — 92+ 182? = 182? — 111z + 170; whence z = 1$. 


.. — 9z = 


291. 7. huit EE mti 


Here it is convenient to clear of fractions partially, and 
to reduce the resulting expression. Hence, multiply by 12. 


H — 8e + 64 + 6z +15 = 64 + 32 4-7. 


'. 122 4- 84 = 55z — 88; whence z = 4. 


292. 8. (x—a)(x — b) — (x — b) (z—c) = 2(x—a)(a—oc). 

Simplify the first side: (x — ò)[(z — a) — (z — c)] = 
(2 — b)(— a + c) = (6 — z)(a — c). 

t. (b — z)(a — e) = SIT — a)(a — c). 


SIMPLE EQUATIONS, CONTINUED. 167 


Divide by (a — c). .'. b — x = 2(x — a); whence z = 
2a + b 
3 


SEN z—2 z—5 T—6 
1-2 2-3 z—6 r-T 
Simplify each side. 

, (Ar 3)— ae Seed _ (27—122- 35)— (27—122z-4-36) 


293. 9. Solve 


(z — 2)(z — 3) (z—6)—3) — 
| —1 — 1 
that je eme e oe Ty 
, — + Um 42 = — 2 + 5r — 6 and z = 44. 
1 [2x dkd—z (D 
10. Solve 2s +4) — 3 =5(- -1). 


Expand. 47+2—§+47=3 — " 
Transpose and simplify. #Z2=1i. ..2—3. 


662+ 1 dr + 5 
1.5z +] + ] T „x — 1 
Multiply each term by 4. 
. 667+1 
` 8a+4+2 T 1 —2 

Clear of fractions. 
66z* — 1312 — 2 + 122? + 232 + 10 = 782* — 1042 — 104. 


294. 11. Solve ————— 


lranspose and simplify. — 44 = — 112. .:. xz — 28. 
295. 12. Solve 

z 192 —3)—102—1) _ ert 

2 4(z — 1) TIN 3z—2 JD 
Transpose 5 and simplify each side. 


En 3A—z+6 rz z+ 6 
| 6(z—1) 238e—2) 9 23x — 3y 
z4-9 | r-F6 
6(z—1) 2(3r--2) 


', 9277 + 25x — 18 = 327 + 15x — 18; whence z = 0. 


, and clear of fractions. 
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296. 13. Solve —— ? roh ET 


Multiply both terms of the first fraction by 2, of the 
second by 2, and of the last fraction by 2°. 
At — 3 AT — 5 q^ 
'8(2—1) “BAN T BIIN 
Multiply every term by the L. C. D. 15(2 — l)(2 + 1). 
^. 5(2z —3) (24-1) -3(92 — 5) (x — 1) 215 (z—1)(z4-1)2-2?. 
Expand. 102? — 5z — 15 + 627°— 21xz4-15—1523?—15-4- 2’. 
Transpose and simplify. .*. — 26z — —15; whence z—i$. 


EXERCISE XVI. 


Solve the following equations. (For the solutions of the 
simultaneous equations [13-24 inclusive] consult Chapter 


XI.) 


T E 
9r-2-1,93»7—06 At 28 X a a 
2—9 '3Sr—5 gon batiza atè 

5 32 — 1 ort 59, _ 2 —9 or HI 
x + 2 4 =~ J8 et 
" 1 7 1 E 1 u 1 
z—29 4-4 x—6 2-8 
d 1 6 
l 3—5 "z3 Ss —1 
a+b a b 
" Esa aa al 
p, 25 — le, SOu+21 _ ba 28 
EI 5(32z + 2) z--1 
z—'7 9v —]195 ] 
100-7  3z—6  93(r4 7) 
e Ir t 1) 3962 + 4) yo 
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4X + OY = 35 
or = 9y + 4 
a 
—-r—--12 
Ty 
*— Gär + 3y) = 8a^b — Wes 
ab*c 
ap 2a + 2D) 


21. 4x + 3y — 4z = 20; 


) 
30 Y—RZ= 20. 


rt y+z+ (+ v=); 
BZ+AYAzi45l4+2v = = 0: 
4x—2Ry+4i+v = 0; 
pe Ti RUE y— z—2t = 23; 
vt--y—z-—u-2t —17. —6y+3z— öt = — 1. 


20. t+ 2y + 3z 4+ 5u = 2; 24. 2d4- y --z —v— a; 
jz— 4yd- z+ 4u = —9; e+y—z+v=o0; 
4r — y—èdez—+ u=15; x—-ytztv=c; 

4y—2z2+9u=-—-lL—r+yt+e+v=d 


CHAPTER XVII. 


PROBLEMS INVOLVING SIMPLE EQUATIONS. 


297.—1. AFTER losing 1 of my money and 1 of what was 
left, I gained + of the remainder, and then had $280. How 
much had I at first? 


Let 5z represent the number of dollars I had at first. 

I lost 1 of my money, hence I had left 4 of 52 = 4z. 

I lost + of what was left, so I had then left # of 4z = 32. 

Finally, I gained 4 of 3% = z, and then had 32 + x = 4x. 

But I then had $280. .'. (Ax. I.) 4z = 280, whence 
x = 70 and 5% = 350. ~.*. I had $350 at first. 


298.—2. A's money was $ of B's; A gained $2, and B 
lost $3, when A had 4¢ as many dollars as B. How much 
had each at first? 

Let 7z represent the number of dollars B had at first. 
Since Ais money was $ of B's, .*. A had $ of 7z = 6z. 

A gained $2; .*. A then had 6z + 2 dollars. 

B lost $3; .". B then had 72 — 3 dollars. 

S2 644+2 =40(7z — 3), whence x = 3. 

Ans. B had 21 dollars, and A had 18 dollars. 


299.—3. A lease was given for 60 years. ‘Three fourths 
of the time it has already run equals 2 of the time 1t has 
yet to run. How many years has it yet to run? 

Let 8x represent the number of years the lease has yet to 
run; then 60 — 8z 1s the number of years it has already run. 
.'*. 3(60 — 8x) = 9z, whence x — 3, and 8% = 24, Ans. 

(170) 
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300.—4. E was hired for a days, at b cents for each day 
he worked, and at a forfeit of c cents for each day he was 
idle. At the end of the time he received d cents. How 
many days did he work? 

Let z represent the number of days E worked. Since he 
was hired for a days, and worked x days, he must have 
been idle a — x days. Since he worked z days at 6 cents a 
day, his total wages amounted to dz cents. As he forfeited 


c cents a day for a — x days, he forfeited c(a — x) cents. 
The amount due him for wages, diminished by the amount 
forfeited, must be the amount of money actually received. 


d+ ac 


301. In solving problems involving time, rate, and dis- 
tance, observe that: (1) The time X the rate = the distance; 
The distance 


ad — r. and (3) RM MN = the time; Formula sa mE 
l the rate r 


Thus, if A go 5 miles per hour for 8 hours, his distance 
will be 40 miles. If A go 40 miles at the rate of 5 miles 
per hour, his time will be 8 hours. If A go 40 miles in 8 
hours, his rate will be 5 miles per hour. 


Formula £ X r- d. (2) = the rate; Formula 


5. How many miles can A walk at the rate of 3 miles an 
hour, so as to return to the starting-point in 11 hours, 
riding back at the rate of 8 miles an hour? 

Let x represent the required number of miles. Since he 
walks z miles at the rate of 3 miles per hour, .*. his time 
equals $z hours. Since he rides back z miles at the rate of 
8 miles per hour, .*. his time returning 1s 4z hours. 

Since he takes 4x hours to go, and 4x hours to return, 
^. his entire time = (4x + 12) hours. But according to 


the given conditions, his entire time is 11 hours. .°. (Ax. I.) 
iz + 4x = 11, whence z = 24, Aus. | 
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302.—6. A, who traveled at the rate of 314 miles in 5 
hours, left a certain city 8 hours before B, who traveled at 
the rate of 224 miles in 3 hours. In what time did B over- 
take A, and at what distance from the place of departure? 

Let x represent the number of hours B traveled. 

Then z + 8 represents the number of hours A traveled. 

B's rate is 224 + 3 = 71 miles per hour. 

A's rate is 311 + 5 = 633; miles per hour. 

Since d = ri, .*. B’s distance is 457, and A’s is $3(z + 8). 

But they traveled equal distances. 

S. 45x = $3(z + 8), whence z = 42. 

Ans. B's time 1s 42 hours, and his distance is 315 miles. 


303.—7. A takes 5 steps while B takes 4, but 3 of B's 
steps are equivalent to 4 of A's. How many steps must B 
take to overtake A, who has a start of 80 steps? 

In problems of this class 1t 1s convenient to consider a 
step of the pursued as the unit of length. “That is, in this 
case, one of A's steps 1s the unit. Let 122 represent the 
number of steps B must take 1n order to overtake A. Since 
A takes § as many steps as D, then A takes 152 steps; .°. A 
goes 15z units. As three of B’s steps are equivalent to 4 
units, then 12x steps of B are equivalent to 16x units. 

But A's distance is 80 units less than B's distance; 


e, 16x — 15z = 80, whence x = 80, and 12x = 960, Ans. 


304.—s. Find the time between 4 and 5 o'clock when 
the hour and minute hands of a watch are: 


I. Together; II. At right angles; 
III. Opposite; : © IV. Equidistant from VII. 


I. Let CM and CH denote the positions of the minute 
and the hour hands at 4 o'clock, and let CA denote the 


position of both hands when together. 
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S.nce the hour-hand goes from IV to V while the minute- 
hand makes a complete revolution, there- 
fore the hour-hand moves only 75 as fast 
as the minute-hand. If, therefore, the 
distance the hour-hand goes in any time 
be z, then the distance the minute-hand 


.*. Let the are HA be z minute-spaces 
Fia. 1. in length. 
Then the are MA will be 12z minute-spaces in length. 
But MA = MH+ HA = 20 1 x. 
'. 12z = 20 + z, whence z = 145, and 20 + z = 214. 
Ans. The hands are together at 2144 minutes past Iv. 


II. Let CA be the position of the minute-hand, and CB 
be the position of the hour-hand when 
the hands are at right angles. 

Let x represent the number of minute- 
spaces 1n the are Hb. 

Then 12x represents the number of 
minute-spaces m the are MA. 

But M A also equals 5 + z. .*. (Ax. l.) 


lèz=5+z, whence z—4^,and 12:-—5.&. ge 2. 
Ans. The hands form aright angle at 533; minutes past Iv. 
M But the hands will be again at right 


angles between IV and v, when the 


of the hour-hand. If, as before, the 
number of minute-spaces m the arc 
H HB = xz, then the number of minute- 
B spaces in the arc MABA 1s 121=35+2. 
Fio. 3. . £ = dr and 12z = 3845. 
Ans. The hands are at right angles a second time be- 
tween IV and v at 3844. minutes past IV. 
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III. Let CB be the position of the hour-hand, and CA 
be the position of the minute-hand when 


the hands are opposite. 
If HB — then MHBA = 12x. But 


MHBA also equals 50 + z. .:. 12x = 
90 Tz. .'. € = 455, and 12x = 544&. 


Ans. The hands are opposite at 54,8 
minutes past IV. 


Fro 4. 


IV. Let CP and CA be the positions of the hands when 


VII 1s midway between them; also, let 
HB = x. 

ODD = 15 — z, because HD = 15, A 
and DB = DH — BH. 

Since DA = DB, .'. DA = 15 — a, 
whence MDA = 35 + DA = 50 — x. 

But MDA = 19x. .°. 1212 = 50 — a, 
whence z = 314, and 122 = 4645. 


Ans. The hands are equidistant from vir at 46; min- 
utes past IV. 


PROBLEMS INVOLVING TWO OR MORE UNKNOWN 
QUANTITIES. 


300.—9. A and B work together for 2 hours, after 
which B leaves, and A completes the task 1n 6 hours more. 
Had A left, and B continued to work, he could have com- 
pleted the work in 3 hours more. How long would it take 
each alone to do the entire work ? 

Let xz represent the number of hours A would require, 


and let y represent the number of hours B would require. 


Then A does : of the work 1n an hour, and B does d 


x y 
From the first condition the work 1s completed when A 


works for 8 hours, and B for 2 hours. .'. (1) l t pt m 
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From the second condition the work 1s competed when 
A works for 2 hours and B for 5 hours. . NOR t — — ]. 


Multiply (2) by 4, and subtract (1) from the nm 


ES whence y = 6. .:.z — 13. 


y 
Therefore A would take 12 hours, and B 6 hours. 


Y06.—10. The sum of three digits expressing a certain 
number, 1s 12. The middle digit equals the difference of 
the other two, and the number would be reversed by adding 
396. Find the number. 


Let x represent the hundreds’ digit, y the tens’, and z 
the units’. 


From the first condition, I. z + y + 2 = 12, 

From the second condition, II. y = z — z, because we 
know from the third condition that z 1s larger than z. 

In order to express the third condition, we must recollect 
that the required number consists of z hundreds + y tens + 
z units; thus, 574 = 500 + 70 + 4, ete. Similarly, the 
reverse of the required number consists of z hundreds + 
y tens + z units. Hence, from the third condition, 


III. 100x + 10y + z + 396 = 100z + 10y +4 z. 


From equation III. xz — z = — 4. 
From combining I and II we get z — 6. Therefore, 
from III, z = 2, and, from I, y = 4. Ans. 246. 


11. What number of two digits contains the sum of its 
digits four times and their product twice? 


10z + y —4 


coy 
', 10z + y = 4x + 4y, and 2x = y. 


From the first condition, I. 


From the second condition, II. ————- = 2. 


In II substitute 2x for y, whence 12x = 42’, and z = 3. 
Ans. 36. 
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EXERCISE XVII. 


Solve 1 like Ex. 1, Art. 297. 

1. A lost # of his money and then gained $10; he then 
lost $50 more than $ of this amount; he next gained 4 of 
this remainder, but found that his total loss amounted to 


$233. How many dollars had A at first? 


Solve 2 and 3 like Ex. 2, Art. 298. 
2. A's age 18 2 of B’s; in 15 years it will be £ of D's. 
How old is each? | | 


3. A's money equals $ of B's. If A give B $12, he will 
have Las much as B. How much has each? 


Solve 4, 5, and 6 like Ex. 3, Art. 299. 


4. Divide 45 into two parts such that one part shall be 
1 of the other. 


5. A debt of $100 was paid in silver dollars and paper 
dollars. The number of silver dollars was A of the num- 
ber of paper dollars. How many of each kind were used? 


6. It took A 40 hours to go from C to D and return. 
His rate going was £ of his rate returning. How many 
hours did it take him to go from C to D? 


Solve 7 and 8 like Ex. 16, Art. 174. 

7. A's time to do a certain work 1s 2 of Be Both to- 
gether can do the work in 5 hours. How long will it take 
each alone? 


8. A and B together do a piece of work in c days, which 
A alone can do in d days. How long would it take B? 


Solve 9 and 10 like Ex. 4, Art. 300. 
9. A was hired for 40 days, at 50 cents a day and his 


board. For each day he was idle he forfeited 25 cents for 
his board. At the end of the time he received $11. How 


many days was he idle? 
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10. A agreed to work for a year for $200 and a suit of 
clothes. At the end of 5 months he left, receiving for his 
wages $60 and the clothes. What was the suit worth? 


Solve 11-16 inclusive like Ex. 5, Art. 301, and 6, Art. 302. 
11. A starts from C at the same instant that B starts 
from D, 60 miles from C. . A's rate is 3 miles, and B’s 2 
miles, an hour. In how many hours will they be together: 
(1) If they travel toward each other? (2) If A pursue B? 


12. A walks at the rate of 9 miles in 4 hours, and starts 
from C 2 hours before B does; but B overtakes him 45 miles 
from C. Find B’s rate and time. 


13. A and B start at the same instant from C to go to F. 
A, by traveling half a mile an hour faster than B, arrives at 
F 40 minutes before him. A’s time being 16 hours, find 
B’s rate and the distance from C to F. 


14. A boatman rows with the tide 36 miles in 4 hours, 
aud returns against a tide half as strong in 8 hours. Find 
the rate of the tide in each case. (See note to the 15th.) 


15. A boatman rows 40 miles down stream md back 
again in 15 hours, and his rate down stream 1s twice his 
rate up stream. Find his time down, the rate of the cur- 
rent, and the rate of rowing. 

NOTE.—'The rate down equals the rate of rowing plus the rate of 


the current; the rate up equals the rate of rowing minus the rate of 
the current. Formulas: (1) r--c— d; (2Q) r—c=u. 


16. A and B set out at the same instant and travel to- 
ward each other, A at the rate of 3, and B at the rate of 
4 miles, an hour. At the same time C sets out with B, at 
the rate of 5 miles an hour, travels till he meets A, then 
turns about, and in 10 hours after setting out, meets B. 
How far apart were A and B at first? 
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Solve 17, 18, and 19 like Ex. 7, Art. 303. 


17. A takes 5 steps while B takes 7, but 3 of A’s steps 
are equivalent to 5 of Be B has a start of 80 steps: how 
many steps must A take to overtake him? 


18. C takes 5 steps while B takes 6, but 4 of C's steps 


are equivalent to 5 of Ba B has a start of 30 steps: how 
many steps can he take before C overtakes him? 


19. A takes 2 steps while D takes 3, but A's steps are 
twice as long as B’s. How many steps must A take to over- 
take B, if A take 120 steps to reach B's starting-point? 


Solve 20, 21, 22, and 23 like Ex. 8, Art. 304. 

20. At what time between 7 and 8 will the hands of a 
clock be: I. Together? II. At right angles? III. Opposite? 
IV. Equidistant from v? V. Ten minute-spaces apart? 
VI. Twice as far apart as they were ten minutes before ? 


21. When between 3 and 4 o’clock will the minute-hand 
be as far past VIII as the hour-hand is past 11? 


22. When between 5 and 6 o’clock will the hour-hand be 
as far past Iv as the minute-hand lacks of being at x1? 


23. At what time between a and a + 1 o'clock will the 
hands of a clock be together? Opposite? 


Solve 24, 25, and 26 lke Ex. 9, Art. 305. 
24. A and B work together for 3 hours, after which A 


alone completes the task in 5 hours more. B can do as 
much work in 2 hours as A can in 3. How long would it 


take B alone to do all the work ? 


25. After A and B have worked together for 4 hours, B 
completes the task 1n 6 hours more, while A would take 8 


hours to complete it. How long would it take B alone to 
do the entire work ? 


26. An empty cistern has an inlet and an outlet pipe. 
Both are left open for 16 hours, when the outlet pipe is 
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stopped, and the cistern is filled in 6 hours more. Had 
the inlet pipe been stopped instead of the outlet pipe, the 
cistern would have been emptied in 4 hours. How long 
would it take the inlet pipe to fill the cistern if the outlet 


pipe were closed? If both pipes be left open, bow long 
would it take to fill the cistern ? 


Solve 27-31 inclusive like Ex. 10, Art. 306. 


27. A number of two digits is reversed by subtracting 18, 
and the sum of both numbers 1s 110. Find the number. 


28. A number is $ of its reverse, and the sum of its two 
digits is 9. Find the number. 


29. Find a number of two places which equals three 


times the sum of its digits, and the difference of whose 
digits 18 5. 


30. A certain number equals 12 times the difference of 


the two digits expressing 1t, and the digits will be reversed 
by adding 27. Find the number. 


31. Find a number of three places which will be reversed 
by adding 297. The right-hand digit equals the sum of 
the middle digit and twice the left-hand one, and the sum 
of the three digits 1s 7. 


32. If a rectangular field were 10 rods longer and 4 rods 
narrower, it would contain one acre less; if 1t were 20 rods 


wider and 36 rods shorter, it would contain one acre more. 
Find the length, the breadth, and the area of the field. 


33. A bought a certain number of apples; had he bought 
20 fewer for the same total price, each would have cost 1 
cent more; had he bought 30 more for the same total price, 
each would have cost 1 cent less. How many apples did 
he buy, and at what price? 


CHAPTER XVIII. 


INDETERMINATE SIMPLE EQUATIONS. 


307. WE have seen (175) that if a single equation contain 
two unknown quantities, the number of solutions 1s un- 
limited. Such an equation is said to be indeterminate. 


308. If one solution be given of the equation az + by = c, 
all the others may be readily found. 

For, let x = r and y = n be a pair of values of the equa- 
tion az + dy = c; then ar -+ ón =c. 

.*. (Ax. I.) ac + by = ar + bn. 
t. a(x — r) + bly — n) — 0. 

This equation is satisfied by (z — r) = — bt, (y— n) = at, 
where ¢ may be any quantity whatever, positive or nega- 
tive. Since t—r = — bt, ..xt=r— bt. 

Since y—n= at, ..y=n-—+at. 

If the equation be of the form az — by = c, we obtain 

in the same way, 2 =r + bt, y=n+ at. 


3809. If only integral values of z and y be required, the 
number of solutions will sometimes be limited. ‘The above 
general values of x and y will still apply, only v, n, and ¢ 
must all be integral. 

There can be no integral values of z and y 1n az + by =c, 
if a and b have any common factor not common also to c. 
For, let a = md, b = nd, while c does not contain d. 

Then maz + ndy =c. .*.me+ny= £ 


Ti 
(180) 
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But m and n are integers; if, therefore, z and y be also 
integers, mx will be integral, so also will ay, and we shall 
have the sum or difference of two integers equal to a frac- 
tion, which is evidently impossible. 

Therefore no integral values of z and y can be found. 


310. To solve az + by = c in integers. 
` 1. Find the integral solutions of 32 + 5y = 73. 
lranspose the term having the larger co-efficient. 


*. 3x = 73 — Dit, whence n= 24—y pee 


3 
: : ey , although 
fractional in form, must be integral; and so also is any 


multiple of 1t. Now, multiply the numerator by such a 
number that the co-cflicient of y shall be 1 more than a 


multiple of the denominator. In this case multiply by 2. 
| 2—4y 2-y 2 — y. 
BEP: 3 © 8 


D ons 
Let ^ = ty an integer. Then 2 — y = At and y= 


2—3f. 0.2 = 73 — 5y = 21 + 5t. 
If ¢=0, then z —21, y — 2; if £= 1, then z = 26, 
y = — 1; if £= —1, then z = 16, y = 5; etc. 


Since the value of x is integral, then 


— y is integral. is integral. 


3ll. If the solution of 32 + 5y = 73 be required in 
positive integers, there will be but five pairs of values that 
will satisfy the equation. For, in order that y = 2 — 3f 
shall be a positive integer, ¢ can not be greater than 0. 
In order that z = 21 + 5/ shall be a positive integer, ¢ can 
not be less than — 4. .:. £ may be 0, — 1, — 2, — 3, — 4, 
giving the following pairs of values: 


%v = 21; 16; 11; 6; 1. 
y= 2; 5: 8; 11; 14. 
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312.—2. Solve in positive integers 39x — 56y = 11. 
| u 17y 4- 11 ,OMyll. 
Here t= yY + — Ké 39 
lo find a multiple of 17 which 1s 1 more than a multiple 
of 39, takes too much time; hence proceed as follows: 


Is 1ntegral. 


17y--1l  39y —22y +11 _ 11(2y — 1) 
39 — 39 = 39 ^ 
ep ud bs 2r Is integral, then wa must be inte- 
Oy — 2 e 
eral, and a — 1 d: — SE — must be integral, = y + l. 
3c 


'. Y = 39t + 20, W x = 56L + 29. 


Here ? can not be a negative integer, but 1t may be 0, or 


any positive integer. .°. the number of values 1s unlimited. 


When ¢=0, z = 29, and y = 20, which are their least 
positive integral values. 


313. From the preceding examples 1t appears that when 
only positive integral values of z and y are required, the 
number of them will be limited when the equation 1s of the 
form az + by —c, but the number of solutions is un- 
limited 1f the equation is of the form ax — by = c. 


314, ‘The necessity for a multiplier may often be avoided 
by changing the form of the given equation. 


3. Solve in positive integers 3z + 5y = 73. 
Add y. w. 3z-F6y — 73 HY 
z42y 2244-12 ms ai 


Icy: 
3 


Here ¢ may be any integer from 1 to 5, giving the same 
pairs of values as by the method in (310). 


is an integer = é .". y = 3t — 1, x = 26 — 5t. 
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315.—4. To find the least number which, when divided 
by 14 and 5, will leave remainders 1 and 3 respectively. 

Let z represent the quotient of the number divided by 14. 
SON — 14x +l. 

Let y represent the quotient of the number divided by 5. 
sS. N= 5y 4-3. 
EP oY + 3 = 147+ 1; 

oY = l414 — 2 = lor — 1 — 2; 


TAR e+e, u 
po oj cc man integer = t. 
x= ot — 2, and y = Lt — 6. 
The least value of £ is 1. .'. z = 3, and N = 43. 


316.—5. Find the least integer which 1s divisible by 2, 
3, 4, with remainders 1, 2, 3. 

Let the quotients be respectively z, y, and z. 

Then N = 2z + 1 = 3y + 2 = 42+ 3. 


, Yo = f; ot. y = 24 — 1; whence z = 3/ — 1. 
In 22 + 1 = 4z + 3, for x substitute its value (34 — 1). 


sS. 66 — 1 = 4z 4+3; HEITE EE 


d l = an integer = m, and ¢ = 2m. 
Whence 1 = 6m — 1; y = 4m — l; z = 3m — 1l. 
The least value of m is 1. 


Then « = 5, and N = 2z +1 =2 x5+1=1l. 


EXERCISE XVIII. 


Solve the following equations 1n positive integers: 


1. 82 + 65y = 81. 4. ox + ty = 64. 
- 5 yon 
2. (2 + 10y = 297. 5. 5 e Case 


3. oz + Vy = 290. 6. 31 + Yy = 100. 
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Find the least integral values of z and y which satisfy 
the following equations: 


7. 7z — 9y = 29. 9. 19% — 5y = 119. 
8. 9x — lly = 8. 10. 17x — 49y + 8=0. 


11. In how many ways can $100 be paid in dollar bills 
and five-dollar bills? 


12. Divide 200 into two parts, such that if one of them 
be divided by 6 and the other by 11, the respective remain- 
ders may be 5 and 4. 


13. What is the least number which divided by 28 leaves 
a remainder 21, and divided by 19 leaves a remainder 17? 


14. What is the least number which, divided by 28, 19, 
and 15, leaves remainders 13, 2, and 7? > 


15. Find a number of two places such that if it be 
divided by 19, the quotient will equal the units' digit, and 
the remainder will equal the tens’ digit. 


16. The difference between a certain multiple of ten and 
the sum of its digits is 99. Find it. 


17. A number is expressed by three digits whose sum 1s 
20; if 16 be taken from the required number, and the re- 
mainder be divided by 2, the digits will be reversed. Find 
the number. 


18. A buys for $100 sheep, turkeys, and chickens, 100 
m all. Each sheep costs $10, each turkey $3, and each 
chicken 50 cents. How many of each does he buy? 


CHAPTER XIX. 
RADICAL EXPRESSIONS. 


317. AN indicated root that can not be exactly obtained 
is called a radical, surd, or irrational expression. ‘Thus, 
Em or af is called a surd. An indicated root that can be 
exactly ascertained is said to have the form of a surd. 
Thus: Va has the form of a surd; but, since the indicated 
root can be exactly obtained, it isa rational expression, and 
not a surd. 


318. It was stated in Art. 146 that there can not be an 
even root of a negative number. Such roots, however, may 
be expressed in the form of surds, and are then called im- 
possible or imaginary expressions. Examples: V — 5; 

Y — 16; y — a; (— 3)5; ete, 


319. Surds are named quadratic, cubic, biquadratie, 
according as the second, third, or fourth roots are required. 


320. A mized surd is the indicated product of a rational 


factor and a surd factor; as, 2 45 ; a V b. 
In this case the rational factor 1s called the co-efficient of 
the surd. 


321. An entire surd 1s one whose co-efficient is unity. 


$22. A surd 1s in its simplest form when the surd factor 
is integral, and as small as possible. 
Ale 16. (185) 
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323. Similar surds are those which, reduced to their 
simplest form, have the same surd factor; as 3 fa and 
— 5 Vu. Otherwise the surds are dissimilar. 


324. Surds are of the same order when they have a com- 
mon index; as, Vit and V5. 


3825. Any rational number may be expressed in the form 
of a given surd by raising it to a power whose exponent is 
equal to the given index, and indicating the required root 

> 1 1 3 4 
of the product; as, 2 = 483 = 83, etc.; a = fa? = Va — ai, 
ete.; a +ax= (a +Raz + a 2 = (a+ 2)8 = y (a + x)", etc. 
The rational numbers are here raised to certain powers, 


and the roots of those powers are then taken, so that the 
values of the expressions are unchanged. 


326. The product of two or more surds of the same order 
i8 found by taking the product of the numbers under the 
radical signs, and retaining the common index. Thus: 


Since (ax bn)" = ab, and ( Vas)’ = ab, .*. an ba = Vab = 
1 oo 
(ab)s. Similarly: V2. V5 = V10; Vu+b. Va—b= Yd —U 
Va. VÈ. Yab = H atb’, ete 
The product of mixed surds of the same order is found 
by prefizing the product of the co-efficients to the product 


of the surd factors. Thus: a Vb x cY d — ac V bd ; 
5 V2 X 348 = 15 V16 = 15 x 4 = 60. 


324. A mized surd may be expressed as an entire surd 
by raising the rational factor to a power whose exponent is 
equal to the surd-index, and placing beneath the radical 
sign the product of this power and surd am 


Thus: 243 =V4.V3= V13; 3.23 = V37 . V4 = VIOS; 
2a V¥36 = Y4a? . MIb = V 12a?b ; etc. 
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328. Conversely, a factor may be removed from under 
the radical sign by extracting the indicated root. Thus: 


VIZ = V4 X 3 =2 V3; V24 = V8 x 3 = 243; /33 = 
VI6x2=2 99; Vab — lè? = V b(a — b) = Va — b; etc. 
Hence: An integral surd ıs reduced to its simplest form 


by removing from under the radical sign all factors of which 
the indicated root can be exactly obtained. 


Thus: VT? — 436 x 2 = 6V2; 
VIDA — 50b = V256 (Ba — 2b) = ba V3 — 20. 
If the surd factor be a fraction, its numerator and 


denominator should both be multiplied by such a number 
that the indicated root of the denominator can be exactly 


ascertained. For example: 


yè = Ye SÈ, èn 40 210 


bu 5 ^ 
d 
= = ; ete. 


If the index be a PAM number, and w the root in- 
divated by a factor of the index can be extracted, the surd 


1s simplified by extracting that root. Thus: W144 = VI? = 
2 V3; V8 = V2: y27 = V3: ete. 


329. The order of a surd may be changed by multiplying 
both exponent and index by the same number. Thus: 


Va = Va) = Va = Va, ete; Vai — Nu =V; 


(1) Find the L. C. M. of the indices. 
(2) Divide this L. C. M. by each index in succession. 
(3) Multiply both exponent and index of the first radical 
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by the first quotient, of the sccond radical by the second 
quotient, etc. 
10 ,—— 


Thus: V2, V4 , V3, and YO may be reduced to equiva- 
lent surds basing an index of 30. 
30 ,— 


y2 = y 35; V4 = MA: V3 = GW YO = VS 


331. To compare surds of the same order: 
Express them as entire surds, and compare the resulting 


surd-factors. 
EXAMPLE. Compare 6 43 and 4 Vi. 
6 43 = V108; Avis V102. ..6 2 AN, 


To compare surds of different orders: 
lveduce them to entire surds of the same order, and com- 
pare the resulting surd-fuctors. 


EXAMPLE. Compare V5 and 911. 
V5— V5 —y125; VIL = VIL =YRI. .. V5 > VIL 


392. To add or subtract surds: 

(1) Reduce each surd to its simplest form (328). 

(2) If the resulting surds be similar, prefix the sum or 
difference of the co-efficients to the common surd-factor. 

Dissimilar surds can only be connected by their signs. 


EXAMPLE. VIS + VIS + 97 + V27 + 9 4/32 = 
273437243734 734+2V72=6V3+45 V2. 
Similarly: ' 
/40 — 4 V320 + V135 = 275 — 4 (4 V5) + 3 V5 = 


399. lo multiply surds: 

(1) Reduce the surds to the same order (330). 

(2) Prefix the product of the co-efficients to the product 
of the surd-factors, retaining the common surd-index. 
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Thus: Vz X¥5V2=5¥V16=5 x 4 = 20; 
2V3xX3V2x4V5 = 24430; 
248 x 3 2— 2 V27 x 3 V4 = 6 V108; 


1 1 1 
33 x 35 = 8i x 3? = EN 
1 1 3 2 1 


1 
2i x 33 — 25 x 35 = BF x 95 = (72). 


334. If (wo or more surds have the same rational expres- 
sion under the radical sign, their product 18 found by 
making the sum of the fractional exponents the exponent 
of that expression. 


5 


1 1 Ò 
Thus: Va x Va = a? x a! kak. 
1 1l, 8 
V2 x V2 X IS 93 x2 Sawn * Ze, 
335. Division of surds is performed, when the divisor ts 


a monomial, by a process similar to that for mulliplication 
(333, 334). Thus: 


V 8 LN3=NA=2; (8 V2 — 12 V3 — 4 V646)+2 V3 = 
4V1—6—2y2--V3—4V6—6—2Y2 +3; 


J /8 X 3 
Tzr "o" 
6/1 — 
1 V8 x 3* = 4 V648; 


3. 36 
3+V76= — = —— = 4 dr 
46 b t 
836. In case the dividend is not exactly divisible by the 
divisor, express the quotient in the form of a fraction, and 


* 1 4/6 is considered denis than 3 + V6; because if we wish to 
find the approximate value, it is easier to take 4 V6 than to divide 
d by 76, as can be ascertained by tial. 
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multiply both numerator and denominator by a factor that 
will render the denominator rational. ‘The last example of 
the preceding article is solved in this manner. Similarly: 


et. LN V6 — 30 Here both terms are multiplied by 


337. If the divisor be compound, express the quotient in 
the form of a fraction, then multiply both numerator and 
denominator by a factor that will render the denominator 
rational. To do this, proceed as follows: 


338.—First CASE. If the denominator be of the form 


Va + Vb, multiply both terms by (Ya F Vb). The de- 
nominator will then become a — 0, a rational expression. 


1 = 1 2V24 V5 


Th Se nn — pos e = 
` IVZ —NV5 ZVZ —N5 “2V3 4 V5 
INZ HNS 2V724 V5 
8—5 n Bo 
Similarly: 4V74+3V2  4V743 42 ANTANT 


5y2--92V7 BNZAZNT ^5VS—2VT 


20V144-15(2)—8(7) — 6 V14 14 V14—260 7 14—13 
95 Xx 2—4x 7 BO 11 


Therefore: When the denominator 1s a binomial involv- 
ing only quadratic surds, the required multipher will 
consist of the same terms as the given denominator, but 
with a different sign between them. 


339.—SECOND CASE. If the denominator be of the form 
2 


D : A si 
Va + Vb, multiply both terms by a? F af b + 13, for the 
product of these factors 1s a + b, a rational expression. 
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=o V V6 NOL YS EYES 
MAN BK Ze" VI LNGLNE - 


Therefore: When the denominator is a binomial involv- 
ing only cubic surds, if of the form (x — y), the multiplier 
will be zè + xy + y*; af of the form (x + y), the multiplier 
will be a? — xy + y’. 

As a result of this rule: If the denominator be of the 
form z? + zy + y^, and involve only cubic surds, both 
terms should be multiplied by x — y. Ift be of the form 
a — zy + y^, and involve only cubic surds, the multiplier 
will be z + y. 


3 a — 
1 y3—1 w*3—1 
Thus: —4———,4——— = 4—1 7735 
99 -- 34-1 — " 
3,— 3,— 3 3 ,— 
1 4--Vy2 VI L vi 
also, -m = ere E i 
/16 — 3 + V4 T^ 


340. The following general law covers the two preceding 
cases, and all others involving binomial denominators: 
EE! d 


(1) Suppose the denominator a? + 6%. Put x — a? and 
1 


y = 53; let n be the least common multiple of p and o, 
then z" and y" are both rational. If n be even, the mul- 
tiplier is found from dividing z" — op by x+ y. If n be 
odd, the required factor 1s found from dividing z” + y" by 
aty. (Consult Articles 219 and 220.) | 

I 


1 ar 
(2) Suppose the denominator a? — b3. Take z, y, and 
n as before. The required factor is found from dividing 


x” — y” by x — y. (Consult Articles 217 and 218.) 
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341. By two operations we may rationalize the denom- 
inator of a fraction when that denominator consists of three 
quadratic surds. For, suppose the denominator to be 


Va-- Y5-- Yc: first multiply both numerator and de- 
nominator by Va + Vb Me thus the denominator be- 
comes a+ 2 Vab +b — c; then multiply both numerator 


and denominator by (a + b — c) — 2 Vab, and we obtain 
the rational denominator (a + b — c)! — 4a6. Thus: 


V10 V10 QUEE YE HE 
45--vY3—wY6 "CAS 4- V2) — V6 ( 45 + Y2)-- V6 


5 V2 --2 V5 --2 V15 _(5 V2-- 2 V5--2 V15)(2 V10— —1)_ 


|. 2V10+1 (2 410 + 1) (2 410 — 1) 
18 4/5 -- 15 V2 4- 20 6 — 2 415 
39 E 
EXAMPLES. 
simplify: 


1. 63; V28; V275; V52; V245. 


2. V 5ba*; NBa'; V'ia?; V24 kab; VAS. 


Ans. a” Vi: (à? 43a; a? Y 7a; 2a3 V6; 4a* V 3a. 
3. dei Vds; Vas; V; Vide 
Ans. 1 V2; 143; 1914; 2 3; 1451. 
4. V56; Vat; VITE Vai; Vor. 
| . Ans. 2 V; 2a VE 3 Va a" Va; Zo? ter? 
5. 2480; 1 V/48; 9 41; Da? Va; Lo VBa. 
Ans. 8V5; 2 V6; 2 43; 2aà^ Va; Zei Va. 
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6.Viw' + az; Var — Za^z + ar; V(x — y)(y — 2). 
Ans. aNu t-z; (a — x) Va; (x — y) * — 1. 


7. V ss Va; Varo; y — 640%; y — 3205. 
Ans. 1 V5; $ 6; a Vb; — 9a? Va; Y— 2a. 


8.494 -- 73 —2 724-3 V1. Ans. 25-16. 
9.3/—81—54—34 —3Y — 1 4- Y — 315. 
Ans. — 3 V3. 


"L 12a, 
Ans. (3a + 0) 3a. 


Ans. 10 42. 
Ans. 3N2. 


Ans. Va? — b. 


Ans. 4( V5 4- V2); —4( V7 — 1); 2( V11 + a 


J Le 
MINE. Mn Ans! M V6 — 2 + ¥2)./ 
16 VIA VL nal a + 42) 
=F Ans. 4( 425 + V10 + 94) 
18. 4 : Ans MWE — ¥5 + 1) 
V5 +1 
19. 5 — E — Ans. 1( V 54- YA) 
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IMAGINARY EXPRESSIONS. 


949. All imaginary square roots may be reduced to one 
1 


of the two forms, 24 — 1 or b?~— 1. Thus: Ve 9 = 
/9(— 1) = 3V — 1; Y— 6 —Y6(— 1) = Y6Y— I. 


It is frequently convenient to use aV — 1 instead of 
1 


W — a?, also b? 4 — 1 instead of 4/— b. 


843. Since the square of the square root of any number 


will produce that number, .". ( V — 1 = — 1. Since the 
third power of any number 1s equal to the product of the 


square and the first power of that number, .:. (V— l)" = 
(4/— 1) y—1-2(—1V*— l] = — #—1I1 Since the 


fourth power is equal to the square of the T Béi 


(V—1f)-c(*—1y(*—1y—(—-10(—-1)— In 
like manner, we find the fifth power of V — 1 = aye 1; 
the sixth power of Y— 1 = — 1; the seventh power of 


V— 1 = — V— 1; etc. 

Thus all the powers of V— 1 may be expressed by four 
formulas: I. (V—1)”+!= /—1; II. (V—1)"+?=—1; 
II. (¥—1)"+8 = —V¥—1; IV. (V—1)"*=+1. 

For example: (V—1)®=V—1; (V—1)®= — 1; 
(V—1)®#= —V—1; (V— 1)? = + 1. 


944. The rules for addition and subtraction of imaginary 
expressions are the same as those for ordinary surds; but 
before applying the rules for multiplication and division 


(353, 335), the factor V — 1 must be removed as explained 
in (343). 
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EXAMPLES. 


1. 294—4--34—9--5*—16 —8Y —25 = 
4V—11+9V—1420V—1—40V—1=-7V-—1. 


(V6 V —1)( 3 —1)( V9 V=1)=6(-1)'=—6 V—1. 


SQUARE ROOT OF A BINOMIAL SURD. 


345. The product or quotient of two dissimilar quadratic 


surds will be a quadratic surd. Thus: (1) Vab X Vabc = 
ab Vc; (2) Vabe + Vab = Vc; (3) Vab x Vac =a Vic. 


For, gnce the surds are dissimilar, one or more of the 
factors under the two radical signs must be unlike (323); 
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hence in the product or quotient these unlike factors re- 
main under the radical sign (326, 333, 335). 


Le 


346, The sum or difference of two dissimilar quadratic 
surds can be neither a rational number nor a single surd. 


For, if possible, let Va+Vb= Vc, in which Va and Yo 
are dissimilar surds, and Vc either rational or a single surd. 
Then, by squaring, a + 2 ab +b — c. 

That is, + 2 Vab = c — a — D. 


But Vab is not rational (345); .*. + 2 Vab can not be 
equal to c — a — b, a rational expression. Hence the sup- 


position that Vau + Vb = Vc is false. Therefore Va + NO 
can not be equal to a rational expression nor to a single surd. 


347. A quadratic surd can not equal the sum of a ra- 
tional expression and a surd. 


If possible, let Va = b+ Vc; then a = b + 2b Wc +4 c. 

., a — L — c = x 2b We; that is, a rational number is 

equal to a surd, which is impossible. Therefore Va can 
not equal b + Ve. 


348. If a + Vb — z + Vy, in which a and z are rational 
and Vb and Vy are quadratic surds, then will a = z and 


Vb — Vy. 


For, by transposing, Vb — Vy = x —a. Nowif b and y 
were unequal, we would have the difference of two unequal 


surds equal to a rational expression, which is impossible 
(346). .*. b = y, and therefore a = z. 


For, by squaring, t 4- Vb = 2+ 2x Vy + y. 
'. a — 2 -E y and Vb = 2z Vy. (Art. 348.) 
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by mE a — Y b = a* — 9x zn + y. Extract 


square root, .'. Va—Vb=2—Vy 


Similarly it may be shown that if V a+ Vb = Vx +y, 
then V a — Yo = Va — V y. 


350. To extract the square root of a binomial surd, a + Yo. 


Let L Va 4- Vb — He Vy; 
then (349) II. Va — V] — Vz — Vy. 


By multiplication, III. «^ — b = z — y. 
By squaring L., m AT TRA TATA TS 


VI = V +- III. or — a 4 V — , zs fat Va*— b). 
VII = V — IIL 2y =a—Na—b. .:. y — 4(a— Va— b). 


Therefore z and y are known; .:. Vz + Vy is known, 


and Vx — Vy is known. Vat Vb and Va — Vb are 


known. 


For example, extract the square root of 11 + 6 $2. 
Here z + y = 11 and z — y = V121 — 72 = V49 = 7. 
, € = 9 and Vz = 3; also, y = 2 and Vy — V2. 
s.V11-4- 6 42 =34 V2. 
Or thus: 114-6 2 =9 +62 -+2 = (3 V2y. 


sS.V11 4642 =3-4 V2. 


351. From (350) it appears that Vz = V (a + Va? — A 


and Vy = V (a — Va? — b); hence unless a? — 5 be a per- 
fect square, the values of Vz and Vy will be complex surds, 


and the expression Vx + Vy will not be as simple as 


V a + 4/b itself. 
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352. A binomial surd of the form Va'c + Vbe may be 
written thus: Vc(a + YO). If then a? — b be a perfect 
square, the square root of a + YO may be expressed in the 
form Vz -- Vy. .'. the square root of Vac + Y bc is 
of the form (Va + Vy) Vo. 

For example, find the square root of 4 4/2 + 2 4/6. 

4V242V6= V2(4 + 2 V3) = V2( V3 +1}. 


VAV2 4 3 V6 — PAU pN Eër 4- 1). 
aso VE NEEN = 
V8 XVIL 6 V3 = V3(3 4- V3). 


399. The square root of a binomial surd may frequently 
be found thus: Sud two numbers whose sum 1s the ra- 
tional term, and whose product is the square of half the 
radical term. The square roots of these numbers, con- 
nected by the sign of the radical term, 18 the required root. 


For example, to determine by inspection the square root 
of 4— 243. The two numbers whose sum is 4 and 


whose product is 3, are 3 and 1. .:.V4—2 V3 = V3 — 1. 
Also, V 18 + 8 V5 = V10 4- 48 = V10 + 2 V2, because 


10 and 8 are the numbers whose sum is 18, and whose 
product is (4 45)" = 80. 


394. The square root of a binomial surd may also be 
found by solving the equation 2" — (rational term) X z = 
— 1 (square of radical term), and connecting the square 
roots of the values of z by the sign of the radical term. 


Thus: Extract the square root of 7 + 2 4 10' 


Solve the equation z? — 7z = — 10; 
we — Te -+ t=}; wwe — FSH + 33 te = 5 Or 2. 


Ee eee eee 
PE rei 


s.V77 2-2 Vio — V5 LV 
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In like manner the square root of 16 — 5 V7 is found by 
solving the equation 2? — 16z = — 11$. Herez = ?$- or 3. 


NI — 5 VT = W3& — V3 = AIS V2 VIE 


EXAMPLES. 


Extract the square root of each of the following expres- 
SIONS : 


1. 13 — 4 V10. Ans. 9 2 — V5. 

2. 10 — 2 V21. Ans. VI — V3. 

3. 94-45. Ans. V5 + 9. 

4. 21—4 V5. Ans. 9 45 — 1. 

5. 11 — 4 47. Ans. Vi — 2. 

6. 24 — 3 V2. Ans. 4( V6 — V3). 

7. 8V15 — 30. Ans. V15( V5 — V3). 
8. 16 V7 — 42. Ans. VC — 41). 


9. 11 430 — 60. Ans. V30( 6 — 5). 
10. 8V2--2 30. (Ans. V2( W5 + V3). 
11. 9 45 + 20. Ans. V5( 75 + 2). 
12. 15 /2 +123. \Ans. W23 + YO). 


TN d 
EQUATIONS INVOLVING RADICALS. 


999. To solve an equation containing a single radical: 


Arrange the terms so as to have the radical alone on one 
side, and then raise both sides to a power corresponding to 


the order of the radical. Thus: 


1. Solve I. V2? — 624 24=>242. 
II. Square I. 2? — bx + 24=>24 4744. ..z=2. 
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2. Solve 22 — V2? — 1 = 3. 


II. Transpose I. ax — 3 = Vz — 1. 
III. Square II. 4z — 12x + 9 = x? — 1. 
IV. Transpose III. Af — 122 = — 10. 


V. Multiply IV by 12. 362° — 1442 = — 120. 
VI. Complete the square. 36z^ — 144z + 144 = 24. 


VII. Extract square root. 6:—129— 4:2 V6... 2—2--1 46. 


3. Solve 2a — VB + 26 + 2 = 0. 


II. Transpose I. R042 = V 83? + 26. 
III. Cube II. Sri + 242? + 24274 8 = 82? 4+ 26. 
IV. Transpose III. 212* + 24x = 18. 
V. Divide IV by6. 42 4+ 4r — 3. 
VI. Add 1. 42? +- 4x 4- 1 — 4. 
VII. Extract root. ar-Jd-l-zd2..:.z-—ior —3. 


396. If an equation contain two radicals, two steps may 
be necessary in order to clear the equation of radicals. It 
is usually best to have the larger radical term alone on one 
side; but if the radicals are reciprocals, both are placed on 
one side, and the remaining terms on the other. As before, 


the equation is raised to a power corresponding to the order 
of the radicals. 


4. Solve Vz +44 724 — 1 — 6. 
Transpose Il. .'. II. 227 —1— 6 — Vx 4- 4. 
Square II. ". IL 2 —1— 36—12 Vx 4- 4 4- x 4- 4. 


lranspose III... IV. z—41-— — 12 Yz -- 4. 
Square IV. .:. V. æ — 82x -+ 1681 = 144z + 576. 
Transpose V. .'. VI.  2a?—226z— —1105. .*.2—2210r9. 


357. If we attempt to verify the above values, we find 
that 5 satisfies the given equation, but that 221 does not. 
We find further that the four equations, 


I. Vz 4-4--  2z —1—6; IL— Vz 4-44 V2z 1 6; 
III. Vz -4 — V2z — 1 = 6; IV.— Yz--4 — V2x —1 — 6, 
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all reduce to the quadratic 2* — 226z = — 1105, whose 
roots are 221 and 5. Now 5 satisfies the first of these 
forms and 221 the second, whilst neither 5 nor 21 satisfies 
the third or fourth forms. 

These examples show that when an equation has been 
reduced to a rational form by squaring, the roots found 
may or may not satisfy the equation in the form originally 
given. Both 221 and 5 would satisfy all the forms, how- 
ever, 1f we agree that every indicated square root may be 
either + or —, and that we take whichever sign produces 
the proper result. 


aa 2 Ó € 
358.—5. Solve idi La — C L Var - 6 
Vaz +b C 


II. Simplify each side of I. Vaz — b = c + em a 


III. Transpose II and clear. Vaz(c — 1) = + be — A 


IV. Square III. ax(c — 1)? = (£ + be — by. 
M" (c + be — bF 

— 2 S han — — — X H— ed 

V. Divide IV by a(c — 1)’. t= ieee 


359.—6. Solve 2x —1+ V3z —2 = V4x—3 + V 5z—4. 
II. Transpose I. /2x —1— 45: —4 = V4x—3 — V3x—2. 
III. Square II. 22 — 1 — 2 (2z — 1)(5z — 4) -5z —4 = 
4x — 3 —9 V (4x — 3) (3x — 2) + 3z — 2. 

.. IV. —2 x D611) = — 2 Vr — 3)(32 — 3). 


V. Divide IV by — 2 and square the result. 
107 — 13r + 4 = 122 — Ata +6. .'.12t=1. 


EXAMPLES. 


Find the value of z in the following: 


nVeililj—Nxr—3=1. Ans. x ='i. 
8. V3x--1— Vlr —1-— 1. Ans. z — 5 or 1. 


9.5 — 3 + 2 = n Ans. x= 6. 
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or— 1 V5z +1 
10: =~ — 4 wem Ans. x = 9. 
y 5x —1 T d 
11. V 833 +61 — 1 = 22. Ans. x — 20r — 21. 
1 1 1 
12 ———— jr = SS Ans.2=1+ WA. 
TANB— z—wy2—a * 
o 3 m? 
13. — Va T=? Ans. x= + ge 
a+ Y a? — a? TE 
14. x + V9 + 22 — E. Ans. z — + V3. 
y 9 LA? 


EXERCISE XIX. 
Simplify (328): 


1. /8; 4/48; V125; V180?; Van: Y 45(a—by; V 960d. 
2. Gäil, V40a'; V686; VIG — yy; 


8. V9; V8; VIG; Va? —2ab-FD; Y (a — by; V —8(a- Dy. 
9. Va — 3a + 3a — Ù; Volat (a — bj; VI: 3 V. 
Reduce to the same order (330): 
10. V4 and V3; VI6 and V2: V? and V4; V6 and V3. 
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Compare the following surds (331): 
11. 3 /3 and 2V7; 343 and 2 9/10; 4 V2 and 3 95; 


"m 


12. 1 Y2 and $27; V5 and 3 V3: 3V5 and V88. 


Simplify (332): 
13. 4 24 + V54 — V96 + 3 V50 — 2 V98 — 5 V 72. 
14. VE- VIE — 3 — VE 4-1 VI8 ++ VÀ. Won 
15. 5 Và? — ab + V9 — ob — 8 Val? — A 
16. Veto — 36) + P(3a — b) — Vla Lite — 9). 
17. V25 —$ 33 VEL V10 — 4— BB po 
simplify (333): 
18. 5 VIZ X 212; 3VEX4V16; 2 W12 x 4420. v 
19. RYE x 6 Vi; (V8 + VI8) x V6; (V3 — LAY. | 


vi Jap 


21. Y (a — b) x Y (a — b); (a — b) Y (a — b) X Y (a — 0). 
22. (V3 — Y2) ( V3 + V2); Vz F y x NET y. 

simplify (335): 
23. (2 V3 — 3 V2— V30) + V6; ($ V$ + 12 V8) x 2 3. 
24. ( V 6a* + Gu'b? + V24a* + 240°?) +6 V1 Lë 
25. (54 + V3) x V6 -- V9 x V3 2-172 +4 V9. 


Rationalize the denominators (336—341, inclusive): 


2. 3. 2. 4. 3. Vat Vc 
26. — 4 ^. E NO mE 


y2 da z v8 Kë Vac 
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4 4V74+2 124 78 


20. 


y5—1 2Yy7—1 w3—w3 
10. VR a 
VE&— y MEL uy Y16-- 2 4- V4 
3 V5 V 10 + 2 


T WS — V8 4- V5) V5 4- V8 ANT V5 — V3 V2 
Simplify (342, 343, 344): 


Simplify (350, 352, 353, 354): 


37. V 5 —2 V6 + V 14—416 — V 30 — 12 V6. 
38. V 17 — 12 V2 +749 -- 20 V 6 — V 28 — 16 V3. 


ai. V3 -2 Và; V6 -4V8; V —8 VIO: V9 AVE, 

42. (8 +2 15); V7 —9V6; V11—447; (2 — V3). 
Solve (355-359, inclusive): 

43. Vz — 7 = —8. 45. VL — z--1— x -- 1. 


[SS eee oe, opie quum 


44. VP—6e+7=242 46. Vx 4-19 — Y 'z — 19 — 9. 
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65. Va z= Yb— Va — z. 67. 9 — 2 V3z -- 7 — 8. 


CHAPTER XX. 
QUADRATIC EQUATIONS. 


CONTINUED FROM CHAPTER XII. 


360. THE General Method of solving affected quadratics 
(187, 190) is as follows: 

(1) Reduce the equation (by clearing of fractions, trans- 
position, and combining like terms) to the form ax*+ ba — c. 

(2) Multiply or divide both sides by such a number that 
the co-efficient of a? shall be a square. Thus: a?z*--abz-ac. 


(3) Complete the square of the first side by adding to 
each member the square of the quotient obtained from 
dividing the second term by twice the square root of the 


2 
= term. Thus: gr + aba + s] = = ac +5 — 
(4) Extract the square root of each side. Thus: 


as + m x M a+? 


(Place the double sign before one side, as explained in 


Art. 189.) 


(5) Transpose the known term to the second side, and 
divide both sides by the co-efficient of xe Thus: 


361. Two modifications of the general method are often 


employed,—the Common Method and the Hindoo Method. 
(206) 
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COMMON METHOD OF SOLVING QUADRATICS. 


962. RULE. (1) Reduce the equation to the form aa?-]- bx —c. 
(2) Divide both sides by the co-efficient of a7. ‘Thus: 


24+ aS, 


(3) Add fo each side the square of half the co-efficient of z. 


b C b? 4 [? 
Thus: 22 +2 SE z) =: saa ere | 


(4) Batract the square v voi of each side. Thus: 


(5) Transpose the known term to the second side. Thus: 


363.—1. Solve 227? — "x + 3 = 0. 


transpose + 3. te RI" — Tr = — 3. 
Divide by 2. SS E df — A 
Add (})? to each side. .'. s — fx + (F = 42 — § = 24. 
Extract square root. .'. 2 —j= Eh RU $. 


Verification: (1) 2(3)? — 7(3) + 3 = 18 — 21 +3 = 0. 
(2) 244)? TA SHO. 


1 1 1 
364,—2. Solve eeng dg: 3 = 35 


. Clear of fractions. .°. 35x4-105 —35z4-35 =27+ 27—3. 
Transpose. "e BP RI = — 148. . 
Divide by — 1. S. Z Re = 143. 
Add 1°=1 to each side. .*. 2? + 2x + 1 = 144. 
Extract square root. 2. tt1= 412. .*. z=11 or —13. 


T" 1 1 1 1 1 
Verification: (1) -1 iii^ u^ 
1 l 1 1 10 1 1 
TORRE ARN REPRE. SERERE XE RN 


2r +9 44-3 ` 3z — 16 

Transpose a : and multiply each term by 18. 
19x — 54 
nat te EE n 

Clear of fractions. so 792 — 54= —Aa?4- Tiz + 60. 
lransposeand simplify. .'. 42? — 5z-114- 
Divide by 4. S. Z — Britz, 
Add Dr ap fo LD — Ho Hm 1842. 
Extract root. ez — $= 448. ..r=60r—ip, 


HINDOO METHOD OF SOLVING QUADRATICS. 


366. RULE. (1) Reduce the equation to the form 
ax’ + bx = c. 


(2) Multiply both sides by four times the co-efficient of x”. 
Thus: 4a*2* + 4abx = 4ac. 


(3) Add to each side the square of the co-efficient of x in 
the equation ax*+ bx = c; that 4s, add 0. Thus: 
Ai + 4abz + bi = 4ac 4+ 6’, 


(4) Extract the square root of each side. Thus: 
gaz + b = + V4ac + V. 


(5) Transpose the known term to the second side, and 
divide both sides by the co-efficient of x Thus: 


Jaz = — b + V4ac Lë 


— b X V4ac+ P? 
t = — —- 
2a 
367.—4. Solve (2x — 3)* = &z. 
Expand. S. 42? — 12r + 9 = 82. 
Transpose. S. 42? — 20x = — 9. 


Multiply by 16. .". (8z)* — 3202 = — 144. 
Add (20). ", (82)? — 3202 + 20*— 400 — 144 = 256. 
Extract root. .. 8z—20- + 16. .:'.z-—41 ori. 
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6 , 4 Əə 
368.—5. Solve " + pU 1 — ]). 


Multiply by 12z. 5. 72 4+ 222 = 152? — 152. 
Transpose and simplify. .:. — 13r + 15x = — 73. 
Multiply by 4(— 13).  .*. (26r))—( ) = 3744. 
Add (15)? to each side. .°. (26z)”T( )4-15*—39609. 
Extract the square root. .°. 26% — 15 = + 63. 
..2=d3 or — $8. 


369. It will be observed that, after multiplying by four 
times the co-efficient of <°, (1) The co-efficient of the first 
term is the square of twice the co-efficient of z? in the 
original equation, since 4a? is (2a)’; (2) The second term of 
the product is not used in the work. Advantage is taken 
of these truths to save multiplication, as in Ex. 5 above. 


SPECIAL METHOD OF SOLVING QUADRATICS. 


370.—6. I. Solve z+ 4 = 5z. 


II. Divide by z. £ P = 5. 
ITI. Square each side. B184 s — 95. 
IV. Subtract 2 X 8 from each side. 2? — 8 + = ni 
V. Extract the square root. Lt = = + 3. 
VI. Add V and II. 24=54+3=8 or 2. 


va GS 4 OF E 


371.—n. I. Solve 2? + 24 = 10x. 


II. Divide by z. Tt --24rz-!-]10. 
III. Square II. z?--484-( )= 100. 
IV. Subtract 2 X48. z% — 48 +( )=100—96=4. 


V. Extract square root. x — 24r! = + 2. 
VI. Add V and II. ar =10£2=12 or B. 


'. 2 — 6 or 4. 
Alg.—18. 


o AN2 — 2 
II. Square. E = 2 


x—6\* x — 12V? 
= dl — 425 
III. Subtract — 2x2 [£—5) 424 kay = 433 
z—6 ,rz—]12— La 
IV. Extract square root "mu. NON dan Le 
x — 6 D . 13 4 
V. Add IV and I. AZI e pay ee 
“22—I1R= 3r— 36, whence x = 24; 
or 6r — 36 = — 4x +- 48, whence z = 8.4. 
373.—9. I. Solve 2? + (à? — b’) = 2az. 
II. Divide by z. x -+ ki - a = St, 
III. Square. v'+R (a —0)+IAO.)= Zei 
IV. Subtract 2 X2(a“—b"). zè — 2(à* — DP) lz 40%. 
V. Extract square root. 2 —( )=+20. 
VI. Add V and II. At = Za £ 2b. 1°. E Eb. 


874. Rule for solving quadratics by the special method. 
(1) Reduce the equation to the form aa? — c = — bz. 
C 


(2) Divide both sides by x. Thus: az — — = — b. 


x 
(3) Square the resulting equation. Thus: 


C 2 
(az)" — 2ac + (2) SE 
(4) Subtract twice the second term from each side; that 


2 
is, add 4ac. ‘Thus: (az)? + 2ac + E = 6° + 4ac. 


(5) Extract the square root. az- - = +t Y + ac. 


(6) Add the equations found by using the second and 
fifth steps. Thus: 2ax = — b £ VO? - 4ae. 
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(7) Solve the resulting simple equation. Thus: 
—b+ VÒ'+ 4ac 


G = 


The last term on the first side being the same in each 
step, need not be expressed, as in Examples 7 and 9 above. 
In Example 8, above, an expression takes the place of z. 


375. The general equation az? + 62 = c has been solved 
by each of the preceding methods, and it is found that 
— b + V + 4ac 

© Ra l 
therefore, instead of going throu the process of finding z. 


xo Së wy 
10. Find z in the equation, — 2? + 142 = 33.. 
Here a=—1, 6=+14, c=+4+33. 6?+4ac=196—1382=64. 


r= We may make use of this formula, 


In Example 1, Art. 363 (solve 227 — 7z + 3 = 0), 
a=2,b=>-—T7T,c=—3. 4ac+ P = — 24+ 49 = 25. 
NEE CTIE EE PR 4745 — 
=" S 5 SF pO d rh. 


376. In the examples heretofore considered we have found 
two different roots of a quadratic equation; in some cases, 
however, we shall find really only one root. For example: 


11. If 22 —6zx+9=0, by extracting the square root 
x — 3 = 0, and therefore z = 3. Itis, however, convenient 
in such cases to say that the equation has two equal roots. 


377. If the quadratic equation be represented by 


—b4- 4 4ac-- 0? 
RA 


ax’*+ba=c, we have found that the roots are 


'. — b — V4ac + Gë 


and » 
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(1) These roots are different, unless 4ac + & = 0, and 


then each of them 1s — LÀ 


20 
(2) Since the two roots have the same expression, 


Y4ac + b, both will be real or both will be imaginary: 
real when 4ac + 0“ 1s positive; imaginary when 4ac + 0“ 1s 
negative. 


(3) Both roots will be rational if 4ac-+ &* be a perfect 
square. Both roots will be surds if 4ac + 0“ be not a per- 
fect square. 


EXERCISE XX. 


Solve by the General Method (360): | 
1. 42? — 3(z — 1) = 10x. 3. 152? — 14x = — 3. 


2. 215 + xz — 3. 4. (3z — 2)(x — 1) = 14. 
5. (x — T(z — 4) + (29x — 3) (x — 5) = 103. 
4 21+ 65x 
t+? 4A—IZ % ZA, 24 —12 10 
^z—i 23: $3 SES v--4 3 
Solve by the Common Method (362): 
9, ti L 7x = 8. 11. ?2? — 3z — 54. 
10. 2^ — it = 34. 12. 22? + 1 = 1ll(x- 2). 
H 1 1 
13. 3" 87a Er" 
9 1 8 
A L ate 
al — 8 x 3 ,z—1 
16. 2 — a5 A 16. —— 7 =z T a 
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Solve by the Hindoo Method (366): 


3 2 
9 314 zi4 (—x 4747 
a II ee 22.3 — x—3 9 Be 


NU RI KE 
x z--5 2 


20. 2127 — 3) = T(x — 3). 24. E nu 0—rz 42 


19. (5% — 3)" — 7 = 44r + 5. 23. 


19 3+z 9 
Solve by the Special Method (374): 


7 


CHAPTER XXI. 


PROBLEMS INVOLVING QUADRATICS. 


378.—1. A SELLS a box for $24, and by so doing he gains 
as much per cent as the box cost. What was the cost of 


the box? 
Let x denote the number of dollars the box cost. 


Then 1*5 denotes one per cent d the price, and x times 


0 
x a 


100 ^ 100 denotes z per cent of the price. 


o? on 


Since the cost is z, and the gain is ——, therefore z + 7 — 


is the selling price. 
But 24 equals the selling price. 


4 


', (Ax. D) a+ iz 24, whence x — 20 or — 120. 


li 
Only the positive value of x is admissible; therefore the 


box cost 320. 


| 379.—2., A rows 7 miles down stream and back again in 
3 hours 20 minutes. Supposing the river to have a current 
of 2 miles per hour, find the rate of rowing. 

Let x denote the rate of rowing; that is, the number of 
miles A could row per hour in still water. 

Then z+ 2 is the rate down stream, and cz — 2 is the 
rate up stream. Since the distance down 1s 7, and the rate 


, 7 
down 18 x-+ 2, "X42 
(214) 


is the number of hours required 
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is the time re- 


to go 7 miles down stream. Similarly, "EN 


quired to go 7 miles up stream. 


7 | ! ti 
"Wu. and the time up being "RS 


therefore the entire time 1s : : 


2412'z—9 


H = whence z = 5 


The time down being 


But the entire 


The negative answer to the quadratic, — 4, does not 
apply to the question proposed, hence it 1s rejected. 
Ans. The rate of rowing is 5 miles an hour. 


380.—3. A left C for D e the same instant that B left 


D for ek A reached D 9 hours, and B reached © 16 hours, 
after they met on the road. Find the time A required for 
the journey. 

Let x denote the number of hours A required to perform 
the journey. Since B evidently required 7 hours longer, 


.”. B’s time was xz + 7 hours. 
Let d denote the distance from C to D; then A’s rate was 


d | d 
-— and B's rate was ~ LIT 
they met was z — 9 hours, hence A traveled in that time 
d(x — 9) 


L 


. From the time they started until 


miles. But B performed this distance in 16 


hours; .*. ——-—— was B's rate. We now have two expres- 


dr-9) d 
—ló CS whence z* — 2x 


63 = lor and x = 24 or — 3. As before, reject the nega- 
tive root; therefore A’s time was 25 hours. 


sions for B's rate; .°. 


381.—4. A worked z days, and received as wages $96; B 
worked z — 6 days for $54. Had A worked z — 6 days 
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and B «x days, they would have received equal sums. Find 
x; also find the daily wages of each. 


Since A received $96 for x days’ work, he received = 


x 
dollars per day, and for x — 6 days he would have received 


AM " dollars. Since B received $54 for x — 6 days’ 


work, he received 24 S dollars per day, and for z days he 
would have received = dollars. . a — 6) _ oe 
Tt — 0 x |. g—6 


whence 16(z — 6)? = 92? and 4(x — 6) = + 3z, from which 
t — 24 or zé But 2# is not admissible, because B's time 
would then be (24 — 6) days = — +8 days. 

Ans. x = 24; A received $4 a day and B $3 a day. 


382. In solving problems, as in the preceding examples 
of this chapter, results will sometimes be obtained which 
do not apply to the question actually proposed. This 1s 
owing to the fact that the algebraic language is more gen- 
eral than ordinary language; hence the equation not only 
expresses the conditions of the given problem, but 1t will 
sometimes apply to other conditions. When this is the 
case, the conditions of the second problem are usually the 
contrary of those given in the proposed problem.  Fre- 
quently, however, 1t will be found that only one root applies 
to the problem. proposed, and that no obvious interpreta- 
tion occurs for the other. ‘To illustrate the method of in- 
terpreting negative answers, take the following problem. 


383.—5. A bought a certain number of apples for 80 
cents; had he bought 4 more for the same sum, each apple 


would have cost 1 cent less. How many apples did he buy? 


Let z denote the number he bought, then = is the price 


of each; if he had bought z + 4, the price of each would 
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80 80 80 
ee U CHI". cu x = 16 or 


have been 


— 20. 
If A bought — 20 apples, then he must have sold 20 


apples, hence the answer, 20, applies to the following 
problem: 


6. A sold a certain number of apples for 80 cents; had 
he sold 4 fewer for the same sum, each apple would have 
sold for 1 cent more. How many apples did he sell? 


Let x denote the number he sold: then, reasoning as 1n 


80 80 
itè + 1, whence z = 20 and 
— 16; thus the number 20, which appeared with a negative 
sign as a result in Example 5 and was 1n that case rejected, 


is here the admissible result. 


Problem 5, we have 


EXERCISE XXI. 


1. Find two numbers whose sum is 10 and product 21. 
2. What number added to its square gives 132? 


3. Kind two numbers whose sum is 16, and the sum of 
whose squares is 146. 


4. A sold a horse for $24, and by so doing he lost as much 
per cent as the horse cost. Required the price of the horse. 


5. A bought a certain number of oxen for $240, and after 


losing 3 sold the remainder for $8 apiece more than they 
cost him, thus gaining $59. How many did he buy? 


6. Divide a into two parts such that their product shall 
be equal to the difference of their squares. 


7. A field which is 6 rods longer and 2 rods narrower 
than a certain square field, contains 128 square rods. How 
long 18 each field ? 


8. A banker had two kinds of money with which he paid 


a bill of $40, giving 60 of the more valuable coins and 100 
Alg.—19. 
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of the less valuable. It required 8 more of the latter than 
of the former tò make one dollar. What was the value of 
each coin? 


9. A receives from a banker 60 francs and 140 marks for 
$47, and 1t requires one more of the former than of the 
latter to make one dollar. What is the value of each coin? 


10. A sold 16 pounds of mace and 20 pounds of cloves 
for $65. He sold 12 pounds more of cloves for $20 than 
he did of mace for $10. What was the price of a pound 
of cloves? 


11. A and B had jointly $1000 in business. A’s money 
was in trade 9 months, and B’s 6 months. When they 


shared stock and gain, A received $1140 and B $640. 
What was each man's investment? 


A's gain for n months — A's capital 
B's gain for n months — B's capital 


NOTK. 


12. À cistern has two pipes, one of which will fill 1t 1n 4 
hours less than the other, and both together can fill ıt in 
6$ hours. How long will it take each separately to fill 1t? 


13. A pasture was rented at a fixed weekly price by A 
and B, who agreed to share the rent in proportion to the 
number of animals put to pasture. The first week A put 
in 4 animals and B paid $20. "The next week B put in 2 
additional animals and paid $4 more. At what price was 
the pasture hired? 


14. Find a number of two places, such that the units’ 
digit, increased by 2, shall equal three times the tens’ digit, 
and the square of the units’ digit 1s 12 more than the re- 
quired number. 


15. Find the number of two places whose units’ digit 1s 
3 more than the tens’, and 125 times the units’ digit equals 


the square of the required number. 


16. The square of the time past noon, increased by the 


PROBLEMS INVOLVING QUADRATICS. 219 


time to midnight, equals the time past midnight. What 
o'clock 18 it? 
17. The hands of a clock are together between two con- 


secutive numbers, the difference of whose squares 1s 1 more 
than the square of the less. What o'clock is it? 


18. A traveled 48 miles in a certain time. Had he 
traveled 2 miles an hour faster, his time would have been 
4 hours less. Find his rate. 


19. A set out from C toward D at the same instant that \ 
B left Dfor C. They met 18 miles nearer to D than to U. : 


A arrived in D in 8 hours, and B in D in 18 hours, after 
they met. Find the distance from C to D. 


20. A set out from C, and D from D, distant 60 miles, at 


the same instant. <A arrived in D 2 hours, and Bin C8 
hours, after they met. How far from D did they meet? 


21. A rowed 20 miles and back in 14 hours, going out 
with a tide of 2 miles an hour, and back against a tide of 
1 mile per hour. How long would it have taken him to 
row the same distance in still water? 


22. A steamer went 40 miles down a river and back in 16 
hours, the current being 3 miles per hour. Owing to an 
accident to her machinery, she could steam back with only 
half the power she had when going down. How long did 
she take to return? 


23. The height of a room is two thirds of the breadth, 
and the breadth is two yards less than the length. The 
plastering at 50 cents per square yard cost $80. Find the 
dimensions of the room. 


24. À loaned two sums of money, which differed by $200. 
His rate on each was one per cent of its principal, and the 
interest on both was $52. Find each principal. 


CHAPTER XXII. 


PROPERTIES OF QUADRATICS. MAXIMA AND MINIMA. 


384. From (362) it follows that every quadratic equation 
b D; c G 
can be reduced to the form z? + "ij -- rr den -- "m; 


For convenience, let : = 2p, and - = q; also, let ` --- 


— = m^. Then the general quadratic reduces to the form 


x + pr + p = q + p. 
(+n =q Hp m; ..(@+p) — m =O), and, 
from (199) and (200), (z + p + m)(z +p — m) = 0. 


385. Every quadratic equation has two roots, and only 
tivo. 

For, (x + p+ m)(z + p — m) = 0 can be satisfied by 
putting each factor equal to zero, and 1t can be satisfied in 
no other way. Fromz+y+m=0,%=—p-—m, from 
ti+ip—m=O z=—p-—+m. Hence every quadratic has 
two roots, and only two. 


386. In every quadratic equation, reduced to the form 
z* + 2px = q, the sum of the roots 18 equal to the co-efficient 
of the second term with its sign changed, and the product 
of the roots 1s equal to the known term with its sign changed. 

For the roots are — p — mand — p + m, whose sum 1s 
— 2p, and product p? — m? = — q. 


387. If the two roots be represented by r and s, then 
it follows from (386) that z? — (r + s) x = — rs. 
(220) 
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— (rt + s)]z+r8=0O; .*. (z — r)(x — s) = 0, a 
result gei: agrees with that obtained 1n (384). Whence: 


Every quadratic reduced to the form a? + "e -- — 0 


can be decomposed into two binomial factors, the first term 
of each being x, and the second terms the two roots with 
their signs changed. 


388. An expression of the form az? + bz + c 18 called a 
quadratic expression. A method of factoring such expres- 
sions is given in (205), but it is evident from (387) that : 
the factors are readily found from placing az? + bx + c = 0, 
and finding the roots of the resulting quadratic. If these 
roots be represented by r and s, the required factors will be 
a(x — r)(x-— s). 

If r and s be not rational, the proposed expression 1s 
prime. 


389. If both sides of an equation be divisible by a common 
factor involving x, the equation is satisfied by putting that 
factor equal to zero. 

For, if (z—a)& = (z—a)m, then (z—a)&—(z — aym — 0. 

'. (v — a)(&£ — m) = 0. Whencez — a = 0, and z =a. 

In like manner, if k — m involve z, then £ — m = 0. 


390. If r, s, and ¢ represent three values of z, then: 
L 2—7r-0;Il.z—5s5-90; III. z—£—0. 
*. (x —r)(z — s)(x — t) = 0. 

This is a cubic equation, as may be seen by performing 
the indicated multiplication. Hence we may infer that a 
cubic equation has three roots, and only three. In like 
manner, the number of roots of any equation 18 equal to the 
degree of the equation. Similarly, it may be inferred that 
if r 18 a root of an equation whose second side 1s zero, then 
x — ris a factor of the first side. 

391. From (389) and (390) it follows that quadratics and 


many equations of higher degree may be solved by factoring. 
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EXAMPLES. 


1. Solve zf + 225 — x = 2. 
By transposing, az* + 22? — z — 2 = 0. 
2. 2? (z--2) — (z4-2) —0, and (z-F2)(z—1)(2*4-z4-1) 2 0. 
By putting each factor in succession equal to 0, we find 
t=—2,1,4(—1 + V—83). 
The equation is of the fourth degree; it has four roots. 
2. Solve 32° + 527 — a+? =Q. 
oz + 6z — 2" — 24+2742=0; 
s. (7+ 2)82? —x+1)=0. 
Since g +2 =0, ..r=—?. Since 32? —z--1- 0, 
MEET y — 11). 
3. If 2 — 82? + 192% = 12, then (2 — 3)(xz—1)(x—4) —0. 
..2=—3, l, or 4. 
4. If 67 — zè — x = 0, then x(2z — 1)(3z + 1) = 0. 
', $£—0,1, —4. 


392. From the preced' ng articles it 1s clear that any 
equation may be formed if its roots be known. Thus: 
If the roots be s and 7, the equation 15 
(x — s)(z —r) = 0; that is, z? — (s + r)z = — sr. 
If the roots be s, r, and £, the equation 1s 
(x — s)(z — r)(x — t) = 0; and so on. 


EXAMPLES. 


1. The equation whose roots are 5 and — 2 1s 

x — (5 — 2)r = — (5)(—2); that is, z? — 3z = 10. 

2. If the roots are — 1 and 2, the equation 1s 

x — (— 1 + %)¢4 = — (— DÉ, or Y 4+ iz = $. 

3. If the roots are 3 + V5, the equation is 2?— 6z = — 4, 
because the sum of 3 + V5 and 3 — V5 is 6, and their 
product is (9 — 5) = 4. 

4. Form the equation having two roots, whose sum is s, 


and their product p. ELE —ste=—p. 
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6. If the roots are 2, 1, and — 3, the equation is 

(x — 2)(x — 1)(x + 3) = 0; that is, zè — 7z + 6 = O. 

6. The equation whose roots are 0, 2, — 3, — 4, is 
(z—0)(x—2)(z-4-3)(z-4-4)20; that is, 2*-]-523? —2a*—24:x— 0. 


393. From (384) it follows that every quadratic equation 
may be written in the form 2 + 2pz = q, 1n which p and q 
may represent any numbers, positive or negative, integral 
or fractional. Let r represent the first value of z, and s the 
second; then we have: 


(4) z? — 2px = — q, whence 


Since p? + q > p*, then Vp? +q >p. 

since p> — q < pi, then Vp? — q < p. 

In the first and second forms, the first term of each root 
is numerically less than the second term, while in the third 
and fourth forms the first term of each root 1s numerically 


greater than the second. 

In the first, second, and fourth forms r 18 positive ; and 
in the fourth form s 18 also positive. 

In the first, second, and third forms s 1s negative, and in 
the third form r is also negative. 

Hence in the first and second forms 7 18 positive, and s 
is negative ; in the third form both are negative, and 1n the 
fourth form both are positive. 

In each case the root whose terms have like signs is 
numerically greater than the other, unless 2p = 0, in which 
case the two roots are numerically equal. 
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If ¢ = 0, one root becomes zero. 


If Q > »^ then in the third and fourth forms 7 and s 
both become impossible quantities. 


MAXIMA AND MINIMA. 


394, It 1s often useful to determine the greatest or least 
values which a quadratic expression can have. 

A quadratic expression is of the general form az*+dz-+-c, 
in which a, b, and c are fixed or constant quantities, and x 
may have any value we please to assign to 1t (388). | 


399. To determine the maximum or minimum value of a 
quadratic expression, put it equal to «n, and solve this equa- 
tion; by this means x will be expressed in terms of m, and 
it will be easy to see what will be the greatest or least 
values allowable for m, so that z shall be a possible quantity. 


EXAMPLES. 


Find the maximum or minimum value of the following: 


1. Of 32? — 3z + 2. 

d — 84-2 =m; rs EU + V12m — 15). 

In order for x to represent a possible number, the ex- 
pression 12m — 15 can not be negative; hence the least 
value of 12712 — 15 is zero, in which case m = $. Hence the 
minimum value 18 2. 


2. Of 2? — 6z + 16. 


z—6r--16-—m; ..z—3-J43-Ymc-—'. 
Reasoning as in Ex. 1, m can not be less than 7. Hence 


the minimum value of the expression 18 7, in which case 
i = ð. 


3. Of 2? + 3x 4- 4. i 
zë +H3zr+4=m; e, g =4(— 3 +4 V4m —7). 
Here the least value of m 1s 1, which 1s therefore the 


minimum value of the expression, and for this value 


— — 3 
A e DT 
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4. Of 7x — 2? — 12. 
—ax-F7z—19 =m; ..2=h(7T + V1 — 4m). 


Here m can not be greater than +. Hence the maximum 
value of the expression 1s 1, in which case z = 4, 


EXERCISE XXII.. 


Form the equation whose roots are : 


1. 3 and 4. 9. a t 0. 

2. 9 and — 2 10. Vat Vb 

3. 4 and 4 11. —2, 3, and — 4 
4. and — 4. 12. 3 and 1 + V5. 

5. + 5. 13. +2 and 1 + ¥3. 
6. 2+ V3. 14. a + 2 and a — 1. 


15. a + l and a. 


Solve the following equations by factoring : 


17. 2" — 6r+8=0. 21. 327 br = — 2. 

18. 222 — 4x — 16 = 0. 22. 67 — 32? —2z2- 1— O. 

19. 97? — 22 — 24 = Q. 23. ba? — 5a? — 3x -+ 3a — 0. 

20. 2£`+ 1 =0. 24. t + 227° -- 9 — O. 

Find the maximum or minimum value of the following : 

Tz — 4 

25. 27 — 3z 4 4. 27. (e — i) 

26. + 3274+ 2. ag, 4EY 


CHAPTER XXIII. 


EQUATIONS WHICH MAY BE SOLVED LIKE 
QUADRATICS. 


3896. ANY equation which can be reduced to the form 
aa" + bx” = c may be solved-like quadratics. Several ex- 
amples have already been given (Exercise XX, examples 
25-29 inclusive). 

In this chapter we shall consider special forms of 
aa^" + bx" = c, together with certain methods of reducing 
equations of various degrees to the form of quadratics. 


397.—1. I. Solve az” + bz" = c. 

IIl. = I X 4a. Ain + 4Aabr" = Zoe, 
JII. Add A 4a*a?". + daba" + Zë = B+ 4ac. 
IV. Extract square root. Raz” + b = + VU -+ aac. 


| — b € V+ 4ac 


V. Transpose and divide. Nt oe 27 
n/| Rh A 2 y pe 
Vl. Extract nth root. s. = V EET, 
2. Solve af — 52? = — 4. 
Add ($). gt — 53? + (8 — 2$ —4 — $. 
Extract square root. a2*— $= ++% .'.t=4ori;. 
whence x = 20r +l. 


(226) 
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398.—3. Solve z + 6 Vz = 16. 
II. Add 9. z +6Vz+9=25. 
III. Extract square root. zi+3= 45. 
éi 4$ = 2or — 8, and z — 4 or 64. 


399.—4. Solve 17! — 4z-$ = 91. 
II. Add 4. z-1—4x-5-L4—95. 


III. Extract square root. z^ $ —2 =+ 5. .». z $-—70r3; 
whence x—~'= 49 or 9, and x = ze or j. 


400.—5. Solve zé — 927 = — 8. 

II. Add ($)’. q* — 922 + (3)? = A. — 8 = 4. 
III. Extract square root. t`— $ = tj. 

IV. Transpose. ZZ $+i=8or l. 


Since 22=8, .".a8-8=0. .'. (e —2)(2+4+2244)=0. 
Therefore (Art. 389) 2 — 2 = 0, whence x = 2; 


and 2*--2x +4=0, whence 2 = — 1 -+ Y—23. 
In like manner, since 22—1=0, .:. (e—D(z+z+1)=O. 


fz-1l=0, 4=1;ifeé +z+1=0, rak—-li V —3). 
401.— 6. Find six sixth roots of 64. 


Let x represent a sixth root of 64. 
*. x = 64, whence 28 — 64 = 0. 


n. (x — 2)(a? + 2a + Ay (xz + 2) (2? — 2x + 4) = 0. 
Ans. zs? —1lHtW—JY —2, 14+ Y—93. 
409.—7. Solve z+ Vx+2 — 10. 


IL Add 2. (x+2)4+ V2+2=12. This is plainly 
in the form of a quadratic, because if Vz -]- 2 = y, then 


V. Transpose. Vx+2=83 or — 4. 
VI. Square. z4-2-90rl6. .:.z-— 7 or 14. 
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8. Solve 2z +  4z + 8 = 1. 
II. Multiply by 2. 474+ 2V47+8= 7. 


III. Add 8. (4z + 8) -- 2 V4z -- 8 — 15. 
Add 1 and continue as in Ex. 7. Ans. x = 1 or 4}. 


9. Solve 32? + 15z — 9 Va? + 5x +1=2. 

IL Divide by 3. 2? 4+ 5x —$ Y2?--5z 4-1- 2. 

III. Add 1. (z?4+52+1)— LEES 

IV. Add (4)% (2+ 52+1) — £ Va? + 5z -- 1-E- 4 — 4$. 
V. Extract square root. Vi +5z+1—1=+$8. 


403. An equation which will remain unaltered when a 


x 
is substituted for z, is called a reciprocal equation. Ex- 
ample: vi —z'—2*—z-4-1-—90. 

Every reciprocal equation of odd degree 1s divisible by 
z — l or x + 1, according as the last term 1s negative or 
positive. 

Every reciprocal equation of even degree with its last 
term negative, 1s divisible by z* — 1. 

In every case the reduced equation after the division will 
be reciprocal, of an even degree, and with its last term 
positive. 

By this means a reciprocal cubic may be reduced to a 
quadratic, and one of the fifth or sixth degree to a biquad- 
ratic, which latter may be solved as follows: 


404.—10. Solve zt + 2 — 42? -- z 4- 1 — O. 


II. Divide by 2% e+oe-44-45=0, 
1 1 


IV. Combine terms. e -L 3E e L. 3 — 6. 
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2 
V. Complete the square. e 4- 2 SÉ in +. 3 +4 = 61. 
VI. Extract square root. 2 + - +i= + 24. 


dE = = 2 or — 3, which is best solved by the Special 


Method (374). Ans. z =1, 1, or 4(— 3 + V5). 
ll. Solve zt + 22 — 222 — z J-1-— O. 
Ans. z —1, —1, 1(— 1 4 V5). 


405. Cubic equations with the second power of z missing 
may sometimes be solved as follow: 
12. Solve 827? + 16z = 9. 
II. Multiply by 2z. 162* + 322° = 187. 
III. Add (22)? 16z* 4+ 362? = 477+ 182. 
IV. Add (3)”. l6z* + 362” + (2) —42 -18z4- ($F. 
V. Extract root. 4r +8 = (9x- 3). 


From 42? +8 = + (2z 4-8), z = 0, or 4. 
From 4z? + $= — (224+ $), z = 4(— 1 4 V— 35). 


The value of z = 0 satisfies the equation after being mul- 
tiplied by 2z, but is not a root of the given equation. 


406. Rule for solving cubics of the form az*+ bz = c. 
(1) Multiply each side by such a number that the first 


term shall be a perfect square. Thus: a?z* + 62° = cz. 

(2) Add to each side a? with a co-efficient which is the 
square of a divisor of ac, and such that the number which 
completes the square on one side also completes the square 
on the other side. 

(3) Extract the square root of each side ( prefix + to the 
square root of the second side), and solve the resulting 


quadratics. 
13. Solve 2? — 3x = 2. 
II. Multiply by z. a — Jr? = Ba. 


III. Add (12). at — 933 — a? 4 22. 
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IV. Complete the square. zf — 2r + 1-— 2* + 2x +41. 
V. Extract square root. g — l = (x41) 

Ans. z =?2, — 1, — 1. 
No. III may also be formed by adding (2x)? = 4a”. 


14. Solve 2? — 6z = 9. 
II. Multiply by x 2* — 62? = 9z. 
III. Add (32). z* + 327 = 92? + 9x. 


IV. Add (Gr x + 32? + (3) = 92° + 9z + (^ 
Ans. «= 3, 4(— 3 + V— 3). 


15. Solve 2? — 13x = 12. 
II. Multiply by z. a* — 132? = 122. 
III. Add (1z)*. ai — 122? = a? + 122. 
IV. Add 36. zi — 192? + 36 = a? + 122 + 36. 
Whence z — 4, — 3, — 1. 
III may be formed by adding either (32)? or (4z)*. 


407. Certain biquadratics, with 2? missing, may be solved 
in a similar manner. Thus: 


16. Solve zi — 6272 — 8x — 3 = 0. 
II. Transpose. 2* — 6x = 8x + 3. 

III. Add (2zy. zt — 22? = Ax? + 8x + 3. 

IV. Add 1. z* — 29:3? + 1l — 4r JL 8x 4- 4. 
Whence z = 3, — 1, — 1, — 1. 


408.—17. Solve zt — 102? + 352? — 50x = — 24. 
{I. Complete the square of the first two terms by writing 
204^ as the third term, and the equation becomes 
gt — 102° + 252? + 102? — 50x = — 24. 

III. .:*. (a — 102? + 252?) + 10(2? — 52) = — 24. 

IV. Add 25. (2? — Bzy* + 10(2? — 52) + 25 = 1. 

V. Extract square root. (7? 52) +5= 21. 

solve zè — 5z +- 5 = + 1, whence z = 4 or 1. 


Solve z" — 52 + 5 = — 1, whence z = 3 or 2. 
18. Solve zt — 22° + z = 132. 
II. tt — 27 + 2? — a? -- x — 132. 


III. Combine. (a? — a)" — (a? — a) = 132. 


EQUATIONS WHICH MAY BE SOLVED LIKE QUADRATICS. 251 


IV: Add 4. (2? — xy — (2 — 2) +4 = 1324. 
V. Extract root. (ré — 2) 4 = £ ll}. 


Ans. x= 4 or — 3, or 1(1 + * — 42). 
19. Solve Ai — 425 + 52? — 2: = 8 in a similar manner. 


Ans. x=4(1 + V17) or I(1 d: * — 31). 


lhe solutions of Examples 17, 18, 19, illustrate the 
method of solving biquadratics, such that if the square of 
the first two terms be completed, the fourth and fifth terms 
will eontain the square root of the first three terms. 


409.—20. Solve zé — 102? + 1201 = 144. 
lranspose 120z and complete the square of the first two 
terms. .°. a — 102? + 252? = 2527 — 120z + 144. 


Both sides being perfect squares, extract the square 
roots. z? — 5x = + (52 — 12). 
If 2 — 5g = + (5x — 12), a= 5 + NI. 
If 2 — 5z = — (5x — 12), r= 42 V3. 
21. Solve zi — 102°+ 92°+ 40x = 25 in a similar manner. 
Ans. z = 4(9 + YON) or 1(1 + 21). 


Equations (20) and (21) are examples of biquadratics 
such that if the -first and second terms be on one side and 
the remaining terms on the other, the number which com- 
pletes the square on one side will complete the square on 
the other side also. 


410.—22. Solve Va? + 8 + Ya? —8 — V17 + I. 
II. Take the identical equation (7? + 8) — (2 — 8) = 
16 — 17 — 1, and divide this equation by the given equation. 
. The given equation is of the form a + b = m + n, aud the 
assumed identity 1s of the form a" — 5^ = m? — w. 


|. III. V3?--8 — V£ — 8 = W1T — 1. 


IV. Subtract III from L 2922? —82-2. e, z= +3. 


This equation is introduced for the sake of illustrating 
the artifice employed in the solution. Similar methods 
may often be employed with advantage. 
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411. The principles explained in Art. 284 may frequently 
be used to abbreviate the solutions of equations. ‘Thus: 


ct 627+ 1 Sit 16 
Arts +1) — 81a! — 16° 
II. From Art. 284, Case VII, 


23. Solve 


4 
HL e EE Sa 


(v — 1) 16 
IV. Extract the fourth root. - T = + - 
etl ,9vT J| , 
When da 9? r=% or — i. 


412. When none of the methods heretofore explained 
will apply, if the equation have rational roots they may be 
found by factoring, as follows: Transpose all the terms to 
one side; resolve this expression into its prime factors, and 
place each factor equal to zero. The values found from 
solving these equations are the required roots (391). 


413. Conversely: In order to find the factors of an ex- 
pression, place it equal to zero, and solve the resulting 
equation. ‘Thus: The factors of zt — 22° + x — 132 may be 
found as in Ex. 18. One root being 4, .". z — 4 is one 
factor; another root being — 3, .*. z4+3 1s a factor; the 
other two roots being irrational, the quadratic, 2^— z+ 11, 
of which they are the roots, is prime. Hence the required 
factors are (x — 4)(z + 3)(2? — a + 11). 

In like manner, 42* — 42? + 527? — 2x — 8 may be fac- 
tored as in Ex. 19. The four roots being irrational, the 
two quadratics, 22? — x ;— 2 and 22? — x + 4, are the re- 
quired prime factors. 
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EXERCISE XXIII. 
solve like Example 2, Art. 397: 


1. 2 — 627 = — 8. 3. zò — Bab = — 4. 
2. a — (a + b)? = — ab. a 3 — 3323 = — 33. 


Solve like Example 3, Art. 398 : 


5. z — 10z$ = — 16. 7. xb — 9x5 = 3. 
6. z? — 32t = — 2. 8. 3r 4-9 Vr — l1. 
solve like Example 4, Art. 399: 
9. 174 + BITÉ = 22. 11. 27" — 3547! = — 216. 
10. 33-3 — 4xy- à = 7. 12. 27» - 27 = — 2. 
solve like Example 5, Art. 400: 
13. 2° — TE = 8. 15. zi — Txt = — 10. 
14. 2? + 14z* = 1107. 16. 28 + 1 = 2. 


Solve like Examples 7, 8, and 9, Art. 402: 


17. tz — Yrz--5-l. 19. z + 3 V 5x = 20. 
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solve like Examples 13, 14, and 15, Art. 406: 


29. 4 — 397 = — 35. 31. 927 Arts 13. 
30. a? — 322 = 18. 32. 2— LT? = 2. 


solve like Example 16, Art. 407: 
33. a -- 52? — 922 -- 8 — 0. 35. 4a* — ba" + 82 = 15. 
34. 2+ 3z* + 6x = 5. 36. 2? — 52 + 6:3 +3 = 0. 


solve like Examples 17 and 18, Art. 408: 
37. zt — 43? + 82? — 8r = 5. 
38. a“ + 8 + 1327 — 122 = 10. 
39. vè — 102* + 352* — 502? = 24. 
40. 4x* — 423? — ba? + 32 = 4. 


Solve like Example 20, Art. 409 : 
41. af Dr + 82° — 8z = 16. 
42. xi — 4x5 — Ba? + 6x = 1. 
43. 4x! — 8:5 + 327 — 8x = 16. 
44. Jr" — 132» — 1172 = 243. 


Solve like Example 22, Art. 410: 


47. VÈ +9 — Y a3 — 11 = 9. 


48. 43a — 4x + 2 Y 3ax — z = 3a V1 — An, 
solve like Example 23, Art. 411 : 


Ma? — a? An — zr? 
ee EE pm d 51 adea iim Z 9 
dr Va T 3x — NAx — a? 


CHAPTER XXIV. 


SIMULTANEOUS EQUATIONS INVOLVING QUADRATICS. 


414. QUADRATIC equations involving two unknown 
quantities require different methods for their solutions, 
according to the form of the proposed equations; hence no 
general rule can be given. ‘There are, however, three cases 
of frequent occurrence, for which the following observa- 
tions will be useful: 


415.—CASE I. When one of the unknown quantities can 
be eliminated, and the resulting equation solved according 
to preceding methods. 

This can usually be done when one of the equations 1s of 
the first degree, or is capable of being changed into an 
equation of the first degree, and it can frequently be done 
in other classes of problems. 


Elimination by substitution is the method commonly 
employed (180). 


416—1. Solve: I. t + y — 25. Il. 3z 4+4y= 24. e 


III. From II, y = 1(24 — 32). 
IV. .. I becomes 2?4+ 44 (24 —3z)?— 25, whence z = 4 or $4. 
From III, when z = 4, y = 3, and when z = $$, y = 431. 


417.—2. Solve: I. rè + zy 4- y^ — 7. 
III. From IL z — = 4(8 — 3y). 
IV. .*. I becomes É D sl -+ (= y + y? = 


(d 


V. Expand IV, and simplify. i1jy*— 8y = — 9. 
Whence y = 24 or 2; and from III, z — 1 or 1. 
(299) 
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418.—3. Solve: I. z--y-x. II.3y — z a 
III. From I, y =v — zx. 
IV. By substituting in IL, 3(a? — z) — z = (2? — zy. 
V. ‘Transpose and simplify IV. a* — 22? — 227 + 4x = 0. 
VI. By factoring V, z(z — 2)(2" — 2) = 0. 


' $—0, 2, + V3. 
From III, when z = 0, y = 0; when z = 2, y = äi, 
when z = + 42,5 = 2 F V2. 


419.—4. Solve: I. z? + y" — z — y = 6 — Ray. 
II. a^ + 37° = 19. 

The first equation 1s of the form (x + y)" — (2 + y) = 6. 

“.(e¢+y)y—(e¢+y)+141= 61, whence z4- y — 3 or — 2, 
and z = 3 — y or — 2 — y. 

In II for z put 3 — y. .". III. (3 — yF + 3y* = 19. 

S. Ay” — 6y = 10, whence y = 24 or — 1. 

Since z = 3 — Y, .'.t=3—èdi=Iio3—(— l) = 4. 

Similarly, in II substitute the value — 2 — y for z, and 
solve. Ans. x= d, 4, — 31, 1; 


yY = Xt, m E 13, - rt. 


420.—5. Given I. zy’ + zy =10. To find z and y. 
IL 2¢%+ 3y = 7. 
By solving I according to Art. 406, 
III. zy — 2 or — l + V—4. 
From II, z —i(Y — 3y). 


Substitute in III. ai a a =2or—1lt V—4, 


ot BY —7y — —4OorèFAN—1I, 
whence y = 4, 1, or H7 x: V 73 F 48 V— 1), 
and eae, Si or = 1(7 FV 73 F 48 V—1). 


The impossible values of xz and y (318) are usually 
rejected. 
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421.— CASE II. When the two equations are symmetrical 
with respect to z and y, put a + 0 for z, and a — 6 for y. 

An expression 1s said to be symmetrical with respect to 
tand y when these quantities are similarly involved in it. 
Thus: à2—z*y — ryt y*; 2ry+ 3r +3y— 5; v+y—a2—y. 

In like manner, 2°+ z'y— zey— 4, —2zy4-3z —3y—1, 
v'+y'— a+ y, are symmetrical with respect to v and — y. 

Also, 427 + 9y* — 2x — 3y 1s symmetrical with respect 
to 2x and 3y. 


422.—6. Solve: I. 22 + yT? = 271. Letz-a-b. 
IL. z +y”'=31  Lety^!-—a — b. 
III. Substitute in I. w LA + (a — by = 271. 
. 2a3 + bab? = 271. 
IV. Substitute in II. (a + 6) + a — b) =31 ..a=i 
V. Substitute 1 em a in III, . (FF + (PDE = 271. 
VI. Simplify V. ORAS. E T = 274, whence b = c 5. 
c —aptb-1ti-3orj 


y^ 1—a—ó-—ictíiíi-Lior3 y=2 or 4 
423.—7. Solve: I. z? + y7—10. Substitute for z, a+ b, 
II. z + y = 28, and for y, a — b. 


III. (a+0”+(a—b)= 10, .:. 2a? +20 = 10. 
IV. (a+ b + (a — 09 = 28, .:. Zi + Gab? = 28. 
V. Multiply III by 3a. t. 60 + bab? = 30a. 
VI. From V take IV. ^. 40? = 30a — 28. 
VII. Multiply VI by a. 4a* — 300? = — 28a. 
VIII. Add (4a)’. 4a* — 14a? = 16a? — 28a. 
IX. Add (4)? 4a* — 14a* + (4)? = 16a?— 28a + (3. 
A. Extract square root. 2a* — 4 = + (4a — 4), whence 
a=2or E V2. 
From III, whena —23,5-— 41. .°.2=3 or lI. 


When a = —1+3 V2, b= tV—443 92 


7 


d 
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424,—8. Solve: I. (x + y)(z — yy = 160. 
II. (x + y)(@ + $^) = 580. 
Let z = a + b, and y = a — b. 
Then z + y = 2a, z — y = 2b, a? -- Y= 2a? + 20%. 
III. Substitute in I. 2a(20)? = 160. .°. ab“ = 20. 
IV. Substitute in II. 2a(Za"+ 267)= 580. .". a"+ ab?=145. 
Subtract III from IV. .°. aè = 125, and a = 5. 


From III, b = + 2; whence x = 7 or 3, y= 3 or 7. 
Having a” = 125, three values of a may be found (401). 


425. Many equations which are not symmetrical with 
respect to z and y, may be solved 1n like manner. 


9. Solve: lL. 2 — y — 1. Substitute a + b for zxz, 
II. &-+y°= 35. and a — ò for y. 
III. I becomes 20 = 1, whence 0 = 1. 
IV. II becomes Ra" + Gabi = 35. 
V. In IV put 1 for b. .'. Ra" + 3a = 35. 
Solve V as explained in Art. 406. 


426.—CASE III. When the equations are homogeneous 
with respect to zand y, and of the second degree, substitute 
(x for y, and divide one equation by the other. 


10. Solve: I. 22 + zy = 15. .*. III. 2? + tz = 15. 
IL zy —9*^—2. .". IV. (à? — Pa?— 2. 


V. Divide III by IV. H = X 


From Chapter XX. ¢=2 or 1. 
In III put 2 fort z--322— ess EA 
Mès Mi «mE 
In III put 1 fort. .'. $2? — 15. 
E= ESN? yodr=thV2. 
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427. Equations of this class may also be solved by elim- 
inating the known quantity, then finding the value of one 
of the unknown quantities in terms of the other, and sub- 
stituting this value in one of the given equations. Thus, 


to solve Ex. 10, multiply I by 2, and II by 15. 
I= IX 2. AT" + 2xy = 30. 
IV = II X 15. 15zy — 15y’= 30. 
Subtract IV from III. 22 — 13zy + 155? = 0. 
1622 — ( ) +169y? = — 120y? + 169y? = 49y*. 
Ar — BY = + Yy. .*. x = 5y or By. 
Substitute in II, and solve the resulting quadratics. 


428. It frequently happens that a new equation, simpler 
in form than the two given equations, can be formed by 


combining them. Especially is this the case when one 
equation is divisible by the other. Three examples are ap- 
pended illustrating this artifice, but skill 1n the use of such 
methods must be acquired by experience. 


429.—11. Solve: I. vè —zy 4- y = 7. 
II. zt + ay’? + y* = 133. 
III — II — I. z + zy + y -19. 


M Add twice the second — to the first. 


(xb yy + (z +y) —30, whence z + y = 5 or — 6. 


Now take £ + y = 5 or — 6, and zy = ô. 
Solving this pair of equations (421), we find 


Nu x — 3 + V3; Y = 2, 9, — 8 T V3. 
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431.—13. Solve: I. 2? + zy — 6y? = 21. 
II. zy — 23? = 4. 
HI-I-cIL EVA, 
Y 4 
IV. From III, z = $y. 


In II substitute for z its value, Zu. .'. ky" = 4, whence 
y= +4, and, from IV, z= + 9. 


432. Simultaneous equations involving three or more un- 
known quantities usually require special methods for their 
solutions. Ín addition to the artifices heretofore explained, 
two others are submitted for the consideration of advanced 
students. 


433.—14. Solve: I. 2 4- y 4- z — 2. 
II. zy + zz + yz = — 9. 
III. zyz — — 6. 
Assume a new unknown quantity, v, whose values shall 
be x, y, and z. 
"IV, v—zr=O0 V.v—y=O VIv—z=0. 
VII. Multiplying IV, V, and VI together, 

v? — (x + y + zy? + (zy + rz + yzw — xyz = 0. 
But z + y 4-z-—2; zy + xz + yz = — 5; zyz = — 6. 
Substituting in VII, .:. VIII. v — 29? — 5v 4+ 6 = 0. 

, IX. (v — D)(v —3)(v +2) = 0. 
', v=], 3, — 2. 


lhe given equations being svmmetrical with respect to 
x, Y, and z, it 1s evident that each unknown quantity may 
have any of the values of v. 

When z=1, y = 3 or — 2, and z = — 2 or 3, etc. 


434.—15. Solve: I. D — 9, pv, $t 9 1. 
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— wg #TYE2 9 
VII = (IV--V-rVI)-- 2. Ces = 9° 
From VII take IV, V, and VI, respectively. 
1 1 1 1 IT 1 
D VIII. zy — — 18 I X. TZ — 6 e X. yz SE? g^ 


Divide each of these equations by the product of the 
other two. 


Mr it goats, xe 21, 


EXERCISE XXIV. 
Solve: 


1. Jr + Oy? = 47, 23? — By? = 6. 


2. T — yY = 3, 2X — by* = 27. 
3. L + zy = 15, 3zy + 4y? = 34. 
4. 29x + 3y = 14, z^! +y”'=i. 
b. 2 — Ay = 9, zy + 2y? = 18. 


12. Lag aet HN Lys 26. 

13. c 4- Vzy +y —14, g+y+ay = 84. 

14. (x+y)? — z — y = 60, zy = 3. 

15. t +y —1, č— y —9. 

16. t — Y = 3, VPIy' — 27. 
17. — y= 3, +y = 9; (find one pair of values.) 
18. 2+ y' — 17, 2+ 4? = 63; (find two pairs of values.) 
19. e+ y^ = 20, rè — yè = 56; (find two pairs of values.) 
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20. x — y + ryz — y) + vy = 17, 
zy + (x — yy + oy(z — y) = 13. 
21. 2? + y? = 33, 5z + y? = 35. 


22. z(a+y—+2)=50, y(x +y 4-2) —30, z(£z+ y 4-2) —20. 
23. C GEI E23 =rviy+rr=az+y+z2z=1. 


25.25 Hy + z =7, č +y +z = 2l, zyz = 8. 


26. Find two numbers whose difference 1s 4 and whose 
product is 45. 


27. The sum of two numbers multiplied by their product 


is 70, and their difference multiplied by their product 1s 
30. Find the numbers. 


28. The product of two required numbers is 12 times 
their difference, and the sum of their squares 15 52. 


29. If A had worked 5 days less and had received $4 less 


per day, he would have earned $9; if he had worked 4 days 
less and had daily earned $5 less, he would have earned $8. 
How much did he earn? 


30. A number 1s equal to 3 times the product of its two 
digits, and is 18 less than its reverse. Find the number. 


31. A went from C to H, a distance of 24 miles, in 5 
hours, riding half the way and walking the other hali. 
Returning, he rode half the way at a rate 2 miles faster 
than when he went out, and walked the other half at a 
rate 2 miles slower than before. He reached C in 71 hours. 
Find his rates of riding and walking. 


32. A and B gained by trading, $100. Half of A's ìn- 
vestment was less than B’s by $100, and A's gain was $35 of 
D's investment. Find the investment and gain of each. 


33. Find three numbers whose sum 1s 10, whose product 
18 18, and the sum of whose squares 1s 46. 


CHAPTER XXV. 


INEQUALITIES. 


435. Two expressions containing the same letter will 
have their values changed when different values are assigned 
to that letter, and the expressions may be so related that 
one will be larger than, equal to, or less than the other, 


according to the values of the given letter. 

For example, when z= +1, Eltz: when 
r«  —1, v»--la«cz--z. For all other values of z, 
zi) --17» az -za. 

In other cases, however, the relations may be such that 
one of the two can not be greater than the other. Thus: 
2x can not be greater than 2? + 1, whatever value be given 
to z. 


436. The axioms employed in the consideration of in- 
equalities have been already given in Art. 62 (numbered 
from 8 to 13 inclusive). 

In using the axioms for multiplication and division 
(Axioms X and XI), it must be observed that if the multi- 
plier or divisor be negative, the inequality will be reversed. 
Thus: 6 being greater than 2, 1f both be multiphed by 
— 3, we shall have — 18 less than — 6. Similarly, if both 
be divided by — 2, we shall have — 3 less than — 1. 


437. From Axioms VIII and IX 1t is evident that a term 


may be transposed from one side of an inequality to the 
other, provided its sign be changed. Thus: 
16—4>11. .:.16 > 11 4 4. 


Also 16 4-4» 11. .:. 16 > ll — 4. | 
(248) 
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438. From (436) it follows that fhe signs of all the terms 
of an inequality may be changed, provided the sign of in- 
equality be reversed; that is, > changed to <, or < 
changed to >. Thus: 6 > 4, but — 6 « — 4. 


439. Two inequalities are said to subsist in the same 
sense when both are read ts greater than, or both ts less 
than. ‘Thus: 6 > 4 and 5 > 2 subsist in the same sense. 


440. Two inequalities are said to subsist in a contrary 
sense when one 1s read ts greater than, and the other 1s less 
than. Thus: 6 >4 and 2 < 5 subsist 1n a contrary sense. 


441. Both members of an inequality may be raised to 
the same odd power without changing the sense. Thus: 


42. .°.64>8. Also, — 2 > — 3. .°. — 8 > — 27. 


442. If both members of an inequality be rarsed to the 
same even power, the sense will be unchanged vf both be 
positive, but the sense will be changed if both be negative. 
Thus: 5>3. .'. 25> 9. 

Also, — 5 < — 3, but (— 5)? > (— 3). 

If one member be positive and the other negative, both 
members may be raised to the same even power without 
changing the sense, if the positive member be numerically 
the greater. If the negative member be numerically the 
greater, the sense will be changed. If the two members 
be numerically equal, an equation will result. Thus: 

50» — 3, then 25 > 9; 3 > — 5, but 9 < (— 5)’; 
3» — 3, but 9 = (— 3)’. 


443. For finding which of two given expressions 1s the 
greater, the following is a fundamental theorem: 
I. The sum of the squares of two unequal numbers 18 


greater than twice their product. 
Formula: If « — b is not zero, a" + 6” > łab. 
For, (a — 0)” must be positive, whatever the values of a 


and 0 (114). 
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Since every positive number is greater than zero, 
°. It — DU > 0. Expanding, a" — 2ab + 6 > 0. 

Add 2ad to each member (Ax. VIII). .°. à? + © > 2ab. 

If a = b, then a" + b = 2a. 


444. The following are evidently special forms of the 
above general case, and result from substituting particular 
values for a and 5 in the formula a" + 0“ > Rad: 


II. a" — b > 202 bi. 


1 1 at b 


11 
III. a +b > 2az b2. .*. 2 az. 


1 1 1 1 
IV. a3 + b? > Gei Dn, 


445. If ab be positive, both members of I, a“ + 0° > Rad, 
may be divided by aé without changing the sense. 


a b 
° V Së | ka e) 
e 2 e b (t > Awe 


Whence: The sum of any fraction and its reciprocal 18 
greater than two, unless the value of the fraction ts unity. 


446. By adding 2ad to both sides of the inequality 
a" + L" > 2ab, we have: 
VI. (a+ 0)" > 4ab. 


Whence: The square of the sum of two unequal numbers 
is greater than four times their product. 


447. In order to prove any proposed inequality, the fol- 
lowing method is recommended: 

In the first place, analyze the proposed statement as 
follows: 

(1) Assume the statement to be true. 

(2) Simplify both members as far as possible by adding 
equals to both, subtracting equals from both, etc.; the 
object being to reduce the proposed inequality to one whose 


truth 1s evident. 
To prove the truth of the proposed inequality, begin 
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where the analysis ended, and proceed by steps the reverse 
of those taken in the analysis. For example: 


448.—VII. To show that a” + & > œb ai? 

Analysis: If a? + & > ab + ab’, then by factoring each 
member we find (a+ 0)(@ — ab + 0”) > ab(a + 0). Divide 
both members by the common factor a + 0. 

'. (^ — ab + b^ » ab. 

Subtract ab from each member. 

.". A“ — 2ab + b? > 0. 

That is, (a — 0)? > 0, a known truth (443). 

By reversing this analysis, we show that the proposed 
inequality 1s true, as follows: 

Since (a — bF > 0, .". a" — 2ab + P » 0. 

Add ab to each member. .*. (Ax. VIII) à?—a6--0 — ab. 

Multiply each member by (a + 0). 

.. (Ax. X) a" +0 > a'b+ aU, which proves the prop- 
osition. 


449. No inequality involving letters rs true under all 
circumstances. Thus: 6a > 4a if a be any positive num- 
ber, but 6a < 4a if a be any negative number. In order 
to determine in what cases a proposed inequality 1s untrue, 
it is necessary to examine carefully every step of the proof. 
Take, for instance, the proof of formula VII (448). 

(1) (a — 6)" > 0 for all unequal values of a and b. 

(2) a" — ab + © > ab for all unequal values of a and b, 
because adding equals to unequals never changes the sense. 

(3) To derive a" + 0" from a? — ab + A, it is necessary 
to multiply by a+ ò. If, therefore, a + b be any positive 
number, the sense is unchanged (436); if a+ b be equal 
to 0, an equation 1s formed; if a + b be negative, the sense 
is changed (436). 

Whence: I. à? + b = a?b + ab^, if a = + b. 

II. w” +0 < à -- aU, if atb be a negative 
number. 

In all other cases à? + 5b? > a’) + ab. 
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450. If three or more letters occur symmetrically (421), 
the proof of the proposed inequality usually depends upon 
a corresponding inequality with two letters. Thus: 

VIII. To show that æ + 0+ e > ab + ac +- be. 

From I (443), IL. a" + 6 > 2ab. 

Similarly, II. à? + c > Rac, 
and III. & +c > 2be. 

Adding I, II, and III (Ax. XII), 

IV. 2a? + 20 L Re? > 2ab + 2ac + 2be. 

Divide IV by 2 (Ax. XI). 

C++ cC > abtacHt be. 


451.—IX. To show that 
a" + Vi+dd »” wob + ab’? -4- ac -r ac + be + be"). 
From VII (448), I. a" + Ù > ab + aU. 
Similarly, IL. à? + e> we + ae’, 
and III. P p E be + be". 
Adding I, II, and III (Ax. XII), 
IV. Zei + 26 -- 28 > «b + abi + ac + ac t+ be L bek. 
Divide IV by 2 (Ax. XI). 
r. -4- P FO »=HMa'b+ abit ac + av + be + be”). 
Formulas VIII and IX are also true when one of the 
three fundamental inequalities becomes an equation, and 
the same remark may be made in regard to all formulas 
similarly derived. 


452. If both members of two or more inequalities be 
positive, and if the inequalities subsist in the same sense, 


the product of the corresponding members will form an 
inequality in the same sense. If 6 >5, and 9 > 8, then 


6x9>5 x 8B. 


From formula III (444), I. a +b 2a). 
Similarly, IL ate > Qatc» 
and III. b +c» 2Wici. 
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Multiply together [, II, and III. 
ete (a+ (a + c)(6 +c) > Sabe. 


EXERCISE XXV. 


Show that each of the following propositions 1s true for 
all unequal positive values of the various letters employed. 

Advanced students should also state the conditions under 
which the propositions are untrue. 


1. wet bc > abe; ab + Cb > Rabe; Va+ Ca > Rabe. 
2. 0 > 32a — 3), unless a = 3. 
at b Zei 4. 0b + ab? 2a. 
b. a“ 4- o> Rabi. 
6. a*c + be + ab + Cb + ba —+ ca » babe. 
7. (35 -- 05 -4- 6 dabe. 
9. a" 7 a 4- a — 1, unless a = 1. 
9. a? > 3(a + 3a — 9), unless a = 3. 
10. atbte> iuäigce, 11. (e d- b + ey > abe. 
12. a* 4- 0 t +t » Ra"b + Zi" 


CHAPTER XXVI. 


LOGARITHMS. 


454. "oe Logarithm of a number is the exponent of the 
power to which a fixed number, called the dase, must be 
raised to be equal to the number: that is, if 0" = n, then / 
is called the logarithm of n to the base b. 


455. The logarithm of n to’the base 0 is written log, n 
thus, log, n = l expresses the same relation as =n. For 
example, 4? — 64 and log,64 = 3 may both be translated, 
3 Us the logarithm of 64 to the base 4. 


COMMON LOGARITII MS. 


456. In practical calculations the only base that is used 
is 10; logarithms to the base 10 are called common loga- 
rithms. Thus, since 10" = 100, therefore the common log- 
arithm of 100 is 2, written thus, log, 100 = 2, or more 
briefly, log 100 = 2 l 


457. Since 10° = 1, .*.. the log of 1 is 0. 
Since 10'= 10, .*. the log of 10 is 1. 
Since 10? = 1000, .". the log of 1000 is 3. 
Since pelle = 35 =.1, .°. the log of .lis —1. 


Since 107? = 415 =.01, .°. the log of .01 is — 2. 
Since 10 7? = ap =.001, .°. the log of .001 is — 3, 
and so on. 


It is evident that the log: withm of any numbers between 
land .101s0 +a fraction; 
10 and 100 is 1 pa a fashion: 
100 and 1000 is 2 + a fraction; 
(249) 
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land.l is — 1 + a fraction; 
, Land .O1 1s — 2 + a fraction; 
.OI and .001 1s — 3 +-a fraction; eto. 


458. The fractional part of a logarithm can not be ex- 
pressed exactly, either by common or decimal fractions, 


but the approximate value may be found, true to as many 
decimal places as may be desired. For instance: 


Let it be required to find the logarithm of 2; that 18, to 
find x in the equation 10* = 28. Since 10° = 1 and 10! — 


1 


10, ... £ zs 0and « 1. Lete — 0 + y-!; then 10" = 2, 
whence, by raising each side to the y power, 10 = 2”. Since 
2 = 8 and 2 = 16, .". y > 3 and Ki Let y = 3 + 2775 


1 1 
then 2*tz = 10, or 8 X 2z = 10, or Yi — A ERC 
Since ($)" = 125 < 2, and since (ON = $23 > 2, therefore 


z> Fenai ti ali dee a Ew 


125 x (fs ee > (2e. oo 433)" ZÈ. 
By trial v 1s found to be greater than 9 and less than 10. 
If we take v = 9, then z = 3+ 07'*=3+4+4= 48; y= 3 
+251=34 %= 333; reyri= 28 —.30107+4+ . 
If we take v = 10, ons ikid EE + y = $g; yo 
3+z7'=JL 9 = 103; T= ye — 4*4 = .30097 +. 
Now the true value of z must be between .30107 and 
.30097. By shorter methods of Higher Mathematics, the 


logarithm of 2 1s found to be .3010300, true to the seventh 
place. 


459. The logarithm of a number consists of an integral 
part, called the characteristic, and a fractional part, called 
the mantissa. Thus, log 2 = 0.30103; here the character- 


istic Js 0, and the mantissa 1s .30103: log 200 = 2.30103; 
here the characteristic 1s 2, and the mantissa is 30103. 


460. The mantissa is always positive; hence a negative 
logarithm consists of a negative characteristic and a posi- 
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tive mantissa. Thus, the log of 2; = — 1 4-.3010300; the 
log of .03 = — 2 + .477121 (Art. 457). 


461. When the characteristic is negative, it 1s usual to 
write the minus sign over the characteristic, and to omit 
the plus sign before the mantissa. ‘Thus: 

log .2 = 1.301030 ; log. 03 = 2.477121. 

A negative logarithm may also be expressed by adding 
10 to the characteristic, and indicating the subtraction of 
10 from the resulting logarithm. Thus: 

log .2 = 9.301030 — 10; log .02 = 8.301030 — 10. 


462. The characteristic of a logarithm of an integer, or 
of that of a mixed number, is one less than the number of 
integral digits. hus, the characteristic of the logarithm 
of 50 is 1, because 50 > 10 and < 100; hence the logarithm 
of 50 is between 1 and 2 (Art. 457). Similarly, the char- 
acteristic of the logarithm of 320.624 is 2, and of 54761 18 3. 


463. The characteristic of a logarithm of a decimal frac- 
tion Le negative, and is numerically one more than the num- 
ber of ciphers between the decimal point and the left- -hand 
significant figure of the decimal. 

Thus (457): The characteristic of the logarithm of any 
number between .1 and 1 is — 1; of any number between 
.01 and .l is — 2; of any number between .001 and .01 is 
— 3; etc. 


464. Rule for determining the characteristic of a loga- 
rithm of an integer, of « mixed number, or of a decimal. 

If the left-hand significant figure ben places to the left of 
units place, the characteristic of the logarithm will be + n; 
uf the left-hand significant figure be n places to the right of 
unit? place, the characteristic of the logarithm will be — n. 

The characteristic of the logarithm of 6435 1s + 3, because 
the left-hand significant figure, 6, is three places to the left 
of units’ place. The characteristic of the logarithm of 
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.0065 18 — 3, because the left-hand significant figure, 6, 18 
the third place to the night of units. If the left-hand 
figure be 1n units’ place, the characteristic will be 0 


465. Let n represent any number, and let w represent 
any whole number, ether positive or negative; then will the 
logarithms of n and 10” X n have equal mantissas. 

For, let c be the characteristic aud m the mantissa of the 


logarithm of 2; then, from the definition of a common 
logarithm (456), 10^*^ =n. Multiply both sides of this 
equation by 10"; .*. (Art. 117) 10** ^* "^ = 10” Xa. Whence 
c+ w+ m is the logarithm of 10” x n, in which (c + w) 
18 the characteristic and a 18 the mantissa. | 


466. From (465) it follows that changing the position 
of the decimal point m any number does not affect the 
mantissa oi the logarithm. For, moving the decimal point 
to the right 1s equivalent to aoni by 10;, 10% 10°, etc., 
according as the point is moved one place, two places, three 
places, etc. In like manner, moving the decimal point to 
the left is ume to multiplying by 107! = 44, 107* = 
ri, 107" = pak», ete, according as the point is moved one 
place, two places, three places, etc. Thus, the logarithm of 
3570 being 3.552668, then Jog 35.7 = 1.552668, log .857 = 
1.552668, log . 0357 = 3.552668, etc. 


467. Log (wb) = log a+ log b; i.e.: The logarithm of 
any product equals the sum of the logarithms of the factors. 
For, if 10" = a and 10" = b, then 10** " = ab (Art. 117). 
But «= log a, y = log b, and x + y = log (wb) (Art. 456). 
'. log (ab) = log a + log b. 
Similarly, log (adc) = log a + log b + log c; etc. 


EXAMPLES. 


Given log 2 = 0.301, log 3 — 0.477, log 7 = 0.845, and 
log 10* — z (Art. 457); find the logarithms of the foilowing 
numbers by adding the logarithms of the factors: 
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1. 6. Ans 8 nii Ans. 1.380. 
2. 8. Ans. .903. 9. 21. Ans, 1.431. 
3. 9. Ans. .954. 10. 3.2. Ans. 0.505. 
4.12. Ans. 1.079. 11. 20. — Ans. 1.556. 
5. 14. Ans. 1.146. 12. .042. Ans. 2.623. 
6. 16. Ans. 1.204. 13. 490. Ans. 2.690. 
7. 18. Ans. 1.255. 14. .0056. Ans. 3.748. 


468. Log a? =p log a; 1.e.: The logarithm of any power 
of a number 18 obtained from multiplying the logarithm of 


the number by the exponent of the power. 
For, if 107 = a, then (107)? = a". .°. 10” = a? (Art. 127); 


, log a? = px = p log a. 


EXAMPLES. 


Given log 2 = 0.301, log 3 = 0.477, log 7 = 0.845, and 
log 10“ = x; find the logarithms of the following numbers: 


1. 64. Ans. 1.806. 5. 196. Ans. 2.292. 
2.81. Ans. 1.908. 6. .036. Ans. 2.556. 
3. 343. Ans. 2.535. 7. .OUO128. Ans. 4.107. 
4.72. Ans. 1.857. — 8. 25600. Ans. 4.408. 


469. Log a = b = log a — log b ; 1e.: The logarithm of a 
quotient 18 obtained from subtracting the logarithm of the 
divisor from the logarithm of the dividend. 

kou if 10” = a and 10" = b, then 107-4 = a~d (Art. 139). 

. (x — y), which is the logarithm of a + b, equals log a — 
lo; d | 

Similarly, log 27! = log 1 — log b = 0 — log b = — - log A 

Log # = log 3 — log 7 = (—1 +1.47 1) —.845 = 1.632. 


204 ALGEBRA. 


EXAMPLES. 


Given logarithms of 2, 3, and 7 as before, alsolog 10 — 1, 
hind the logarithms of the following numbers : 


1.5. Ans. .699. 5. 5. Ans. 1.456. 
2. 1. Ans. 1.699. 6. 3. Ans. 1.854. 
3. 2. Ans. 1.824. 7. 1.25. Ans. 0.097. 
4. 33. Ans. .544. 8. Ae, Ans. 2.912. 
470. Log Vu = me, l. e.: The logarithm of any root of 


" 
a number 18 equal to the logarithm of the number divided 
by the index of the root. 
For, if 10* = a, then 10r = Va. .°. log Va = - m 7 ad 
Thus, if log 5’ = 4.893, then log V5 = 1(4.893) = .699. 
Similarly, if log 2 = .301, then log V2 = 4 (.301) = .060. 


Also, log V.003 = 1 (— 5 + 2.477) = 4 (3.477) = 1.495. 


471. If a negative characteristic be not exactly divisible 
by the index of the root, add to the characteristic the least 
negative number which will render it so divisible, and 
prefix an equal positive number to the mantissa. ‘Thus: 


1(3.624) =4(— 4+ 1.624) = 1.406; 
1(— 7 + .835) = 4(— 10 + 3.835) = 2.767. 


EXAMPLES. 
Given log 2 = 0.3010, log 3'— 0.4771, log 7 = 0.8451, 
log 10 = 1; find the logarithms of the following : 


1 V9. Ans. 0.1505. 3. 85. Ans. 0.1193. 
2. V7. Ans. 0.9817. 4. 371, Ans. 1.5229. 
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5. 65. Ans. 0.5187. 9. V.007T. Ans. 2.9226. 


6. 55. Ans. 0.1398. 10. Y.021. Ans. 1.7603. 
7.157% Ans. 1.6080. 11. (.0084)8. Ans. 2.3394. 
8. .75. — Ans. 0.8838. 12. 73 X 34 Ans. 0.4010. 


472. ‘The remainder obtained by subtracting the logarithm 
of a number from 10 1s called the cologarithm of the num- 
ber, or the arithmetical complement of the logarithm of the 
number (abbreviated into colog or a.c. log). Thus: 


log 3 = 0.4771 and colog 3 — 7:70 
log 7 = 0.8451 and ac.log 7 = 9.1549 ; 
log 200 = 2.3010 and colog 200 = 7.6990 ; 


log 005 = 3.6990 and colog 005 = 12.3010; 

log  .0009 = 4.9542 and ac. log .0009 = 13.0458. 

lo find the cologarithm: Begin at the left, subtract each 
figure from 9 down to the lust significant figure, and sub- 


tract that figure from 10. 


473. Let « and b represent any two logarithms, then it 18 
evident that a — b = a + (10 — à) — 10 = a + colog b — 10. 

Therefore: To subtract one logarithm from another, add 
to the minuend the cologarithm of the subtrahend, and sub- 
tract YO from the result. 

In like manner, a — b — c = a + (10 — b) + (10 — c) — 
20 = a + colog b + colog c — 20; and so on for any number 
-of subtrahends. 


EXAMPLE. Find the logarithm of Va be, having given 
log a = 1.7321, log b = 2.4792, log c = 5.4771 


(log a + colog 6 + colog c) — 20 = 5.77 198. 
1 (5. 1198) = 4 (— 7+ 2.7758) = 1.3965. Ans. 


TABLE OF LOGARITHMS. 


474. The following table of four-place logarithms con- 
tains logarithms of all numbers up to 1000, the decimal 
point and characteristic being omitted. The logarithms of 


single digits, 2, 3, 4, etc., will be found at 20, 30, 40, ete. 
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a 


0294 | 0354 | 03874 
0682 | 0719 | 0755 
1038 | 1072 | 1106 
1939 | 1967 | 1899 | 1480 
1644 | 1678 | 1708 | 1782 


1931 1959 | 1987 | 2014 | 


0198 
0531 
0899 
1239 
.14 | 1461 | 1492 | 1523 | 1553 | 1584 


15 | 1761 | 1790 | 1818 | 1847 | 1875 
2122 

2380 
2625 
2856 


8075 
3284 
3483 
961 4 

24 | 8802 | 8820 | 8858 | 8806 | 8874 


0255 
0645 
1004 


4401 | 2227 | 2258 | 2279 
2450 | 2480 | 2504 | 2529 
2699 | 2718 | 2742 | 2765 
2923 | 9949 | 2967 | 2989 | 


3139 | 3160 | 3181 | 3901 | 
3345 | 3365 | 3385 | 3404 
3541 | 8560 | 3579 
3729 | 3747 | 8766 
3909 | 3927 | 3945 


4082 | 4099 | 4116 
4249 | 4265 | 4281 
4409 | 4425 | 4440 
4564 | 4579 | 4594 
4719 | 4728 | 4742 


4857 | 4871 | 4886 
4997 | 5011 | 5024 
0192 | 9145 | 5159 
0209 | 5276 | 5289 
0991 | 5408 | 5416 


0914 | 5521 | 5589 
0635 | 5647 | 5658 | 5670 
0402 | 0409 | 5775 | 5786 
5866 | 5877 | 5888 | 5899 
0971 | 9988 | 5999 | 6010 


6085 | 6096 | 6107 | 6117 
6191 | 6201 | 6212 | 6222 
6294 | 6304 | 6314 | 6325 
6395 | 6405 6415 | 6425 
6493 | 6503 | 6513 | 6522 


6590 | 6599 | 6609 | 6618 
6684 | 6693 | 6702 | 6712 

6776 | 6785 |.6794 | 6803 
6830 | 6839 | 6848 | 6857 | 6866 | 6875 | 6884 | 6898 
6920 | 6928 | 6987 | 6946 | 6955 | 6964 | 6972 | 6981 


7024 | 7033 | 7042 | 7050 | 7059 | 7067 
7110 | 7118 | 7196 | 7135 | 7142 | 7159 
7177 | 7185 | 7193 | 7902 | 7210 | 7918 | 7226 | 7235 
7259 | 7267 | 7275 | 7984 | 7292 | 7300 | 7308 | 7316 
7340 | 7348 | 7356 | 7364 | 7372 | 7380 | 7388 | 7396 


9098 
3184 
0902 


4133 
4298 
4456 
4609 
41904 


4900 
0088 
0172 
0902 
0428 


O00 | 


1166 4183 4200 
4350 | 4346 | 4362 
4487 | 4502 | 4518 
| 4624 | 4639 | 4654 | 4669 | 4688 


4814 
4955 
009? 
0224 
0900 | 9: 


0478 
0099 
OTL? 
0832 
0044 


6053 
6160 
6263 


4771 | 4786 | 4800 | 4814 | 4829 


4928 | 4942 
0065 | 5079 


0198 | 5211 


0928 | 0940 


5453 | 0465 


5579 | 5587 


0694 | 5705 


0509 | 5821 
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.39 | 5911 | 5922 Të 
40 | 6021 | 6031 | 6042 
6138 
6243 
6345 
6444 


6542 
6654 
dee 
6821 


6149 
6253 
6500 | 6365 
44 | 6495 | 6444 | 6454 6464 


45 | 6532 | 6542 | 6551 6561 


| 6571 6580 
6665 | 6675 
6789 | 6749 | 6758 | 6767 


6646 | 6656 


; 6911 
150 50 | 6990 | 6998 | 7007 | 701€ 6990 6998 


1007 
7093 


1016 
| 51 | 7076 | 7084 7101 
59 | 7160 | 7168 
53 | 7243 | 1251 


| 54 | 1824 | 7332 


Nä, 

tO 

Ge, 

blan 

oo 

Va, a A 
G3 D a 
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3463 
8820 
8882 
8938 
8993 


9047 
9101 
9154 
9206 
9208 


9309 
9860 
9410 
9460 
9509 


9557 
9605 
9652 
9699 
9749 


9791 
9836 
9881 
9926 
9969 


7495 
7018 


1810 
41882 
19523 
8021 
8089 


8156 


8222 
8287 
8591 
8414 


8476 
8007 
8597 
8657 
8716 


8774 
8831 
8887 
8943 
9098 


9053 
9106 
9159 
9212 
9263 


9315 
9365 
9415 
9465 
9515 


9562 
9609 
9657 
9708 
9750 


9795 


9841 | 
9386 | 


9930 


9974 | 


8779 | 8785 | 874 


1445 
7520 
TOUT 
416123 
T(4 
4818 
T889 
7959 
SO2 
8096 


8162 
8228 
8293 
8357 
8120 | 8426 | 8433 | 8499 | 8445 


8482 


1451 
7028 
1604 
1619 
T52 
1825 
1896 
1966 
8035 
8109 


8169 | 
8235 

299 
8509 
8426 


| 8488 


8543 | 8549 


8603 
8663 
T22 


8837 


8609 
8669 
ETI 


19 | 8735 


B842 


8893 | 8899 
8949 | 8954 
9004 | 9009. 


9058 
9112 


19165 


9217 
9269 
9320 
9370 
9420 


9063 
9117 
9170 
9222 
9274 


9320 | 9825 | 9330 | 9335 | 9340 
9379 
9425 
9474 
9523 


9571 
9619 
9666 
9713 
9759 


9805 
9850 
9894 
9939 

9980 e) 


7459 | 7466 


7536 
1612 
1686 
11460 
(832 
7903 
(973 
8041 
8109 


$176 
82341 
8306 
S340 
S432 


8494 
8505 
8615 
8675 
733 


8791 
S848 
8904 
8960 
19015 | 9020 | 9020 


9069 
9122 
9175 
9227 
9279 


9330 
9380 
9430 
9479 
9528 


051 
9624 
9671 
9717 
9(04 | 9/09 | 9705 | 9160 j 9719. 


9509 
9804 
9899 
9943 
9987 


1545 
1619 
(694 
1401 
1899 
17910 
1980 
8048 
9116 


8182 
82348 
8312 
8376 
8439 


8500 
8561 
8621 
8681 
8739 


8797 
8854 
8910 
8965 
9020 


9074 
9128 
9180 
9232 
9269 | 9214 | 9279 | 9284 | 9289 


9335 
9385 
9435 
9484 
05909) 


9581 
9628 
9675 
9722 
9768 


9814 
9859 
9903 
9948 
9991 


ayen 


mI 5 6| 7|S9 


7419 . 7427 
4497 ; 1505 
7574. 7582 
41649 | 1651 
7793 | 1191 


1414 
1501 
1627 | 
1401 
1444 
1846 
4917 i 
7987 1 
8050 | 
8122 | 
8189 
8254 
8319 
S382 
8445 
8482 | 8488 | 8494 | 8500 | 8506 
8567 
8627 
S686 
8745 


8802 
8859 
8915 
8971 
9025 


9079 
9133 
9186 
9238 
9289 


9340 
9890 
9440 
9489 
9538 


9586 
9033 
9680 
9727 
9773 
9800 | 9805 | 9809 | 9814 | 9818 
9863 
9908 
9952 
9996 
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USE OF THE TABLE WHEN A NUMBER IS GIVEN. 


479.—1. To find the logarithm of 74.6. 

In the column headed JV look for the first two figures, 
and at the top of the table for the third figure. In the 
line with 74 and in the column headed 6 1s seen 8727. To 


this number prefix the decimal point, and before the deci- 
mal point place the characteristic (464). Ans. 1.8727. 
2. lo find the logarithm of 9. 


The mantissa of the logarithm of 9 1s the same as that of 


900 (Art. 465). In the column headed V look for 90, and 
in the column headed 0, on the line with 90, 1s seen 9542. 
.". log 9 = 0.9542. 

3. To find the logarithm of 47.236. 

The position of the decimal point does not affect the 
mantissa (466). Therefore, suppose the point to be placed 
after the third figure, thus: 472.36. In the line with 47 
and in the column headed 2 is seen 6739. Hence the man- 
tissa of the logarithm of 472 1s .6739. In like manner, the 
mantissa of the logarithm of 473 18 .6749. 

The number 472.36 being between 472 and 473, the 
mantissa of its logarithm must be between .6739 and .6749. 
These mantissas differ by .0010, which therefore represents 
the difference for one unit. Since 472.36 exceeds 472 by 
.96, 1t 1s assumed that the logarithm of 472.36 exceeds that 
of 472 by .36 of .0010 = .00036. As this table is prepared 
for four places only, when the fifth figure is less than 5, it 
is rejected ; when it 1s 5 or more the preceding figure is in- 
creased by 1, .". .00036 1s taken as .0004. Add .0004 to 
.6739, and the required mantissa 1s .6743. Ans. 1.6743. 

In practice it is customary to omit the ciphers before the 


36, and to arrange the work as in the following example: 
4. To find the logarithm of .008248. 


The mantissa for 824 = .0159 
Difference for one unit = 6. .8 X 6 = 48 = 5 


.". log of .008248 = 3.9164 
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EXAMPLES. 
Find from the table the logarithms of the following : 
1. 605. Ans. 2.7818. 9. 50008. Ans. 4.6991. 
2. 432. Ans. 1.6355. 10. V624. Ans. 1.3976. 
3. 0129. Ans. 2.1106: 11. Y6.02. Ans. .1949. 
4. .0021. . Ans. 3.3222. — 12. (578)8. Ans. 1.8413. 
5.. 4815. Ans. 3.6826. — 13. 414. Ans. 1.9444. 


6. 49.875. Ans, 1.6979. 14. 47 X 51. Ans. 3.3791. 


7. 00007. Ans. 5.8451. 16. V.018 X 63. Ans. 0.0182. 
8. .09263. Ans. 2.9068. — 16. (3.1410). Ans. 1.4913. 


USE OF THE TABLE WHEN A LOGARITHM IS GIVEN. 


476.—1. To find the number whose logarithm is 2.8543. 

Look for 8543 in the table. It is found on the line with 
71, and in the column headed 5. Hence .8543 corresponds 
to 715. The characteristic being — 2, it 18 necessary to 
prefix one cipher (463). Ans. .0715. 


2. lo find the number of which the logarithm is 1.7384. 
7384 is not found in the table, but 7380 ıs found on the 
line with 54 and in the column headed 7. .*. 7380 corre- 
sponds to 547. But 7388 corresponds to 548. The differ- 
ence for one unit being 8, the required number exceeds 547 


by 5 — .Ò. 
Annex 5 to the number 547, and place the decimal point 
by the rule (462). Ans. 54.75. 


3. To find the number whose logarithm is 3.4563. 
The next less mantissa 18 4548, corresponding to 285. 


The difference for one unit 18 16, and the given mantissa 


exceeds the next less by lò. .'. 15$ —.9 + must be an- 
nexed to the number 285 ; thus 4563 corresponds to the 


sequence of figures 2859. Now place the decimal point 
according to the rule (463). Ans. .002859. 
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In working with four-place logarithms, it 1s useless to 
carry the work for finding the antilogarithms (numbers 


corresponding to given logarithms) beyond the fourth place. 


477. The following 18 the rule for finding antilogarithms: 
(1) If the given mantissa be found in the table, the first 
two figures of the required number will be seen on the same 
line with the mantissa and in the column headed N ; the 


third figure is seen at the head of the column in which the 
mantissa 18 found. 


(2) If the given mantissa be not found in the table, find 
the next less mantissa, and set aside the corresponding 
number as the first three figures of the required number. 

Subtract the next less mantissa from the given mantissa, 
and annex one cipher to the remainder. 

Divide this result by the difference between the neat lower 
and the next higher mantissas ; the quotient will be the 
fourth figure of the required number. 

(3) Insert the decimal point according to the rule (464). 


EXAMPLES. 


Find the antilogarithms to the following logarithms : 


1. 2.4698. Ans. 295. 7. 0.9949. Ans. 9.883. 

2. 1.5977. Ans. 39.6. 8. 4.7310. Ans. .0005383. 
3. 1.8573. Ans. .79. 9. 2.5979. Ans. .03962. 
4. 0.8648. Ans. 7.325. 10. 1.8994. Ans. .7932. 

5. 2.9413. Ans. .08736. 11. .4821. Ans. 3.035. 


6. 3.6888. Ans. .004884. 12. .4672. Ans. 2.932. 


LOGARITHMS IN GENERAL. 


478. Any positive number excepting 1 may be the base 
of a system of logarithms. In the general equation Al = n, 
if b be greater than unity, / will be positive when n >1, and 
l will be negative when n <1. If à be less than unity, / 
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will be negative when 7 > 1, and 7 will be positive when 
n <1. For every base the logarithm of 1 18 0. 


479. In every system of logarithms the rules for I, mul- 
tinlication (467); II, powers (468); III, diviston (469); and 


IV, roots (470), are the same as those given for common 


logarithms. 
Thus: IL If b? = mand i" = n, .'. TY = mn. 


II. If b = n, then 09" = n”. 
III. If b = mand Däi = n, .". DÉI %=-. 


IV. If 0“ = n, then ps Vn. 


480. The difference between the logarithms of two consecu- 
live numbers becomes less as the numbers themselves become 


greater. 
r--1 


L 


For, log (x + 1) — log z = log As x 1ncreases, 
x -E 1 
X 


the value of the fraction 


E 1 
£ 
log x, decreases. 


decreases, hence the loga- 


rthm of 


decreases; therefore its equal, log (2 + 1)— 


EXPONENTIAL EQUATIONS. 


481. An Exponential Equation 1s one in which the un- 
known quantity is an exponent or index. Thus, a” = b; 


Va =b. Such equations usually require logarithms for 
their solution. 


EXAMPLES. 
1. If 27 = 32, find z. Since 27 = 32 = 25, x= 5. 
2. If 27 = nb find z. 
Since 27 = 12, then log 2* = log 12; that is, 
g log 2=log 12; .:. x = a e LL. = 3.58538 + . 


log? .301 
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3. Given 20* = 100, find z. 

log 20* = log 100; .". z log 20 = log 100; 
_log100 2 
~ log 20 ~ 1.301 


4. Find log 144 in the system whose base is 2 V3. 
Let x represent the required logarithm. 


Then, from Art. 454, (2 73)" = 144 = 125; hence by 
squaring each side 127 = 144” = 124; .". x = 4. 

5. Find log; 2. Given common logarithm of 2 =: .3010. 

Let z represent the required logarithm. 


.w 


log 2 
Th hx — 2 * V. lo 5 — ] 2 e , $ . WE zeg, 
en ; dé E Og : ch las 5 
Since log 10 = 1 and log 2 = .3010, .'. log (5 = 19) = 
| .9010 301 
1 = „9010 — . 0 e i " an ee DZ a TD. ; 
S; 6990 2 "6990 7 G99 4306 + 


6. Find log: $; that is, find z in the equation (3)* = }. 


= — — TV = . 41092 e 
log g  1.8239* —.1761 1761 Li 


7. Given 4" + 27 = 72, find z. 

If 27 = y, then 4" = yi. 

Pty =72,.°.4¥=8 or — 9. 

Discarding the negative value of y, we have 27=8, .*. 1=3. 
8. Given 4% + 27 — 12, find z. 

As before, y' + y = 12 and y = 3 or — 4. 

log 3  .4771 


log o — "3010 == 1.585, nearly. 


9. What is the logarithm of 3125 tothe base 5? Ans. 5. 
10. What is the logarithm of 8 to the base 4? Ans. — 3. 


11. Given log 2 = .301, find the number of digits in the 
sixty-fourth power of 2. Ans. 20. 


12. Find log, 248. Ans. 5. 
13. Given (4)* = .5, find z. Ans. 3.103. 
14. 207 + 57 = 650, find x. Ans. 2. 
15. 9^ + 3" — 42, find z. Ans. 1.631. 


'. 27 = 3, whence z = 
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EXERCISE XXVI. 


1. 3.1416 x 672 =? 6. (15)! = ? 
2. 3.1416 x (2.7)! =? 7. (2%)8 =? 
3. 70642 + 82.3 =? 8. (6.7)? =? 


4. 31.06 — 6.9 X .541 =? 9. Find log, 125. 
5. If 10! —2, findlog.0625. 10. 213 =? 


Find the value of z in each of the following: 


11. 67 + 6: — 30. 12. a?" t° = d. 13. ac“ = n. 
14. I. 24.34 = 2000; II. 52 = 32. 
15. a" — a" = fi — 1. 
16. (a? — PA)“ = (a — 0)" + (a+ by. 

17. 3E —52*1— 1200, - 19. (48)7 — ($) — 2. 

18. ($)* — ($) = 6. 20. 8* — 3(27) = 2. 


CHAPTER XXVII. 


RATIO, PROPORTION, AND VARIATION. 


482. THE Ratio of two numbers is their relative magni- 
tude expressed by the fraction of which the first is the 
numerator and the second is the denominator. 


Thus the ratio of 6 to 2 1s indicated by the fraction $ ; 
the ratio of 2 to 6 1s indicated by the fraction 2; the ratio 
of $ to # 1s indicated by the fraction $ = £ + 3. 


483. The ratio of a to b is usually written a: 0 (read a is 
to b). The first term of the ratio 1s called the antecedent, 
and the second term 1s called the consequent. 

When the antecedent 1s greater than the consequent, the 
ratio is called a ratio of greater inequality; when the ante- 
cedent is equal to the consequent, the ratio is called a ratio 
of equality; when the antecedent is less than the consequent, 
the ratio is called a ratio of less inequality. 


484. When two quantities are commensurable (that 1s, 
can be expressed in integers in terms of a common unit), 


their ratio 1s equal to the ratio of the two numbers by which 
they are expressed. Thus, the ratio of $9 to $12 is 455; of 
21 ft. to 31 ft. 1s 24 + 31 = 19. 


485. Two quantities of different kinds can have no ratio. 


Thus, 2 hours and 3 inches have no relative magnitude. 
(264) 
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486. When two quantities of the same kind are incom- 
mensurable, it is not possible to express their ratio by a 
fraction both of whose terms are integers; yet a fraction of 
this kind may be found which shall express the ratio oi the 
two quantities to any required degree of accuracy. 

For, let a and b represent two incommensurable numbers; 
also, let b = nz, where n is an integer, and let a be greater 


than mz and less than (m + 1)z. Then : > n that 1s, 


; < E S E 'l'hus the difference between ; 


m. 1 
and z 18 less than "has »-l Since nz = b, when z is 


diminished n is increased and n~: is diminished. Hence, 
by taking 2 small enough, 77^! can be made less than any 


assigned magnitude, and therefore the difference between 


a m 


a and , can be made less than any assigned magnitude. 


487. A ratio will not be altered if both rts terms be mul- 
tiplied or divided by the same number. 
a ma , a. ma 


For, a : b = Go and ma : mb = =z Since T 


sz, a4: b = ma : mb. 


a 


b 


m e 


488. A ratio of greater inequality will be diminished, 


and a ratio of less inequality will be increased, by adding 
the same number to both terms of the ratio. 


a 
For, let 5 


formed by adding any positive number, 2, to both terms of 


at x a 
Ere >or < A? according as 


; that is, according as ab + bz 


represent any ratio, and let a new ratio be 


the original ratio; then 


CSS 
>or <.ab+ ax; that is, according as Ar > or < az; that 


Is, according as 6 > or « a. 
Alg.—23. 
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489. In like manner it may be shown that a ratio of 
greater inequality will be increased, and a ratio of less in- 
equality will be diminished, by taking from both terms of the 
ratio any number which 1s less than each of these terms. 


490. Ratios are compounded by multiplying together the 
fractions that represent them. ‘hus, ac: bd is said to be 
compounded of the two ratios a : 6 and c : d. 


491. When the ratio a: 6 1s compounded with itself, the 
resulting ratio, a" : 0“, is called the duplicate ratio of a: b. 
Similarly, a" : 6”, the ratio compounded of a: 6, a : b, a: b, 
is called the tripltcate ratio of a: 0. 


The ratio Va: Yo is called the subduplicate ratio of 
a : b; and Va: Vb is called the subiriplicate ratio of a: b. 


492. A ratio of greater inequality compounded with an- 
other increases 1t, and a ratto of less inequality compounded 
with another diminishes it. 

Let the ratio z : y be compounded with the ratio a: b; 
the compound ratio az: by is greater or less than a: b, 


‘ 4M e a e e 
according as — is greater or less than ~; that 18, according 


by D 
as x is greater or less than y. 


493. Ratios are compared by reducing the fractions which 
represent them to a common denominator, and comparing 
the numerators of the resulting fractions. Thus, 4:5 is 
compared with 7: 9 by comparing 4 with 3. Now $ = 34, 
and $ = 38; .". 4:5 1s greater than 7 : 9. 


EXAMPLES, 


1. Compare the ratios 5: 7 and 2:3. Ans.5:7>2: 8. 
2. Find the value of £ : 8. Ans. 15 : 14 = 44. 


3. Compound 2:3, 3:4, 6:7. 
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4. Compound the ratios a + b : a — b, à? 4-0 : (a+ bF, 


(a? — by ia! — bi. Ans. 1. 
6. Write the duplicate ratio of 3: 2, and the subdupli- 
cate ratio of 100 : 169. Ans. 9 : 4, 10 : 13. 


6. Two numbers are in the ratio of 6 : 7, and if 4 be sub- 


tracted from each, the remainders will be in the ratio of 
4:5. Find the numbers. Ans. 19 and 14. 


7. Compound the duplicate ratio of 3 : 4, the triplicate 
ratio of 2 : 3, the subduplicate ratio of 16 : 9, and the sub- 
triplicate ratio of 27 : 64. Ans. 1: 6. 


8. Show that V2 : V3 > V3: V5. 


PROPORTION. 


494. Proportion is an equality of ratios. Thus, if 


a, b, c, d are four numbers such that p= 7 these four 
numbers are called proportionals, or are said to be in pro- 
portion. This proportion may be written a:0=c:d 
(read, the ratio of a to b 1s equal to the ratio of c to d), or 


a:b::c:d (read, ais to b as c is to d). 


495. When a: 6 ::c: d, a and d are called the extremes; 
b aud c are called the means ; a and c are called the ante- 
cedents ; b aud d are called the consequents; a and b are to- 


gether called the first couplet; c and d are together called 
the second couplet. 


496. When four numbers are in proportion, the product 
of the extremes 18 equal to the product of the means. 
C 


For, ifa:b::c:d, then = = Toc (Ax. IV) ad = be. 


497. Hence, if a : b :: 5: d, then ad = 0’. 
In this case 0 18 said to be a mean proportional between 


d and d, and d 18 called a third proportional to a and 0. 
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498. If any three terms in a proportion are given, the 
fourth may be determined from the equation ad = óc. 


499. /f the product of two numbers be equal to the product 
of two others, the four are in proportion; the two factors 
of either product beng taken for the means, and the two 
factors of the other product for the extremes. 


, ae ad be 
For, if ad = bc, by dividing by od, LT CC» 
a c 
that 18, PCM .0:65::c:d. 
900. If ad = bc, then it follows from (499) that: 

"d be 

1. a:b:c:d, since 77 = mi 

ad be 
II. a:c::0:d, since ds 7 de" 
III. d:0::c:a, since Be "b 

ba ba 

IV. d:c:: 6: a, since = E E 

"C ac 

V. b:a: do, inet oo 

ae ac 

bc ad 

VI. 6: da: 0c, since 7" on 

VII. ¢:a::d: b, since AGO i 

ab ab 

| óc ad 

VIII. c:d::«:6, since BA = ny 


It 1s evident, therefore, that if four numbers be propor- 
tionals, the relations between them may be expressed in 
elght ways. 

lo change one of the above forms into another: Take 
the product of the extremes equal to the product of the 
means, and divide both sides of the resulting equation by 


the product of the consequents of the required proportion. 
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001. /f four numbers are proportionals, they are in pro- 
portion when taken by ALTERNATION; that 1s, the first is to 
the third as the second is to the fourth. 

Ifa:b::c:d, then a:c: ob: d. 

For, ; ng d multiply by d SÉ -= ai Or, a: C:: 0: d. 

9002. If four numbers are proportionals, they are in pro- 
portion when taken by INVERSION; that is, the second is to 
the first as the fourth is to the third. 

If a:5::c:d,thenb:a::d :c. 

b d 


C , E, 0 € 
7 d^ : Alò =it ji that 18, * 22 
o | 


003. Jf four numbers are in proportion, they are tn pro- 
portion by COMPOSITION; that is, the sum of the first and 


second is to the second as the sum of the third and fourth 
t3 to the fourth. 

Ifa:b::e:d,thena+b:d::c+d:d. 

a e . a+b ctd 

" «pp +1= 7+ l; that is, a e 
ora+6:b::c+di:d. 

If the given proportion be taken by inversion, 1t can be 
shown similarly that a+60:a::¢+d:c. In like manner, 
by alternation and composition, a+ c:c::b+ d:d. 


a 
For, D — 


004. [If four numbers are in proportion, they are in pro- 
portion by DIVISION; that is, the difference between the first 


and second ts to the second as the difference between the 
third and fourth is to the fourth. 
Ifa:b::c:d,thena—0d:b::c—ad:d. 
a c a C a—b c—d 
n ziele, whence ` — d ^? 
ora —6:6:c—d:d. 
Similarly, by inversion and division, b —a:a::d—c:06; 
also, by alternation and division, a — c:ce::b — d:d. 
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905, Jf four numbers are in proportion, they are in pro- 
portion by composition and division. 
Ifa:b::ce:d,thenat+b:a—6b::ce+d:c—d. 


From (503), a a JO : T E > and from (504), dn a a 
a+b c--d 
(Ax. V) a+ pus UT or, a+b:a—b::c+d:c—d 


906. Jn a series of equal ratios, the sum of the antecedents 
18 to the sum of the consequents as any antecedent is to its 
consequent. 

TR ME NN. A 

For example, if "nr ini im then 

atetetg:b+td+fthiiec 


C 
since P . ad = be. 
Since 67 — " 28 =e 
since yo T . ed = fe. 
since GË D e . gd = hc. 


Whence, by addition, d(a + c + e + g) =c(b+d+f+h). 
'. (499), a+c+e+g:b+d+fi+hze:d, 


007. If a, 0, c, d be in continued proportion, that 1s, 
ifa:b::b:c:: e: d,then as: e:: à? : P,anda :d :: a” : bi, 


Ror H — 9 8 yaa ye, AW, 
^b ci C b b b c Oo 
that 1s, git ete 
Similarly, £ x x $ 2 8 X % D 8. 
"be ad b un b^ d 
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508. If four numbers are proportionals, the first couplet 
may be multiplied or divided by any number, as also the 
second couplet, and the resulting numbers will be propor- 
tionals. 


Ifa:b::c:d, then ma: mò :: ne: nd. 


C 2 (t AC 


a 
For, — = =: .".—— = —,7 or ma:mb::ne: nd. 
'b od? mb nd’ 


909. /f four numbers are proportionals, the antecedents 


may be multiplied or divided by any number, as also the 
consequents, and the resulting numbers will be proportionals. 


Ifa:b::c: d, then ma : nb :: me: nd. 


Fo a C e Cusen ma mc ma mc 
T Eng Us r r "ue , " ` e, TF eg, Ee , 
ob d b d’ nb na’ 
or, ma: nb :: me: nd. 


510. If two proportions have a common couplet, the other 
couplets form a proportion. 


"d :c:d, and ifa:ó ze: f, then c:d::e:f. 


= 5 and = = 5 an) = zi or, C d'et 
511. Jf the antecedents in two proportions be the same, 
the consequents will be in proportion. 
If a:5::c:d, and 1fa:e::c: f, then 5: e: f. 
If a:5::c:d, then (Art. 501) a:c:: 6 : D 
Ifa:e::c: f, then (Art. 501) a:c::e: f. 
Whence (Art. 510) Ob: d::e: f. 
Similarly: Zf the consequents in two proportions be the 


same, the antecedents will be in proportion. 


For, + ER 


012. The products of the corresponding terms of two or 
more proportions are in proportion. 
Ifa.b::c:d,e:firrgi:h,kili:min, 
a e, e g kom 
anti b af Kl mw 
The product of the first sides 1s equal to the product of 


aek — egm, .*. aek: bfl :: cqm : dln. 


the second sides; .°. Zo T die 
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513. If four numbers be in proportion, their like powers, 
or like roots, will be in proportion. 


If a:5::c:d, then a" : 0^ :: 0%: di, 


d ze , where n may be integral or frác- 


514. If two quantities be increased or diminished by like 


parts of each, the results will be ın the same ratio as the 
quantities themselves. 


Fo, FSI 
ER xb 

d d 

a:b a+ och + <b 

d d 


515. If a and b are ina, and if cand d are 


m 
also incommensurable; also, if when — lies between — and 


b 7} 


m + I, then C also lies between — “and ox: 
n a A n 


a c 
numbers m and n are increased, then — = —. 


D d 


For, if a and ` are not equal, they must have some 


assignable difference, and since each of them hes between 


ale and m+ 1, this difference must be less than 1 e T Soa 


n n ai 

But since 2 may, by supposition, be increased without limit, 

n”' may be diminished without limit; that 1s, a 7' may be 
a 


, however the 


made less than any assignable magnitude. Therefore, " and 
5 have no assignable difference, so that we may say ; = T 


Hence all the propositions respecting proportionals are 
true of the four numbers a, 5, c, d. 


VARIATION. GK 


EXAMPLES. 
1. If 4:6 :: x: 36, find z. | Ans. x = 24. 
2. If 3, z, and 867 are in continued proportion, find z. 


Ans. x — 5l. 


3. Find a third proportional to 25 and 40. Ans. 64. 
4. Find a mean proportional to 16 and 9. Ans. 12. 
6. If 5y — 8x: 12 — 5y :: 6:1, find the ratio of z to y. 
ANS. 6: 10. 
6. Ifa'—b:artb:: (a — by : x, find a. 
Ans. z= a — D. 
7. What number added to each of the numbers 4, 8, 10, 


16 will make the results proportional ? Ans. 8. 
8. Ya 45 Ke 15:3. nbl Ans. x = 38). 
9. Given z Ey :x::5:3, and 7:2::3:y, to find z 
and y. Ans. t= L3, y — c2. 
10. Given a+ y:tr—y::3:1, and 2 — s? = 56, to find 
x and y. Ans. x = 4, y — 2. 
VARIATION. 


516. Variation is an abridged form of proportion. It is 
employed when two quantities are so related that if the 
value of one be changed, the value of the other is necessarily 
changed. 

Thus, if A work for $4 a day, his total wages will de- 
pend upon the number of days he works. If he work 
twenty days, he will receive $80; if he work twice as many 
days, he will receive twice as many dollars; etc. “That is, 
as one day 18 to n days, so is A's daily salary to A's total 
salary for 4 days. Hence we say that if A's salary for one 
day be fixed, Ais total salary varies as the number of days 
he works. 
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917. Variable Quantities are such as admit of various 
values in the same computation. In this chapter variables 


are represented by capital letters. 


918, Constant or Invariable Quantities are such as have 
only one fixed value. In this chapter constants are repre- 
sented by small letters. 


919. Two variable quantities are said to vary directly 
when their ratio is constant. Thus, the length of a shadow 


varies directly as the height of the object which casts it. 


If aa — c, a constant quantity, we say that A « B, the 


symbol « being used instead of varies or varies as. 


Since 7. —0,.'. A = cB. 

920. Two variable quantities are said to vary inversely 
when their product is constant. ‘Thus, the distance being 
fixed, the rate and time vary inversely; for, as the one 1s 


increased, the other 1s diminished in the same ratio. 


C 1 1 
If vii. then A = 7 =C X p and dA x=. 


921. If A =cBD, where c is constant, then A is said to 
vary as Band Djointly, written thus: A « BD. 

For example, A’s total wages will vary jointly as the 
number of days he works, and his wages per day. 


cB 


532. If A = Ty where c 18 constant, then A is said to 
vary directly as B, and inversely as D, written thus: A a = 


For example, the time occupied in a journey varies 
directly as the distance, and inversely as the rate of travel. 


023. Besides the four kinds of variation heretofore men- 
tioned, many other forms are to be noted; thus, 4 may 


VARIATION. DI 


vary as the square or the cube of £; inversely as the square 
or the cube; directly as the square and inversely as the 
cube; etc. For instance, the intensity of the light shed by 
any luminous body upon an object varies directly as the 


mass of the luminous body, and inversely as the square of 


M 


its distance from the object. ‘Thus, A « np 


524. If A œx Band Ba C, then A « C. 
For, let A = mB and B = nC, where m and n are con- . 


stants; then A = mn C, and, as mn is constant, A « C. 


029. If A « C and Bac, then 44 5 « C, and 


* 4 P «x C. 
For, let A= mC, and B = nC; then A + B — (m x n)C; 
hence, since m + n is constant, A £ B « C. 


Also, AB =mnC?; .". VAB=CVmn; .'. V AB a C. 


526. If A « BC, then Sur. end C cx GG 


C B 
For, let A = mEC, where m is constant; therefore 8 = 


A 1 A A - A 
m — c" ek ka d ud: similarly, la B' 


524. If Aa Band C « D, then AC « BD. 


For, let A = mB and C= nD, where m and n are con- 
stants; then dC = mn BD; .". AC œx BD. 


528. If A « B, then A" « B". ` 
For, let A = mB; then A" = m” B”; .°. A" « B". 


029. If A œx B, then AP œ BP, where P isany quantity, 


variable or invariable. 
For, let A = mB; then AP = BP; .'. AP x BP. 


530. If, when C is constant 4 oc B, and when P is con- 
stant A « C; then A « BC. 

For, since A « D when C'1s constant, A must be of the 
form mB, where m is some constant which may, therefore, 
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contain the constant C, but not B. Hence A must contain 
D as a factor, but not B°, B°, B', etc., and may contain C. 

Since A « C when B is constant, A must also be of the 
form n C, where n is some constant which may, therefore, 
contain the constant B, but not C. Hence A must contain 
C as a factor, but not C^; C", etc., and may contain D. 

Therefore A contains B and C as factors, but no other 
powers of 5 or C; hence A must be of the form p 5C, where 
p is constant, containing neither 5 nor €; .*. A « BC. 

Similarly it may be shown that if any quantity vary 
separately as each of several others when the rest are con- 
stant, it varied as their product when they may all vary 
together. 


EXAMPLES. 


1. If da B, and when A = 4, B = 8, what is the equa- 


tion between A and 5? Ans. B = 24. 
2. If Ae D, and when A = 4, B = 1, what Js the value 
of A when 5B — 5? Ans. A = 20. 


3. If A varies inversely as B, and when A = 1, B= 8, 
find the equation between A and 5. Ans. AB = 4. 


4. If A*« °, and A = 2 when J = 3, find the equation 


between A and 5. Ans. 27A* = 4B", 

5. If Aa 5, and A — $ when B = 4, what will be the 
value of A when B= 12? Ans. A = 63. 

6. If D? x, and when A = 1, B = 2, and C = 3, ex- 
press A in terms of B and C. Ans. A = 4 B°C. 


7. IfA — P 4 - C, and if. Ba D and Ca D’, also when 
D —1, 4 = 6, and when D=2, A = 20, express A in 
terms of D. Ans. A — 2D + AD*. 


e. If AB « A* + B, and when A = 3, B = 4, express 
AB m terms of A? + P”. Ans. AB = 12(A* + D’). 


VARIATION. we 


EXERCISE XXVII. 


1. Compare 4 : 5 and 11 : 13, 13 : 14 and 25: 27. 
2. Compare the ratios a — 6: a + b and à? — P : a+ 6. 
3. Compound z? — 9z + 20: z? — 6z, 

and z? — 13z + 42 : zè bn, 


4. Compound the duplicate ratio of 3 : 2, the subdupli- 
cate ratio of 27 : 48, and the triplicate ratio of $ : 2. 


5 What number must be added to each term of the ratio 
8 : 11 that it may become equal to 4 : 5? 


6. Find two numbers in the ratio of 3 : 2, such that if 9 
be added to each the sums will be in the ratio of 4 : 3. 


7. Find a fourth proportional to 6, 10, 12; to 12, 5, 10. 
8. 3:4: #:z. Find zs 

9. Find a third proportional to 8, 12; to 6, 9. 

10. Ifa: 5 :: b: c,show that a*--7? : a+c :: a"—b" : a—c. 


11. If a: b :: e: d; and m:n: p:q, show that 
ma + nb: ma — nb :: pe + qd : pc — qd. 


12. Ifa: b ::5:c, show that a" — 6? : as: BP — de: e. 


13. If a: 06::0:c, show that a+o6o-—+c:a— brc: 
(at+to+cy:¢€0+6+ ci, 


14. What number added to cach of the numbers a, 0, c, d, 
will make the results proportionals ? 

a? C 
ui +i : KE 

16. If four numbers are proportionals, and if the sum of 
the extremes be not equal to the sum of the means, show 


that there is no number which being added to each will 


leave the resulting four numbers proportionals. 
a b 


Mae fhe 
: Ug 


15. Ifa: b :: c: d, show that a+ : 


17. If a: b —c:d,e:f —g:h, show that HE 


à (e ALGEBRA. 


18. Ifa:b::¢e:d, à--DP:a35—D:c-- d i — a’. 


19. If (a+0-+c+d)a—b—c+d)=(a—0x+c—d) 
(a +b — c — d), prove that a, b, c, and d are proportionals. 


20. If four numbers are proportionals, show that the sum 
of the greatest and the least of them 1s greater than the 
sum of the other two. 


21. If a: b — c: d showthat 7a + b : 3a + 50 Med: 
3c + 5d. 


22. If a : b=c : d, show that a—e—(b-d) = Mo“), 


23. If A x Db, and 5 — 9] when A = 3, find the equation 
between A and B. 


24. If AB « A? + and A = 3 when 5 = 6, find the 
equation between AS and A* + D". 


2 


25. If C? c D’ — «^, and C= m when D = Va? + 83, find 
the equation between C and D. 


26. If D = a + Ð, in which Ba eA and when C = 2, 
D = 0, also when C — 3, D = 1, find the value of D when 
C — 6. 

27. If C = a + B, in which B « CD, and when C= 2, 
D = — 23; when O= — 2, D = 1; express D in terms 
of C. 

1 1 


28. If AP? « C, and AC? « B, show that A a FAZ 


29. If D = A+ B, in which A « C, and Ba » and if 
when D = 4, C = 1; when D = 5, C= 2; find the equa- 


tion between C and D. 


30. If S o ? when f is constant, and S œ f when f is con- 
stant, and when / = 1, f = 25, find the equation between 


S, f, and f. 


CHAPTER XXVIII. 


SERIES. 


531. A Series is a succession of numbers, called the 
terms, each of which is derived from one or more of the 
preceding ones by a fixed law, called the luw of the series. 

Thus, 1, 3, 5, 7, 9, etc., is a series, and each term 18 
found by adding 2 to the term immediately before it. 


532. An Infinite Series 18 one that consists of an un- 
limited number of terms. A Finite Series contains a limited 


number of terms. 


033. A Converging Series is an infinite series in which 
the sum of the first a terms can not numerically exceed 
some finite number, however great n may be. | 

Thus, 1, 4, 4, 4, de, de etc., 18 a converging series, be- 
cause the sum of any number of its terms 1s less than 2. 


534. The Sum of a converging series 18 the limit to which 
we approach by adding together more terms, but which can 
not be exceeded by adding together any number of terms 
whatever. By taking n large enough, the sum of the first 
n terms of the series can be made to differ from the limit 
by less than any assigned magnitude. 


939. A Diverging Series is an infinite series in which, 
by taking n large enough, the sum of the first n terms can 
be made larger than any finite number. 

Thus, 1, 2, 3, 4, 5, 6, etc., is a diverging series. 

(279) 
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936. If we divide 1 by 1 — z, the quotient 18 the infinite 
senesl+z+zi+z a—+z=-—+ .... If z be any positive 
number less than unity, this series 1s convergent. Thus, 
1f x = 4, then 1 +(1—z) = 1 — 4 = 2, and the series is 
1+$+4+4+4+4.-.., whose sum can be made 
to ditfer from 2 by as little as we please, by increasing 1n- 
definitely the number of terms taken. 

By taking z small enough, we can make 1 + (1 — x) ap- 


proach as near unity as we please. Thus, if v = .01, 1 + 


, 1000 
(1 — x) = g 5 Hx = .001, 1 + (1 — z) = ggg; ete. 


By taking z nearly equal to 1, the sum of the series can 
be made very great. Thus, if z = .99, 1 + (1 — xz) = 100; 
if z —.999, 1 + (1 — x) = 1000; ete. 


—1--z-4-az-r-a--... becomes 


EE EE ... That is, 4 = an unlimited 
number, expressed thus: 1 = a, 

The only meaning to be attached to this expression is, 
that, by taking a denominator small enough, we can make 
the value of a fraction as large as we please, without limit. 


If z » 1, the series is divergent. Thus, if z = 4, 


ni but 1 + 1+z“+z-i+ z+...=I1I+4—+ 


16 + 644+ 256+... , and the more terms of the series 
we take, the more does their sum diverge from — 4. 


037. There are certain fractions which, on a certain sup- 


position, assume the form $. Such fractions are called 
1—2 0 


ie 
kan 
kry 


"1-2 0 

The symbol 2 denotes indeterminatton, and may be in- 
terpreted in one of two ways: 

(1) The expression which equals 9 18 really indeterminate, 
and may be satisfied by any value. 


vanishing fractions. Thus, if z = 1 
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(2) The fraction may have a factor common to both 
terms, and, by the supposition made, this factor becomes 0, 


n A becomes ke 
l — x 0 
when z = 1. IKz=1,thenzy—1=0. Nowseeifzx—1 
or 1 — x18 a factor of each term. If so, divide each term 
by the common factor, and then the real value of the frac- 


tion 18 readily found. Thus: 
101—727 lr 3,, — 
Ter irc) -=z (if r = 1). 
038. The number of different series is unlimited, but 
three kinds are of primary importance, called Arithmetical, 


Geometrical, and Harmonical Progressions. 


whence each term becomes 0. Thus, 


ARITHMETICAL PROGRESSION. 


039. An Arithmetical Progression is a series each term 
of which is derived from the preceding, by adding a con- 
stant number. Thus, 1, 3, 5, 7, 9, . . . 1s an arithmetical 
progression. 


540. Let a represent the first term, and d the common 
difference; then the terms of the arithmetical progression 
are a,at+d,a+2d,a+3d,a+4d,..., in which the 
series will be increasing or decreasing according as d 18 
positive or negative. 

Since the co-efficient of d in each term is less by unity than 
the number of the term, ."”. the nth term is a + (n — 1)d. 

If / represent the nth term, then / =a + (n — 1)d. (I) 


541. Let s represent the sum of the series. 


Thens=a+(a+d)+(a+2d)+...+1. 


By writing the terms 1n reverse order, we have also 


sal+(—d)+(l—2d)+...+a. 
Therefore, by addition, 
2s — (a FD) c (a 0D (Do. , . to n terms. 


t. 28 = n(a + l), whence s = ` (a + J). (IT) 
Alg,—24. | K 
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042. In an arithmetical progression, the sum of any two 
terms equidistant from the beginning and the end, is equal 
to the sum of the first and last terms. 

For, the rth term from the beginning is a + (r — Id, 
and the 7th term from the end is | — (r — ld, 
and the sum of these two terms is (a + l). 


043. If the number of terms in an arithmetical progres- 
sion be odd, the middle term 4s equal to half the sum of the 
extreme terms. 

Every odd number is of the form 2r + 1; therefore, let 
n —2r--1. Thus the middle term, m, has 7 terms before 
it and r terms after it; hence a is the (r + 1) term, count- 
ing from each end. 


Therefore, m =a + vd, 
and m = Ll— rd. (Art. 540, I); 
whence, by addition, 2m =a-+ l; 


'. m= i(a-4-I). 


044. The Arithmetical Mean between two numbers 18 
the number which, when placed between them, will form 
with the given numbers an Arithmetical Progression. ‘Thus, 


7 1s the arithmetical mean between 5 and 9, anda+ d is 
the arithmetical mean between a and a + 2d. 

From Art. 543 it follows that the arithmetical mean 
between two numbers is half their sum. 


545. To insert a given number of arithmetical means 
between two numbers. 

Let a and / be the two given numbers, and let m repre- 
sent the number of terms to be inserted. Then the mean- 
ing of the problem 1s, that we are to find m + 2 terms in 
arithmetical progression, a being the first term and / the 


last. Since l=a-+(m + Id, (540, I,) .'. d = ———.. 


This finds d, and the m required means are a+ d, a + 2d, 
atd3d,...,a-+md. 
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546. From the two equations, 
(I)2=a+(n—1)d; (Il) s=F (a+); 


any two of the quantities a, d, /, n, s may be found when 
the other three are given. For example,— 


To find / when a, d, s, are given. 
Since 7 1s neither given nor required, eliminate n. 


l — a 28 
From l, n= 7 +1. |. From II, ees 


7 PE dome j? in which / is required. 


l T 
Clear of fractions. lè — a? -+ ad —+ dl = 2ds. 
2 2 
Transpose and add a F-4- dl + ch = 2ds + a* — ad + T 


Extract square root. 7+4d = + V2ds + (a — dy. 


EXAMPLES. 
1. Given a = 8, d = 2, s = 44, find n. Ans. n = 4. 
2. Sum 2, 5, 8, 11, . . . to 20 terms. Ans. 610. 


3. Find d when a = 2, l = 50, s = 520. Ans. d= 219. 
4. Find the sum of the first n odd numbers. Ans. n'. 


5. The first term of an arithmetical progression being 2, 


and the fifth term being 10, how many terms must be 
taken that the sum may be 90? Ans. 9. 


6. If s = 36, a = 12, d= — 2, find n. Ans. n = 9 or 4. 


7. Insert six arithmetical means between — 1 and 20. 
Ans. 2, 5, 8, 11, 14, 17. 
8. The sum of the first two terms of an A. P. is 4, and 
the fifth term 1s 9; find the series. Ans. 1, 3, 5, 7, 9, etc. 


9. In the series 1, 3, 5, 7, . . . the sum of r terms: the 
sum of 2r terms :: 1:2; determine the value of z. Ans. 4. 


10. Divide 3 into 5 parts whose common difference is 4. 


Ans. 1, 2, 2, f, 1. 
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GEOMETRICAL PROGRESSION. 


547, A Geometrical Progression is a series of terms each 
of which is derived from the preceding, by multiplying it 
by a constant factor, called the ratto. 

Thus, 1, 2, 4, 8, 16, . . . 1s an increasing geometrical 
progression whose ratio 1s 2; also, 18, 6, 2, 3, . . . 1s a 
decreasing geometrical progression whose ratio is 4. 

If a be the first term and r the ratio, then a, ar, ar’, 
ar" e.. isa geometrical progression which is an increasing 
series when r > 1, but a decreasing series when r < 1. 


548. Since the exponent of r 18 less by unity than the 
number of the term, therefore the nth term = ar"—}+ 

If / denote the nth term, then l = ar"-!, (I) 

If s denote the sum of the series, 

7, S=atartartart+...ta"}; 
'. er — ar + a? + ar t+... 4r ar"-!-- a", 

Hence, by subtraction, sr — s = a?" — a. 

mE . a(1* — 1) 


Whence $———q (IT) 

Since ar” = ri, .'. $ = ES = (IIT) 

When r < 1, formulas II and III will be more conven- 
jent if written: IL s = 4A. — 7). prz 4:2 — "f 
1 — r l — n 


049. The Geometrical Mean between two numbers 1s that 
number which when placed between them will form with 
the given numbers a geometrical progression. 

Let the two numbers be a and 0, and let G represent 
their geometrical mean; then, a, G, and 6 being in geomet- 


rical progression, = a ^. G = ab, whence G = Vab. 


That is: The geometrical mean between two numbers 18 
equal to the square root of thei product. 
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550. To insert a given number of geometrical means be- 
tween two given terms. 
Let a and / be the two given terms, 7 the ratio, and m 


the number of terms to be inserted. 
Then the meaning of the problem is, to find m + 2 terms 
in geometrical progression, a being the first term and / the 


1 
last. From (548, I), l = an" "1: wt. r= wé This 


finds 7, and the required terms are ar, arè, ar" .... ar”. 
3 b 3 3 bi 


551. If r < 1, then the larger n is the smaller will r” be, 
and by taking n large enough 7” can be made as small as 


we please. If 2 be taken so large that 7” may be neg- 
lected in comparison with unity, the value of s = ~~ = ) 
«(1—0) a 
1—r l-r 
By taking n large enough, the sum of n terms of a decreas- 
ng geometrical series can be made to differ as little as we 
please from a— (1 — n). 
This statement 18 sometimes abbreviated into the follow- 


ing: The sum of an infinite number of terms of a decreas- 
ang geomelrical progression is a + (1 — r). 


Hence: 


reduces to s = 


552. In (548) we have five quantities occurring, namely, 
a, ",l,n,s; and these are connected by the equations I 
and II, or II and III, there given. We might, there- 
fore, propose to find any two of these quantities when 
the other three are given; 1t will, however, be found that 
some of the cases of this problem are too difficult to be 
solved. The following four cases present no difficulty: 

(1) Given a, 7, n. (3) Given 7, n, L 
(2) Given a, n, l (4) Given r, n, s. 
In the four cases in which 7 is required, the unknown 


quantity 1s an exponent, and may be found by the use of 
logarithms. 
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EXAMPLES. 
1. sum to n terms 34+2R+4£Xjt+... sins. 911 — (FY. 
2. sum to infinity 3 +2+44... Ans. 9. 
3. Sum to infinity 3 +; —... Ans. $4. 
4. Given a, r, $, to find J. Ans. l = ER 
5. Given a, r, l, to find n. Ans. n = SE +1. 
log r 


6. Find two numbers whose sum is 13, and geometrical 
mean 6. Ans. 9 and 4. 


7. Find three numbers in geometrical progression whose 
sum is 26, and the sum of their squares 364. Ans. 2, 6, 18. 


8. The sum of two numbers is 10, and their geometrical 


mean is 3 of their difference; find the numbers. 
Ans. 9 and 1. 


9. Find three numbers in geometrical progression whose 
sum 1s 21, and the sum of the first and second : the sum 


of the second and third :: 1 : 4. Ans. 1, 4, 16. 


10. The sum of three numbers in G. P. is 7, and the sum 
of their reciprocals 1s 1 ; find the numbers. Ans. 1, 2, 4. 


11. There are four numbers in G. P., the sum of the ex- 
tremes being 18 and of the means 12; find them. 
Ans. 2, 4, 8, 16. 


12. There are four numbers in A. P., and if 2 be added 
to the third and 8 to the fourth, the first, second, and the 


two sums will be in geometrical progression; find the num- 
bers. Ans. 2, 4, 6, 8. 


HARMONICAL PROGRESSION. 


553. A Harmonical Progression is a series of numbers 
whose reciprocals are in arithmetical progression. Hence 


the general representative of such a series will be 
1 I 1 1 l 
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994. Questions relating to harmonical progression are 
readily solved by writing the reciprocals of the terms so as 
to form an arithmetical progression. 


055. If a and b denote two numbers, and H their har- 


monie mean, then IT 1 1] LI, 
van, H a b H' 
2 1,1 a+b 
H^a'b Tab? 
200 
am 


956. The following solution illustrates the method of in- 


serting two or more harmonical means between two numbers: 
EXAMPLE. o insert five harmonical means between 3 
and 15. 


Find the five arithmetical means between 4 and +. 


Hence the arithmetical means are 13, H, e zi, ds; there- 
fore the harmonical means are 44, $4, 5, 48, 9. 


557. If A, B, and C are in harmonical progression, then 
A:C::A—B:B—C. 
1 1 1 1 
For, ! 4 B B C? (553) 
^. C(B — A) = A(C — B), or C(A — B) = A(B — C); 
S.4A4:0:A— B: B-C. 


958, Let a and A be any two unequal numbers; let A be 
their arithmetical mean, G their geometrical mean, H their 


harmonical mean. Then: I. A=}t(a+)); 
IL.G-—wWah..G-ab — IHLH--9. 
a +b 


IV.-IXII. .:. Ax H— ab; but II. G? = ab; 
“AX A= G4... At G:: G: H. 


288 ALGEBRA. 


Hence: The geometrical mean 18 a mean proportional be- 


tween the arithmetical and harmonical means. 
Therefore the absolute value (72) of G is between 4 and 
H. Now A is numerically greater than A. 


For, (a—-0)»0;.". a? + 2ab+8 > 4ab; .*. ——» 
A> H 


209. The three numbers, a, b, and c are in arithmetic- 
al, geometrical, or harmonical progression according as 


a--b a a a | 
FI 7 NT Or =, respectively. 
For, (1) If oP =f zi, bet Ekel? 
(2) If Lt, then ab — P = ab — ac, .'. b = ac. 


EXAMPLES. 


1. Insert five harmonical means between 1 and 7. 


Ans. 1. 4, 4, jp ze. 


2. Find two numbers whose arithmetical mean 18 3, and 
whose harmonical mean 1s 8. Ans. 2 and 4. 


3. Given the first two terms, a and b, of a harmonical 
progression, to find the nth term. 


Ans. l = M 


(n — l)a — (n — 2)0. 
‘4 The first term of a harmonical progression is 4, and 
the sixth term 1s 3; find the intermediate terms. 


Ans. 4, $ b To 
5. What number added to each of the numbers a, 0, c, 


will give results in harmonical progression ? 


ab — 2ac + be 
Ans. ^q — 26 + , l 
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EXERCISE XXVIII. 


When z = a, find the value of : 


zt — a’ | xt — af g” — a" 
TO e 2. 3 a 3. + 
Tt — a zx — a T —u 


l. 


4. Find the sum of n terms of the series 1, 2, 3, 4,5,... 


5. The sum of five numbers in A. P. 18 35, and the sum 
of their squares is 335; find the numbers. 

NOTE. Let the numbers be represented by z — 2y, c — y, 2, 2 - g, 
z--2y. In general, if the number of terms in an A. P. be odd, it is 


convenient to represent the middle term by z. If the number of 
terms be even, it is convenient to represent the two middle terms by 


t — yand t4 y. 
6. Find four numbers in A. P. such that the sum of the 
squares of the extremes 1s 50, and of the means 1s 34. 


7. Find four numbers in A. P. such that the’ product of 
the extremes 1s 22, and of the means 40. 


8. The sum of the fourth powers of three consecutive 
natural numbers 18 962; find them. 


9. The sum of a certain number of terms of the series 
21-2- 19 -- 17 -. . .18 120; find the number of terms. 


10. Sum to n terms the series 5, 9, 189, . . . 
11. Sum to n terms the series whose 7th term is 2r — 1. 


12. Sum to n terms the A. P. whose first term 1s 
n? — n + 1, and the common difference 2. 


13. Find the sum of five terms of a geometrical progres- 
sion whose second term 18 3 and fourth term 27. 


14. The sum of four terms in geometrical progression 1s 
100, and the difference of the extremes is $4 of the differ- 
ence of the means; find the numbers. 

15. In a G. P. show that the product of any two terms 
equidistant from a given term 1s constant. 

Alg — 25 
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16. In a G. P. show that if each term be subtracted from 
the succeeding term, the successive differences are in G. P. 


17. The sum of the first three terms of a G. P. 18 28, and 
of the first four terms 1s 60; find the seventh term. 


18. Three numbers whose sum is 21 are in A. P.; if 2, 
a, and 9 be added to them respectively, the sums are m 


G. P.; find the numbers. 


19. The fifth term of a G. P. 1s 8 times the second, and 
the third term 18 12; find the series. 


20. The sum of an infinite G. P. is 3, and the sum of 
the first two terms 18 2%; find the series. 


21. Show that 6° is greater than, equal to, or less than 
ac, according as a, b, c are in A. P., G. P., or H. P. 


22. If z 1s the harmonic mean between a and 0, show 


1 1 1 , 1 
that + = " +- D 


Tt — IQ ` t—0 


a b C 


b+ieatca-thbh 


23. If a, b, c arein H. P., show that 


are in H. P. 


24. Find two numbers whose difference 18 8, and whose 
harmonic mean is 14. 


25. If a, b, c are in arithmetical progression, and b, c, d 
in harmonical progression, prove that a: 0 :: c : d. 


26. A sets out from a certain place and travels one mile 
the first day, two miles the second day, three miles the 
third day, and so on. B sets out five days after A, and 


travels the same road at the rate of 12 miles a day. How 
far will A travel before he is overtaken by B? 


27. From 256 gallons of wine a certain number are drawn 
and replaced with water; this 1s done a second, a third, 
and a fourth time, and 81 gallons of wine are then left. 
How many gallons are drawn out each time? 


CHAPTER XXIX. 


PERMUTATIONS, COMBINATIONS, AND CHANCE. 


560. THE Permutations of quantities are the different 
orders 1n which they can be arranged. 

Quantities may be arranged singly, in pairs, in. groups of 
three, and so on. Thus the permutations of the letters 
a, b, c, taken two at a time, are ad, ba, ac, ca, bc, có. 

Permutations are also called variations, or arrangements. 


561. The number of permutations of n letters taken r 
at a time is n(n Uu —2)(n —3)...(n — {r — 1]). 

Let a, b, c, d, . . . , be the n letters; and let Pis, Pi, 
D3,DP,,..., P,, respectively denote the whole number 
of permutations where the letters are taken singly, m 
pairs, three together, four together, . .. , r together. 

The number of permutations of » things taken singly 1s 
evidently equal to the number of things; .'. P,— n. 

The number of permutations of n letters, taken in pairs, - 
is a(n — 1). For, from the x» letters, a, b, c, . . . , if we 
remove a, there will remain (a — 1) letters. Writing a 
before each of these we shall have ad, ac, ad, . . . ; that 
is, there will be (an — 1) permutations in which a stands 
first. 

In like manner, if a be replaced and b be removed, it is 
readily shown that there are (n — 1) permutations in which 
6 stands first; similarly, (n — 1) permutations in which c 
stands first; and so on for the n letters. That 18: 

P = (n — 1) + (n — 1) + (n — 1)+. .. to n terms; 


e "e P, — n(n — l). (291) 
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The number of permutations of 7 letters, taken three at 
a time, is n(n — l)(n — 2). For, if we remove a, there will 
remain (n — 1) letters, 0, c, d, . . . If these (n — 1) letters 
be taken two at a time, according to the preceding para- 
graph (n — Du — 2) permutations can be formed. Put 
a before each of these, and we have (n — 1)(z — 2) per- 
mutations, each of three letters, in which « stands first. 
Similarly, there are (n — 1)(x — 2) permutations, each of 
three letters, in which b stands first; similarly, there are 
(n — 1)(m — 2) permutations, in which c stands first; and so 
on. .°. Ps = (n—1)(n—2)4-(n—1)(n —2) -- (n -1)(n —2) + 
... to n terms. 

Whence, P, = n(n — 1)(x — 2). 

In like manner, P, = n(n — Dun — 2)(n — 3), 

P; = n(n — 1)(n — 2)(n — 3)(n — 4), 
and so on. 
Henee we may conclude that 


P, = n(n — 1)(n — 2)(n — 3)... (n—r-- 1). 


962. The general proof of the formula in (561) depends 
upon mathematical induction (216). We have shown im 
(561) that this formula holds if 7 = 1, 2, or 3, and similarly, 
by taking successive values for r, we can show that it 1s 
true in any selected case. We shall now show that if this 
formula be true for any selected value of 7, it will be true 
for the next higher value; that 1s, 
if P, = n(n — 1)(n — 2). . . (n — [s — 1], 
then P,4,= n(n —1)(n — 2)... (n —[s— 1) (n — s). 

For, in the value of P,, substitute n — 1 for n, then 
out of the (n — 1) letters, b, c, d, . . . , we can form 
(n — 1)(n —2)(n — 3). .. (n — 1 — [s — 1]) permuta- 
tions, each of s letters. Put a before each of these, and 
we obtain as many permutations, each of (s + 1) letters, 
in which a stands first. Similarly, we have as many in 
which 6 stands first, as many in which c stands first, and 
so on for the n letters. | DP, , 1s therefore equal to the sum 
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of n terms, each equal to (n — 1)(n —2) . . . (n — s). 
, Papi = n(n — l)(n — 2)... (n — s). 
Since this formula holds when the letters are taken three 
at a time, therefore it holds when they are taken four at a 
time, therefore 1t holds when they are taken five at a time, 


and so on; thus it holds for every value of r. 


563. If r = n, then P, = a(n—1)(n—2)... (n—n-4-1); 
that is, P,= n(n —1)\(1— 2)... 1. 
Whence: The number of permutations of n things, taken 
all together, ıs equal to the product of the natural numbers 


from 1 up to n. 
For the sake of brevity, 1. 2.3... (n—1)» is denoted 


by |n, which is read, factorial n. Thus, 1.2.3.4. = |4. 


564. It is evident that 2(n—1)(n—2) . . . (w—r+1)= 
[»(n—1). . . (2; . (n—r4-1)| Fani —r—1). . 1| UI 
Ti |». (n—r)n—r—1)...1 jar’ 


" 
|n — J 


565. The number of permutations of n letters, taken all 
together, of which p area’s, q are bs, r are c’s,... 518 
np...) 

For, suppose N to represent the entire number of per- 
mutations. If in any one of these permutations the p a's 
were changed into p new letters different from any of the 
rest, then these p letters could be arranged in | p different 
ways; hence, without altering the situation of any of the - 
remaining letters, we could from the &ngle permutation 
produce |p different permutations. The same would be 


true for each of the V permutations; hence, if the p a’s were 
different letters, the whole number of permutations would 
be N X | Ps of which still q are 0’s, r are «’s, etc. Similarly, 
if the q 6’s were also changed into different letters, the 
whole number of permutations would be A X |p X |g; and 
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if ther c’s were also changed, the whole number would be 
N X p X g xX r; and so on until all the n letters are dif- 


ferent. But when this 1s the case we know that their whole 
number of permutations equals |n. —(563.) 


“NX [pX lq Xir-...,— [m 


N= jnr) 


966. The number of permutations of n different letters, 
when each may occur once, twice, thrice, ..., vr times, is w. 

Let the n letters be a, 0, c, . .. First take them 
singly: this gives n permutations. Next take them two at 
a time: here a may stand before itself, or before any one 
of the remaining letters, as aa, ab, ac, . . . ; that 1s, there 
are n permutations of this kind in which a stands first. 
similarly, there are n permutations of the form bb, ba, bc, 
bd, ..., and so on for the n letters: thus there are 
n X n = n? permutations of the letters taken two together. 
Similarly, by putting successively a, b, c, . . . before each 
of the permutations of the letters taken two at a time, 
we obtain n X n? = n" permutations of the letters taken 
three at a time, and so on for all values of n. 


067. The sum of such permutations of n letters, taken 
1,2,3, ... , Tr together, equals n + n? Hn? p... N = 


" xm. PÈ “SA 
a(IlL+n-+n+...n )22(—r). 


1. How many permutations can be formed with the 
letters a, b, c, d, e? 
P= 5, P, = 20, P; 60, P, = 120) P, = 120. 
Ans. 325. 


2. How many permutations can be formed out of home? 
Ans. 4+ 19 + 24 4 24 = 64. 
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3. In how many ways, taken all together, can the seven 
prismatic colors be arranged ? Ans. |7 = 5040. 


4. How many numbers of two figures each can be ex- 
pressed by the ten digits ? Ans. 90. 


5. How many words, each containing two consonants and 
one vowel, can be formed from the alphabet ? 

The 20 consonants can be arranged in 20“ = 400 ways. 

Since a may be placed before, between, or after the con- 
sonants, therefore 3 X 400 words can be formed contain- 
ing a. Similarly, 1200 words can be formed containing each 
of the other vowels. Therefore the required number of 
words is 7200. 

If repetitions be not allowed, the number of words will 
be 7200 — 360 — 6840. 


6. Out of 10 consonants and 4 vowels, how many words 
can be formed, each contaming 3 different consonants and 
2 different vowels? 

The 10 consonants can be arranged in 10 X 9 X 8 ways. 

The 4 vowels can be arranged in 4 X 3 ways. 

Each pair of vowels cau form 10 different words with 
each group of consonants. 

Ans. (10 X 9 X 8) X (10) X (4 X 3) = 86,400. 


7. How many different words, each containing eight 
letters, can be formed from the letters of mammalia? 


Ans. |8 + ( 8|3 ) = 1120. 


8. The number of permutations of a things taken 3 to- 
gether : the number of permutations of (n + 2) things 


taken 3 together :: 5 : 12; find n. Ans. n = 1. 
9. The number of permutations of n letters taken 3 to- 
gether 18 207 ; find n. Ans. n = 6. 


10. How many different words can be formed out of the 
letters of the word Mississippi, taken all together? 


Ans. |11 + ( [4 |4[2) = 34,650. 
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11. How many words of six letters might be made out 
of the first ten letters of the alphabet, no letter being used 


more than once 1n any word, and each word containing two 
vowels? Ans. (7.6.5.4) X (15) X (3.2) = 75,600. 


COMBINATIONS. 


068. The Combinations of things are the different collec- 
tions that can be formed out of them, without regarding 
the order in which the things are placed. 

Thus, the combinations of the three letters a, 0, c, taken 
two at a time, are ab, ac, bc; ab and ba, though different 
permutations, forming the same combination. 


969. Zhe number of combinations of n things, taken r at 
"Hus ti n(n—1)(n—2)...(n—r-4 1) 

` r 

For, each combination of 7 letters produces |r permuta- 


tions (563). Hence, to find C, (the number of combinations 
of n things taken r together), we divide the number of 
permutations (Art. 561) by factorial 7. 


|. n(n—1)(n—2)... (n—r-- 1) 
i Ll 


[n P 
0/0. Since P, = (564), and since C, = T. (569), 


nor r 
=e. 
mtr 


571. The number of combinations of n things taken r 


at a time vs equal to the number of combinations of n things 
taken (n — r) at a time. 


n n 
For, from (570), O, = m. HM m 


yar "osi 
ver E ng 


Such combinations are called complementary. 
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572. To find for what value of r the number of com- 
binations of n m taken r together, is the greatest. 


—1 n—2 n—3 — 
From (569), C, = S k : ET 


D 9 ' 8 |" 4 ""* r 

n n—l n—? n —r +l n—r 
1° 9 * g ""'** r lwil 
As r changes its value from 1 to n, each successive value 
n— r 
LIT As r 
increases, the value of this multipher decreases; but so long 
as the multiplier > 1, each product will be larger than the 
multiplicand, and C,,,> Cp. For some value of r, how- 
ever, the multiplier changes from being greater than 1, to 
being e.ther equal to 1, in which case C,,; = C,, or less 
than 1, when C.4,< C. 


Similarly, C,,, = 


of C,,, is obtained from multiplying C. by 


AL 7 
= l; ES — akou TE 
Gem 1, then r=}(u—1) and r+1=4(n+1). 


Since r is integral, its value, 4(2 — 1), must be integral; 
'. 4 must be an odd number. Hence: When n is an odd 
integer, the greatest number of combinations 1s obtained 
when the n things are taken 4(n — 1) at a time or 4(n + 1) 
at a time, the results being the same in these two cases. 


Thus, if n=5, then Ci=5; €4,=10; C=10; 0,—5; C;=1. 
If ,—7,theu C1—1; (,=21: (57395; C,—35; C, —21; etc. 


4 | C. will be the 


SC 


greatest when 7 1s the -— integer greater than 4(n — 1). 


| SCH , 3 | 
When 2 1s even, this integer 18 3" Hence: When n 18 even, 


the greatest number of combinations 1s obtained when the 


n things are taken 5 at a time. Thus: 


If n=6, then Cy=6; C,=15; (35-20; C,—15; C;=6; C,—1. 
If n=S, then C,=8; C,=28; C, 56; Fi C, — 56; etc. 
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EXAMPLES. 


1. How many combinations can be formed of nine things 
taken five at a time? three at a time ? Ans. 126; 84. 


2. Four persons are chosen by lot out of ten; in how 
many ways can this be done ? Ans. 210. 


3. Find the whole number of combinations of six things. 
Ans. 6 + 15 -+20 + 15 + 6+ 1 = 63. 


4. The number of combinations of 4n things taken two 
at a time is 28; find n. Ans. n — 24. 


5. The number of combinations of n things taken ‘three 
at a time is 45; of the number taken five at a time. Find n. 
Ans. n = 12. 


6. In how many ways can 12 men be divided into two 
classes of 8 and 4? Ans. |12 = (|8]4 ) = 495. 


7. How many words of six letters might be formed out 


of the first ten letters of the alphabet, if each word differ 
from every other in at least one letter? Ans. 210. 


8. How many parties of 8 men each can be formed from 
a company of 40 men? | Ans. |40 + ( |8 [82). 


9. The number of combinations of (n + 1) things, 4 to- 
gether, is 9 times the number of combinations of a things, 


4 together; find zn. Ans. n= 1l. 


10. A person wishes to make up as many different dinner- 
parties as he can out of 20 friends. How many should he 
invite at a time? Ans. 10. 


11. How many combinations can be formed from the 
letters in the word notatton, taken three together ? 


Ten combinations can be:formed, m each of which the 


three letters are different. Four combinations contain two 
lte, 


7/8, four contain two og, and four contain two Ce, 
| Ans. 22. 
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CHANCE. 


50/9. If an event may happen in a ways, and fail m 6 
ways, and all these ways are equally likely to occur, then 
a 


a -+ lt 


the probability or chance of the event’s happening is 


b 
a+b 

Tbis may be regarded as the definition of the word 
chance in mathematical works. This definition may be 
further illustrated as follows: If an event may happen in 
a ways and fail in 0 ways, it 1s evident that the chance of 
its happening is to the chance of its failing asa is to 6; 
therefore, the chance of its happening 1s to the sum of the 
chances of its happening and failing as a is to (a + 0). But 
the event must either happen or fail; hence the sum of the 
chances of its happening and failing 18 certainty. There- 
fore, the chance of its happening is to certainty as a is to 
(c+ b). If, therefore. we represent certainty by unity, 
the probability of the happening of the event is represented 


(t | - D 
ad P and of its failing by "Ew 


574, Hence, if p be the chance of the happening of an 
event, (1 — p) 1s the chance of its failing. 


and the probability or chance of its failing 1s 


by 


94/9. When the probability of the happening of an event 
is to the probability of its failing asa is to 0, the fact 1s 
expressed in ordinary language thus: the odds are a to 6 
for the event, or 6 to a against the event. When a = 0, 
then the odds are even; that is, the event is as likely to 
happen as not. 


076. If there be any number of events A, B, C, ete., 
such that one must happen and only one can happen; and 
if a, 0, c, etc., be the number of ways in which these events 
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can respectively happen; and each way be equally likely to 
occur, then the chances of the events are proportional to 
a, b, c, etc., respectively. Consider, for example, three 
events: then A can happen in a ways out of (a+ 0+ c) 
ways, and fail in (b + c) ways; therefore, by Art. 573, the 


chance of A's happening 1s Similarly, the 


ae 
atob+te 
b 


ato+e 


chance of Be happening 18 , and the chance of 


's h: ing ig ——— — — 
C’s happening 1s abe 
577. If four white balls, five black balls, and six red 
balls are thrown promiscuously into a bag, and a person 


draws out one of them, the chance that this will be a white 


ball is Ae, that 1t will be a black ball is 3; = 4, and that it 
will be a red ball is = 2. The chance that the ball 


drawn will be either white or black is A, = $, that it will 
be either white or red is 2, and that it will be either black 
or red 1s H. 

Now iet us consider the chances of the different cases 


if two balls be drawn. “The number of pairs that can be 


formed out of 15 things 18 = ; te 105. The number 


of pairs that can be formed out of the four white balls 


is t4 = 6; out of the five black balls 1s : ` : — 10; and 


out of the six red balls is ] 5 Í 


that the two balls drawn will be both white 18 +$; = z; 
that they will be both black 18 Ak = 5, and that they will 
be both red is jé — 4. Also, since each white ball might 
be associated with each black ball, the number of pairs 
consisting of one white ball and one black ball is 4X 5 = 20; 
hence the chance of drawing such a pair is 2% = e, 
Similarly, the chance of drawing a white ball and a red one 


— 15. Therefore, the chance 
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is A, and the chance of drawing a black ball and a red one 
is #% The sum of these six chances 1s, of course, equal to 
unity. 

The chance that at least one of the two balls drawn will 
be white is 449, = 19. For this may occur in any one of 
three ways: (1) Both may be white, the chance being ;4,; 
(2) One may be white and one red, the chance being 44&; 
(3) One may be white and one black, the chance being 4*5. 
Therefore, out of the 105 ways, there are 6 + 24 + 20 = 50 
ways in which a white ball may be drawn. The chance 
that neither ball is white 1s (1 — 4%) = it. In like 
manner, the chance that at least one of the two balls drawn 
is black is AA, = 4, and that at least one is red 1s 45? = $4. 

If three balls be drawn, the chances of the various cases 
may be calculated similarly. The chance that the three 
balls will all be white is 4425; that all will be black 18 7%; 
that all will be red is 41/5; and so on for the other cases. 


078. In a bag there are four white and six black balls. 
Find the chance that, out of five drawn, two only shall be 
white. 

The number of combinations of ten things taken five at 
atime is 252. The four white balls may be taken two at 
a time in 6 ways, and the six black balls may be taken three 
at atime m 20 ways. Since each pair of white balls may 
be drawn with any three of the black balls, therefore, out of 
the 252 possible ways in which five balls may be drawn, 
there are 6 X 20 = 120 ways in which two are white and 
three are black. Hence, the required chance is 129 = 19. 

Suppose that we are required to find the chance that at 
least two shall be white. The chance that two will be white 
and three black is 122; that three will be white and two 
black is $y; and that four will be white and one black is 
sfx. The sum of these chances 1s the required chance, 1.e., 
488 = 31. The chance of not drawing as many as two 


white balls is 1 — 34 = 44. 
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549. A's chance of winning a prize is 1, and B’s 4; what 
is the chance that neither will obtain a prize? 


The chance that one will obtain a prize 18 D -+ "Ai" = f; 
hence the chance that neither will win is 1 — 45 = 4. 


080. A series of events such that only one of them can 
happen, may be called a series of exclusive or dependent 
events. 

Two or more events such that both or all may happen, 
are called non-exclusive or independent events. 

For example, if a copper be tossed twice, it may fall head 
up both times; if it be tossed six times, 1t 18 possible for it 
to fall head up six times. 


081. If there are two or more independent events, the 
occurrence of all of them simultaneously or 1n succession 
may be regarded as a single compound event. Thus, in 
tossing a copper twice, the event of its falling head up at 
both trials may be regarded as an event compounded of two 
simple events; namely, with head up at the first trial, and 
with head up at the second trial. 

The chance that the coin will fall head up at each trial 
is 1. If these separate chances were added the sum would 
be 1, that is, certainty; a result obviously false. <A little 
consideration will show that the chances should be multi- 
plied instead of added. For, in the double fall there are 
four possibilities equally likely to occur: 

1. Both times head up. 

2. First time head up, second time head down. 

3. First time head down, second time head up. 

4, Both times head down. 


Only one of these four ways gives ‘‘ heads" both times; 
hence the chance of heads both times 1s 1 = 1 X 4; that is, 
The chance that two independent events both happen is the 
product of their separate chances of happening. 
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In gencral, suppose that there are two independent events, 
C and D, and let C happen in a ways and fail in b ways; 
also, let D happen in «^ ways and fail in 0" ways, all of these 
ways being equally likely to occur. Each of the (a + 0) 
ways may be associated with each of the (a' + 6’) ways; 
thus there are (u + 0)(a" + 0”) compound cases which are 
equally likely to occur. In aa‘ of these compound cases both 
events happen; in ab’ of them the first happens and the 
second fails; in a'b of them the first fails and the secound 
happens; and in bb’ of them both fail. ‘Thus: 


/ 


" i pX y XI 57 is the chance that both events happen. 
: í ` x pa va A is the chance that C happens and D fails. 
A 
" i a X S a j is the chance that C fails and D happens. 
b p’ | 
xX — - 1s the chance that both fail. 
a+b a +o 


582. In like manner, 1f there be any number of inde- 
pendent events, the chance that they will all happen 18 the 


product of their respective chances of happening, and the 
chance that all fail is the product of their respective chances 
of failing. For example: 

The chance that A can solve a certain problem 1s 1; the 
chance that B can solve it 1s $; and the chance that C can 
solve it is 2; What is the chance that the problem will be 
solved if they all try? 

The problem will be solved unless they all fail. 

A's chance of failing 1s 2; B's is 4; and C's is 4. 

The chance of all failing is $X 4 X 1 — $. Therefore, 
the chance that the problem will be solved is 1 — 4 = 4. 

The chance that all will succeed 1s 1 X 4 X $ = qs. 


6) 
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083. Suppose that four white balls, five red balls, and six 


black balls be thrown promiscuously into a bag; required the 
chance that in two successive trials two red balls will be 
drawn, the ball first drawn being replaced before the second 
trial. Here the chance of drawing a red ball at the first 
trial is 4, and the chance at the second trial is again 1; 
hence the chance of drawing two red balls is (4)? = 4. 

Let us now consider the case when the ball first drawn 
is not replaced before the second trial. Here the chance 
of drawing a red ball at the first trial is 4; 1f a red ball be 
drawn at first, out of the 14 balls remaming 4 are red; 
hence the chance that a red ball will be drawn at the second 
trial is #; therefore, the chance of drawing two red balls 1s 
lx£-;, This result corresponds with the one obtained 
in (577), when two balls are drawn simultaneously, and a 
little consideration will show that the two processes are 
really identical. 


584. A bag contains five white and six black balls. If five 
balls be drawn in succession, and no one of them be replaced, 
what is the chance that the first three will be white and the 
last two black ? 

The chances for the successive trials are 35, fo 3, $, 4. 
Hence the chance for the compound event 1s A x45 x 3 X 
3 X $ > abr 

If the three white and two black balls were drawn m any 
order, instead of being drawn in an assigned order, the 
chance would be 10 X 45; = 25. For, the five things of 
which three are alike and the other two are alike, may be 
arranged 1n " = 10 ways (Art. 565). As in (583), this 
result corresponds with the one obtained when the five 
balls are drawn simultaneously. 


089. One bag, A, contains three white balls and four black 
balls; another bag, B, contains two white balls and three 
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black balls; required the probability of obtaining a white ball 
by a single drawing from one of the bags taken at random. 

Since each bag is equally likely to be taken, the chance 
of tuking A is 4, and the chance then of drawing a white 
ball from it is 2; hence the chance of obtaining a white ball 
go far as it depends upon A is 4 X 3 = 44. Similarly, the 
chance of obtaining a white ball so far as ıt depends on B 
is 4. Therefore, the chance of obtaining a white ball is 


(fc + 4) = He 


586. If a person is to receive a sum of money m in case 
a particular event happen, and if p represent the chance 
that the event will happen, then pm is called his expectation. 
Thus, suppose that there is a lottery with 20 tickets, and 
one prize worth $100. If a person own three tickets, his 
chance of drawing the prize 18 44, and his evpectation 18 


worth 5 of $100 — $15. 


587. A and B draw from a bag containing three white balls 
and three black balls. A 18 to draw a ball, then B, and so on 
alternately; and whichever draws a white ball first is to 
receive $60. Find A's expectation: (I) 1f the ball drawn 
be replaced; (II) if it be not replaced. 

I. A's chance of drawing a white ball on the first trial is 1. 
B's chanee of having a trial 1s the same as A's chance of 
drawing a black ball, that 1s, 1; and since the ball drawn 
by A 1s replaced, B's chance of drawing a white ball is 
ixi=i ; If B draw a black ball, of which the chance 1s 
1, then A will have a second trial, and his chance of draw- 
ing a white ball on this trial is } X 4=4. B's chance of 
having a second trial is 4, and his chance of drawing a 
white ball on the second trial is 44, ete. Evidently A's 
chance of drawing a white ball is the sum of the infinite 
series 4 + 4 + ys +...= 4 (Art. 551). Hence A's ex- 


pectation is $ of $60 — $40. 
Alg.— 206. 
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II. A's chance on the first trial is 4. B’s chance of having 
a trial is 1; and if A drew a black ball, B's chance of draw- 
ing à white ball is 2; therefore his chance of having a trial 
and drawing a white ball is 4 X $ = 4; also, his chance of 
drawing a black ball is 44. A's chance of having a second 
trial is the same as B’s chance of drawing a black ball, 1.e., 
z; and if two black balls have been drawn, A's chance of 
drawing a white ball is 2; hence A's chance of having a second 
trial and drawing a white ball in that trial 18 Z5 X #= 3 
also, A's chance of drawing a black ball is 4 x =). 
B’s chance of having a second trial is equal to A’s chance 
of drawing a black ball, 1.e., de, and then there are only 
white balls left; hence B’s chance of drawing a white ball, 
if he have a second trial, 1s certainty = 1, and his chance of 
having a second trial and drawing a white ball 18 3; X l=. 
A's chance, therefore, 18 the sum of 4 and »; = 43. and his 
expectation is 13 of $60 = $39. 


EXAMPLES. 


1. In a bag are three white and five red balls: find the 
chance that, one being drawn, it shall be (I) white, (II) red; 
two being drawn, they shall be (III) both white, (IV) both 
red. Ans. I. 3; II. $; III. 33; IV. pf 


2. Ina bag are three white, four red, and five black balls: if 
one be drawn, find the chance of its being (I) white, (II) red, 
(III) black; if two be drawn, of their being (IV) white and 
red, (V) both black, (VI) one at least red; if three be 
drawn, of their being (VII) one of each color, (VIII) two 
of them black, (IX) one of them white. 

Ans. I.4; IA: ITI. 35; IV. EE V. Æ; VI. 42; VII. 53; 
VIII. 345; IX. 24. 


3. The odds against a certain event are 3 to 2, and the 
odds in favor of another event independent of the former 


are 4 to 3. What are the chances (I) that both happen; 
(II) that the first happens and the second fails; (III) that 
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the first fails and the second happens; (IV) that neither 

happens ? I. 8 3 II. Aer III. 4; IV. A 
4. If from a lottery of 30 tickets marked 1, 2, 3, 4, 

Mim tickets be drawn, what 18 the chance that 3 and 4 EY 


be among them? Ans. riz. 


5. A has three shares in a lottery where there are three 
prizes and six blanks; B has one share in another lottery 
where there is but one prize and two blanks. What are 
their comparative chances of drawing a prize ? 

A's chance of drawing three blanks is Ar, A's chance 
of drawing at least one prize is 1$. B's chance of drawing 
one prize is $ = 4&4. .'. A's chance: D's :: 16 : 7. 

6. When n coins are tossed up, what is the chance that 


one, and only one, will turn up head? . Ans. n = 2". 
7. The skill of A is double that of B; what is the chance 


that A will win four games before B wins two? 

A's chance of winning any one game is 4. His chance 
of winning four games in succession 18($)* = 14. Hischance 
of winning four out of the first five games is Bä, In order 
to win four before B wins two, it is evident that A must either 
win four straight or four out of the first five. His chance 


of doing one or the other 18 Ai, + 1$ = 4113. Ans. 144. 


8. À draws five times from a bag containing three white 
and seven black balls, replacing the ball drawn after each 
trial. Every time he draws a white ball he is to receive 
$2, and every time he draws a black ball he is to pay $1. 
What is his expectation ? 

A's chance of drawing a white ball the first trial is To 


hence his chance of receiving $2 is A, and his expectation is 
py of $2 —.60. A’s chance of drawing a black ball on the 


first trial 18 34; hence his chance of paying $1 18 A, and his 
expectation 18 — 4$ of $1 = — .70. Hence his expectation 
is to lose 10 cents each trial. Ans. — 50 cents. 


9. It is 3 to 1 that A speaks the truth, 4 to 1 that B 
does, and 6 to 1 that C does; what 1s the probability of the 


308 ALGEBRA. 


happening of an event, if both A and B assert that 1t hap- 


pened, and C denies 1t? 


If the event happened, A and B tell the truth and C 1s 
mistaken, the separate chances being respectively 3, 4, 


and 4; hence the compound chance is 2 X $ X 4 e 
If the event did not happen, both A and B are mistaken 
and C tells the truth, of which the separate chances are 
1, 1, £; hence the compound chance is 1 X t X $ = X. 
Now, the event either did or did not happen, and there are 
six chances in favor of its happening to three chances against 
it; hence the chance of the happening of the event is $ = &. 


EXERCISE XXIX. 


1. How many permutations can be formed out of the 
letters in the word Milton ? 


2. How many different words can be formed out of the 
letters in the word Cincinnati, taken all together? 


3. The number of permutations of 2» things taken three 
at a time 18 twenty times as great as the number of permu- 
tations of 2 things taken two at a time; find n. 


4. How many different words can be formed from the 
letters in the expression gid"? 


5. The number of permutations of n things taken three 
together 1s 1 the number taken four together; find 2. 


6. If the number of permutations of n things taken three 
together be 12 times the number of permutations of 4n 
things taken three together, what 1s the number of per- 
mutations of 2 things taken all together? 


7. The number of permutations of n things taken all 
together 18 720; find n. 


8. If 210 different words can be formed from seven 
letters, of which a certain number are a’s and the others are 
all different, how many «s are there? 
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9. How many combinations can be made of 11 things 
taken four at a time? five at a time? ten at a time? 


10. How many combinations can be made out of the 
letters in the word Homer ? 


11. The number of combinations of a things taken two 
at a time 1s 15; find 7. 


12. The number of combinations of 37 things taken four 
at a time is 4% of the number of combinations of 27 things 


taken three at a time; find n. 


13. How many different sums of money can be formed 
from a three-cent piece, a half-dime, a dime, and a dollar ? 


14. From a company of soldiers numbering 96, a picket 
of 10 is to be selected; determine in how many ways it can 
be done, (I) so as always to include a particular man; 
(IT) so as to exclude the same man. 


16. If the number of combinations of r things taken 
(a — b) together be equal to the number of combinations 


of r things taken (a + 3) together, find r. 


16. A boat’s crew consists of eight men, three of whom 
can row only on one side and two only on the other; find 
the number of ways in which the crew can be arranged. 


17. There are ten tickets, five of which are blanks, and 
the others are marked 1, 2, 3, 4, 5. What is the probability 
of drawing 10 in three trials, the tickets being replaced ? 


18. If the tickets be not replaced ? 


19. Two players of equal skill, A and B, are playing a 
set of games for a prize of $80. A needs two games to win 
the set, and B needs three games. Find the expectation 
of each. 


20. A bag contains eight tickets numbered 1,2,3,...,8. 
A draws two tickets: what is his expectation, if each odd 


number be worth $1, and each even number be worth 5 cents? 


CHAPTER XXX. 


CONTINUED FRACTIONS. INDETERMINATE 
CO-EFFICIENTS. BINOMIAL THEOREM. 


088. A Continued Fraction is one of the general form 


"T c + etc., in which a, b, c, . . . represent positive 
integers When the number of terms a, b, c, . . . 1s finite, 
the fraction 1s said to be terminating. 


For the sake of abbreviation the continued fraction 1s 


] 1 1 
sometimes written, —— 


a+’ bF oc 
In this chapter we shall consider mainly proper continued 
fractions, as indicated above; but an integer plus a con- 
tinued fraction may also be regarded asa continued fraction 


and treated accordingly. 


989. 'To convert any proper fraction into a continued 


fraction: Proceed as in finding the H. C. F. of the terms of 
the fraction. Thus: to convert 3% into a continued frac- 


= 9 1 
tion, divide both terms by 9; whence 257 9T 
WW - TI. TO 1 
Similarly, divide both terms of 9 by 7: .°. 9 TIR 
Now divide both terms of d by 25 .° a 
yoy Sy 
dee, E es te .. 


(310) 
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It is evident that every proper fraction may be converted 
into a terminating continued fraction; for, by continuing 
the process indicated above, we must finally arrive at a 
point where the remainder 18 zero, and the operation termi- 
nates. In like manner, an improper fraction may be con- 
verted into an integer plusa terminating continued fraction. 


990. To find the value of a terminating continued fraction: 
Perform the operations indicated, beginning at the right. 
1 1 1 47 
Thus: 


ite) 
(ieee 


inam] 
die 


1 SS 34+4#: 162° 
e+ vr 


091, To find the approximate value of an infinite con- 
tinued fraction: 


Omit all tis terms beyond any assumed term, and obtain 
the value of the resulting fraction as in the preceding article. 


. Let the fraction be es ee ee 


PIU Ba? gen tè 
If we omit all the terms after the first, the approximate 


1 


result thus obtained, "L is greater than the continued frac- 


tion, because the denominator a 1s less than the true 


1 
denominator a d- b + etc. 


ete. 


If we omit all the terms after the second, the approxi- 
1 b 


1 abil 
ek: T 


1 1 


1 
b <b Try hence 7 18 too large, and therefore a + 
l 


Is too large, whence —— is too small Similarly, 


1 
ay 


. mate result thus obtained, 


is too small; for 


ES 1 ei b¢c+1 
Ó + — 
C 
. 11 1 | 
592. 'The fractions PpP etc., are called ?2egral frac- 


tions. The fractions formed by taking one, two, three, 


etc., of the integral fractions are called converging frac- 


| | 
tions or convergents. Thus, the first convergent is — ; the 


a 
1 b , , 1 
second is getest the third ug —————— = 


l 
"+g dee? 
0d =~ 


be+1 ` 
abc Late and so on. 


From the preceding article it 1s evident that the con- 
vergents taken in order are alternately greater and less 
than the continued fraction. 


993. To convert a quadratic surd into a continued 
fraction. 


Let it be required to convert 719 into a continued frac- 
tion. 


VIS = Vi6 33 d 


Since V19 = 4 + L, then £ = VI9 — 4: 
a 


(1 
„=! 2L 919-4 , 1 
V19 — 4 3 b 
VI9 1-4. 1 1 419—2 
since 3 ZK T then pde p 
3 
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| vin — V19 +3 1 
Weg Ze Ee = 3 + —. 
C 5 2 d 


Proceeding in like manner, we find that d = 1 + x 


e= 245 


ing values will occur in the same order as before. 


Therefore, V19 = 4 + ——, l —_, -—, —, —, ete. 


;f=84+ mi and that 9 =a; hence the succeed- 


The converging values of V19 are 4, 41, 44, 44, etc. 


EXAMPLES. 


. Convert into continued fractions: 


nz Ans E GE NE. 

li 1-147147 3 

, 190 Ans l1 1 1 1L 

421 34°44°5 4’ 6 
1 


3. Find a series of fractions converging to 33416 


Ans. $; gs; Hi. 


4. Express approximately the ratio of 5 hrs., 48 min., 


01 sec., to one day. Ans. 1; sl; dei 43%. 
6. Show that 45 > $$$; also that 4/5 < 2882. 
6. If 8* — 32, find z. Ans. $. 
7. If 3* = 15, find z. Ans. 2.465. 
E 1 1 1 
2 — —á—" 
8. Show that Va" --1—a 4- 2a 4? Ba 4? 2a d^ ete. 
5 l l l 1 
h —= — Tn 
9. Show that a L+ py prp t 
| 1 1 1 1 114 
10. Find the value of 3 4 99 SS 1+ d Ans 347 


Alg — 27. 
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INDETERMINATE CO-EFFICIENTS. 


594. The method of developing algebraic expressions, by 
assuming a series with unknown co-efficients, and finding 
the values of the assumed co-efficients, is termed the 
method of Indeterminate or Undetermined Co-efficients, 


595. If A + Br + Cr + Dè +... = AA Po 4 
C'2? -- Div +... for all possible values of x (the co-effi- 
cients of the variable, z, being finite quantities and inde- 
pendent of x), then A = A’, B= B', C= C’, D = VD", ete. 

Since the equation is true for all possible values of z, 1t 
must be true when z = 0; then A = A”. 


If A = A’ be subtracted from both sides, then 

Bat Ce + Det... = hat Ok Det... 
Divide by z; .'.B+Cz+Dr'+...=Bi+COzibD'z'+... 

This equation is true for all values of z, because the 
various co-efficients are independent of x; whence, as be- 
fore, putz = 0, and B= P’. 

In a similar manner, C= C", D = D’, etc. 


996. If d+ Bz + Cæ + Dz +.. . = 0, for all possi- 
ble values of z (the co-efficients A, B, C, D, etc., being 
finite quantities and independent oi x), then A = 0, B = 0, 
C — 0, D = 0, etc. 

Since the equation is true for all values of z, it must be 
true when z= 0; .°. A = 0. 

As before, divide by z, and then put z=0 im the re- 


sulting equation; .'. 8 — 0. In like manner, C — 0. 
D — 0, etc. 


a 
a+ bx 
terminate co-efficients. 

The series will consist of the powers of z, with certain 
co-efficients depending upon a or 0, and 1t is evident that 


097. To develop into a series by means of inde- 
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z wil not occur in the first term. Therefore, assume 


a 
apg At Bet P+ Dat... 


Clear of fractions by multiplying both sides by a + bz. 


e a=zaAd-raBbiz+raCiz +aDizg+... 
+ Abi +6BI +b +... 
Le, aA — a, from which A = 1. 
II. aB+ Ab = 0; that 1s, aB+5=0;.:. B =À, 
, b b” 
III. aC + 0B = 0; that is, aC + d. EI PE = 
| p p 
IV. aD + bC = 0; that is, aD A lte, Do —5 
a b o b 
TIME. Lade SMS ae kaa 


If additional terms be required, they are readily supplied 
by observing the law of the series; viz., Each successive 
term 18 found from multiplying the next preceding term 


b | b NU 
by — —z,the general term being | ——az] . 


( A a 
l... ! 
098. To develop FR 2 into a series. 
The first term will evidently contain z 7!'. 
Hence put ——, = Aa7! + Ba? + Cr + Det... 


Clearing of fractions, 1 —3.4 4-35 rt rt wt... 
— AlI —B 
IL 1=34;.°.A — 1. 
II. 0 = 3B — A; that is, 023B —4;.-. B =}. 
III. 0= 3C — B; that is, 0 = 3C — }4;.°. C= a, ete. 


, 1 1 1 1 1 
That is, a ke 


general term being (1)"z"-*. 


l 
| 
H 
d 
4 
| 
E 
4 
| 
S. 
Ka 
| 
js 
d 
3 
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PARTIAL FRACTIONS. 


599. An algebraic fraction may be sometimes decomposed 


into two or more simpler fractions. 


2d — 9 
Zä, , l 
lo decompose FI 3a 42 into two fractions whose de 
nominators shall be the factors of 2* — 3z + 2. 
The factors of z? — 3r + 2 are x — 1 and x — 2. 


2% — 3 A B 


Clear of fractions. .°. 2% — 3 = A(x — 2) + B(z — 1). 
Transpose. (2A + B—3)--z(2— A — 5B) — 0. 
From (596), l. 24 -- 5b—3—0. II. 2-A— B=0. 
IER ERR A—-1=0;...4=1 .:.5-— 1. 
gz —əð l 1 

Zas}? Eli z—y 


EXAMPLES. 


Prove the following identities: 


l. En = = 1+ 5z + 15r + 452° +... + (52)(32)" 2 
1 1 , 2 4 8 1 D 
23—3, 3 tat Tar Tay toc: tg gg 
1 
3 i ee ee Set + ng”! 
x" | 4 EE | 1 
t FDE- rF?) 3-2) 6(z4-1) (z—1) 
- Ta x 
2 2 —— - A 
b. Y G t 2 =a 05, ^ 8g 51657 ttt 
— r JW 32° 
6 Vl+zt+a=1l4+;5 8 16 e e a a a a n 
0x — 14 9 2 


7. Decompose # 70 8 IB T ZIN 
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THE BINOMIAL THEOREM. 


PrecxkK’s PROOF. 


600. LEMMA. 
Eed = nz"—, for all values of n. 
T — Yly=r 


In other words, if y = z, then, for all values of n, 
z^" — y" 
z — Y 

I. When n 1s a positive integer. 

By division, —— ant at ty rat yi ve. AY" DIN 

We have shown that the division is exact (Art. 217). 
The number of terms in the quotient is n, because there 
are n — 1 terms containing y, aud one term containing x 
only. 

lf x = y, each of these terms becomes z*~’, and their sum 
x — H n—l 

ZE ET n 

Sekt ft" 


II. When n = a a positive fraction. 


= nen" OU, 


ls nz"-l .°, 


a — b 


a E GE 


a a 
e -—1 


Let y = 5*;.:. y^ = sé, and if y = x, 8 =fr. 


a 
a a Lor 
ab — zë Ir qr? 
ey fer? Ifl — prdi — 
r—S J,z-r 
a = 
"ullis zb = nan! 
III. When n 18 a negative integer = — m. 
— m —m E m 
L — y = — z-"y-"( y i) - 
w -— y Ly (Et 


— ET "IT" (mr!) = — man "MT! = nar", 
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IV. When n = — 7 a negative fraction. 
M". =. a a 
EY ety i(= +e) - 
slk? dm. ZE 
- sca (eat = — m = na" m! 


601. To expand (a + 2)”. 

I. Assume (a + x)" = A + Bz + Ce + Dr'+... 
Making z = 0, we find a" = A; hence 
IL (a + 2)^ = a" + Br + Cè + De+... 
Substitute y for z, then 


III. (a + yy = a + By + y+ Dyr4+... 


IV — II — III. (a + 2) — (a + yy" = Ble — y) + 
C —y')+Dlz—y) T... 
Divide both members by the identity 


B+CO(e+y+De+ay+y)y+... 
But if z = y, then, for all values of n, V becomes 
VI. n(a+ az)" = B+ 2074 3De°+4h+... 
Multiply both members of VI by (a + z); hence 
VII. 2(a4-z)" — a5 4- 2aC|z 4-3aD z--4aEla$--... 
+ B +20 + 3D 
Multiply both members of II by 2; hence 


VIII. 2(a4-z)" = na" + nBa+ nC? -nDe +nEzx"—+... 
Equating the second members of VII and VIII, 


IX. Le | la et 4aH\|¢et+... 


+ B + 20 + 3D 
= na" +nBx+nCx” + nDe+.... 
Hence, by the principle of indeterminate co-efiicients, 


X. ab = na"; °. B = nat 
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Xl. 2aC + B=nE; ..C=8 SCH Sé RRC pea 
XII. 3aD + AU = nC; 

| opm — 2) _ n(n — 1) (n — 2) nos, 

dck, At (09 8 " ? 

and so on. 

Substituting these values in II, we have, for any exponent, 


pé 5 


602. If z be negative, then the terms containing odd 
powers of x are negative; 


n(n — 1) 
6 


te 


, (a — 2)" = a" — na" TEE MO AN iii 


603. To find the numerically greatest term in the ex- 
pansion of (a + b)". 

I. If & be a positive integer. 

An examination of the series will show that the (r + 1)th 
term 18 derived from the rth term by multiplying the latter 
by — Mira £ =(* Ti 1) Evidently this multi- 

r "o T a 
plier diminishes as 7 increases, but as long as it is greater 
than unity, the (r + 1)th term is greater than the'rth term. 
The rth term will be the greatest when the multiplier first 


becomes less than tunity. When E T - AR <1, then 


' hence the rth term is the greatest when 7 is. 


(n + 1)b 
bta ` 


the first integer greater than 
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(a+1)0 
If Fa? 


to the rth, and each of these 18 greater than any other term. 


be an integer, then the (r-+1)th term is equal 


II. If n be a positive fraction. 


It > 1, there is no greatest term, fo he series will 
evidently diverge. If a < 1, the gre m or terms 


may be ascertained as in I. 


III. If n be negative, either integral or a fraction greater 


than 1. 
The multiplier that changes the rth term into the (r+1)th 


—^-—T-ri . b e sl bon. E As the numeric- 
r a r a 
ally greatest term is sought, reject the negative sign be- 


fore the multiplier; then, as in I, the rth term will be 


is 


greatest when are i 4 is first less than 1; that 
when 7 is first greater than T 
As in I, if SE be an integer, there are two equal 
terms each greater than any other; and if, as in II, a > 1, 
there is no greatest term. 
IV. If 2 be negative and « 1, and a « 1, the first term 
n—+r—1 0 


is the greatest; for in this case ——-~——-. z < 1 for all 


values of r; that is, each term is less than the preceding. 

The same rules apply to the expansion of (a — 0)", be- 
cause the terms differ from those of (a + b)” only in the 
signs, and the sign does not affect the arithmet 


A 
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EXAMPLES. 


Expand to four terms each of the following expressions: 


1. (1 + 2)3. Ans. l+la—j# de, 

2. (ta Ans. l— Ja +3Be—FEeri+.:.. 
i x i a a 

3. (a? — x)8. Ans Ap a 3j 

4. Va? — £, Ans et E dE d 


3 


6. SESCH? Ans. a + gaT’ t + $a 25 4-$92a 7*2 +... 
Find the DA term in each of the following: y 
6. (3 + $)*. Ans. Second term = 810. p 
n. (2 — 1y*. Ans. GN 
8. ($ + $Y. Ans. Fifth and sixfh. 
9. (ZE Ans. Third. 
10. (1 — 43) 78. Ans. Thy. 


EXERCISE XXX. 


| Reduce each of the following to a continued fraction, 
and find the successive convergents: 


l. ve vie, 2. dés, 3. Frè. 4. dd 
. Find the first four convergents in the following: 


,5. V8. | 6. V1. 7. V53. 8. V1Ol. 9. Y46. 
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D oz 
15 eCOM pose "ON 8r + 15 
21 +a+1 
16. Decompose I oL] 
ZP 
17. Decom pose ai — 122 4 35 
18. Decompose A. 20. Expand (1 — zy. 


2 


a NW 
19. Expand (z + y) 21. Expand s T A , 


22. Write the 49th term of (a — x)”. 


23. Find the greatest term of (1 + 2)", when z = $ and 
n — 4. 

24. Extract the square root of 24 approximately. 

25. Find the number of terms in the expansion of 
(a + b+ c 4 d)”. 

26. What 1s the sum of the co-efficients 1n the expansion 
of (2a — b + 3cy?? 

27. In the expansion of (3a — 5 — 2c)", what is the sum 
of the co-efficients of the terms containing odd powers of a? 


1 1 


CHAPTER XXXI. 
BUSINESS FORMULAS. 


604. Interest is money paid for the use of money. The 
principal is the sum lent. The amount is the sum of the 
principal and interest at the end of any time. The vate 1s 
the interest of one dollar for one year. 


605. Interest 1s of two kinds, simple and compound. 

Simple Interest is interest charged upon the principal 
only. 

Compound Interest 18 interest charged upon the sum of 
the principal and the interest due. 


SIMPLE INTEREST. 


606. Let the principal be represented by P; 
the interest on $1 for one year by 7; 
the amount of $1 for one year by A; 
the number of years by n; 
the amount of P dollars for » years by A. 
Then: I. k=1 +r. 
II. Interest on P for one year — Pr. 
III. Amount of P for one year = P(1 + r) = PR. 
IV. Interest on P for n years = Pur. 
“V. Amount of P for n years = POL + nr). 
From (V), A = P(1 + av). 


607. If any three of the quantities A, P, n, r, be given, 
the fourth may be found by substituting the given quanti- 
ties in the equation (V), A = P(I + nr). Thus: 

(929) 


Zan 
Ti 
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Ex. 1l. At what rate will $500 amount to $650 in 3 years 


4 months ? 
Substituting in Formula V, 650 = 500 (1 + 127). 


e e 3 = 144gr. ene T = pon 
Ans. The rate is 94. 
Ex. 2. At 6% per annum, what principal will amount to 
$650 1n 5 years? 
As before, 650 = P ki LOR NES — 500. 
Ans. $500. 


608. Since P will, in n years, amount to A, it is evident 
that P at the present time may be considered equivalent in 
value to A due in n years; thus P may be regarded as the 
present worth of a sum A due m a years. Thus, from 
Ex. 2 in the preceding article, $500 1s the present worth of 
$650 due in 5 years, if money be worth 6% per annum. 


609. Discount is an allowance made for the payment of a 
sum of money before 1t 1s due. 

From the definition of present worth, it follows that a 
debt due at some future time 1s equitably discharged by pay- 
ing the present value at once; hence: The TRUE DISCOUNT 
1s equal to the amount due diminished by its present worth. 


A Anr 
Thus: ki Ae SP e r a E ae 


For examples in simple interest consult any arithmetic. 


COMPOUND INTEREST. 


610. When the interest is compounded annually 
The amount of P in one year is PA; 
in two years is PR(1 + r) = PE 
in three years 1s PR“'(14r)= PR’; etc. 
.". the amount of Pin n years 18 PA". 
That is: VII. A = PR” = P(1 + ry. 
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611. Having given any three of the quantities A, P, r, n, 


the fourth may be found by substituting the given quanti- 
ties in VIL! A = P(1 +7)". 


/ "ne 
— | A LA 
Thus: VIII. P = Gan IX. r— V pri 
A . log A — log P 
Since fi" = p X. n = Sec? 
612. The interest is equal to 4 — P= P R"— P = P(R"—1). 
SsD=A—P=P(R"— n or, since P = » therefore, 
_ A(m — 1) 


613. When the interest 1s due more frequently than once 
a year. 
(1) When due semi-annually. 


The amount of P in 4 year is P pi L Jr 


in l year is rh -+ St 
in a years 1s WE + Sp 
(XI) A=P (1 4 5) 
(2) When due quarterly (XIII), A =P D -+ A 
(3) When due monthly (XIV), A = P ki 4- A 
(4) When due g times a year (XV), A = P (1 + 7). 


XVI. As before, D = A — P= P| ( ki GE Jo 1 
A 


XVII. The present worth, P = 
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ANNUITIES. 


614, An Annuity is a sum of money payable annually, or 
at fixed periods 1n*the year. 


615. To find the amount of an annuity left unpaid for 
any number of years, allowing compound interest. 
The sum due at the end of first year = S; 
of second year = S+ SH; 
of third yar =S+SR—+SF:; 


and so on for n years. 


».A=S4+SER+SRi+SR”+...+SR"T 


616. By means of Formula X VIII, problems relating to 
sinking funds may be solved. ‘Thus: 


A city owes $300,000, payable at the end of 10 years, 
without interest. What sum must be set apart annually, 


as a sinking fund, to pay this being worth 64, 
compounded annually? ww Se, 
x From XVIII, 5$ - Riu e $22,070. 


R"—1  (1.06)} Z] 


617. To find the present worth of an annuity to continue 


a certain number of years, allowing compound interest. 
Let P denote the present worth; then the amount of P 
in n years is equal to the amount of the annuity in the 


same time; .'. PR" = a Liit 
. xix, p-^Uü- 87) Sü—ü-rn" 
R—1 : 


618. If the annuity is perpetual, then, in Formula XIX, 


(1+ 7)—” differs from zero by less than any assignable 


quantity. .'. XX. P= 21-0 - sa 
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619. 'To find the present worth of an annuity to com- 
mence at the end of p years, and then to continue g years. 
Subtract the present worth of the annuity for p years 


from the present worth of the annuity for p + q years. 
Thus: 


PRET RIO TO RIT TRU O BT 
E. PT ^a. (RA —1) 
Or, XA XI. Pe P — fir? ) = gs*s(R—1) 


620. If the annuity is to commence at the end of p years 
and then to continue forever, we must suppose q to be 
infinite; hence, in XXI, fè”?-9differs from zero by less 
than any assignable limits; hence, 

S Sh? S 
— ux em — ee 
AXII. P= S (R 0) S ER — 1) 

621. To find the annuity when the present worth, the 

time, and the rate per cent are given. 
_ SU -— R77). 

From XIX, P = BIT? 

P(R—1) PR(R—1) fri 
1— 7&7" Mr—1 o Eci 


7, XXIII. S = 


EXAMPLES. 


In all the following examples days of grace are not con- 
sidered, and one month is counted equivalent to 7; of a 


year: 


1. The sum of $300 amounts 1n 25 years to $900. What 
is the rate: (1) at simple interest? (2) If the interest be 


compounded annually ? Ans. (1) 84; (2) 414. | 
2. The interest on a certain sum 1s $18, and the discount 
on the same sum for the same time and at the same rate is 


$15; find the sum. Ans. $90. 


3. In how many years will $10 amount to $105 at 5% 
compounded annually? Ans. 48.17. 
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4. In how many years will any sum double itself at com- 


pound interest, at 5% ? Ans. 14.2066. 

5. In how many years will a sum of money treble itself, 
if compounded annually at 344? Ans. Nearly 32. 

6. What is the amount of an annuity of $120 for 20 years 
at 6% per annum ? Ans. $4412.80. 

7. At 5% per annum, what is the present worth of an 
annuity of $500 for 30 years? Ans. $7687.86. 

8. What is the present worth of a perpetual annuity of 
$600 at 6% per annum? Ans. $10,000. 


9. At 4%, what 1s the present worth of an annuity of 
$450, to commence at the end of 10 years, and to continue 
20 years? Ans. $4130.10. 


10. At 6% per annum, what is the present worth of a 


perpetual annuity of $5000, commencing at the end of 15 
years ? Ans. $34,780. 


11. At 84 per annum, compounded quarterly, what will 
be the amount of $1000 in 2 years 7 months ? 


Ans. $1225.11. 


EXERCISE XXXI. 


1. What is the amount of $1 for 200 years at 54 per 
annum, compound interest ? 


2. Find the logarithm corresponding to the amount of $1 
for 1000 years, compounded at 5% per annum. ` 


3. In what time will any sum double itself at 8% per 
annum, if the interest be compounded quarterly ? 


4. In how many years, at 5% compounded annually, will 
$1 amount to $10? 


6. What is the compound discount on $1000, due in 20 
years, at 54! 
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6. What is the present worth of an annuity of $1000, 
at 5%, for 30 years? 


7. What is the present worth of a perpetual annuity of 
$1000, at 5% per annum? | 


8. A debt of $40,000, at 64 compound interest, is dis- 
charged by eight equal annual payments; required the 
annual payment. 


9. Find the present worth of an annual pension of $90, 
at 5% compound interest, to continue forever. 


10. What is the present worth of a perpetual annuity of 
$1000, at 4%, payments to begin at the end of 10 years? 


11. A debt of $3700 1s discharged by two payments of 
$2000 each, at the end of one and two years; find the rate 


of interest paid. 


12. At 4%, what annual sum should be paid for 30 years, 


at the beginning of each year, to secure the payment of 
$10,000 at the end of that time? 


13. An annual premium of $300 is paid to a life insur- 
ance company for insuring $10,000. For how many years 
must the premium be paid in order that the company shall 
sustain no loss, money being worth 4 per cent compounded 
annually ? 


14. A debt of $d, compounded at r% per annum, 1s 
discharged in n years by equal annual payments of $b; 


find 2. 
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CHAPTER XXXII. 


TEST EXAMPLES. 


Time, 2 hours for each set. 


I. 


1. When 2—5, 65 —4, ¢c=2, find the value of 


Ba — 2[0 — 2c — 3(a — b + 20) + (— a — 25 4-9] — 


2. Simplify 44—3(a—65—[2(2a — 30) —(—a—20)]—3c], 
and verify the result when a = 4, 6 = —2, c = 3. 

3. Simplify (a — 20)(2a — 3b) — (2b — a)(b — 4a). 

4. Expand (2 + 1)(2z — 1)(3z — 2). 

5. Expand (— c — 2d. 

6. Divide (— a — bF by — (a + 0)". 

7. Divide — à? — 0 — e + 3abe by a 4- 6 4- c. 

8. Simplify 5 aUo? — 2 VERO — NAVE. 

9. A and B are each entitled to half a box of oranges; A, 


however, takes three more than B, and pays B six cents 
to equalize accounts. What is the value of an orange? 


0r — 3 z—1 
10. If 3z — — Qe ema 


= 26, find z. 


II. 


l. If a = 4, b = $, c = 1, find the value of 
35a — 2[60 — 4c — 3{5a — 3b + 2(4c — 60) ]. 
2. Simplify - 
(2a — 30)(a + 0) + (— a — b) (a — 2b) — (b — a) (3a — 2b). 
3. Verify the answer to Ex. 2 when a = 6, 6 = 3. 
(330) 
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4. Expand To — (b — cja — Gelle + (b — cja + bel 
6. Expand (— 2a — 3b — cy. 

6. Divide (— a — 0)” by (a + b)". 

7. Simplify (a — Ar — (b — ay + (b — aF. 

8. Simplity V F PE & — Sab — Sac F 3l. 

9. Divide the cube of (a? — 0") by the cube of (a + b). 


10. A can do in 7 days what would take B 11 days; how 
long would 1t take both, working together, to do a piece of 
work which A alone can do in 21 days? 


III, 


1. Interpret 6” = 36, and find the value of z. 
2. Simplify 3(a — ba" — a? + «*b. 
3. Expand (a — 6)(a—c)—(a—b)(a + c) - (a—c)(a + c). 
4. Expand (a? — ab + PF + (à? + ab + CY. 
6. Divide 

(a — b — cy"—(a — b — cy" —(a — b—c)” by (a—b—c)™—". 
6. Divide (—a— b —c)(ab+ ac + bc) + abc by (—a— b). 
7. Given 4az — 260 = Bab Dir: find z. 


8. The sum of a certain number of quarter-dollars and 


an equal number of dimes is $21. How many dimes are 
there? 


9. A is three times as old as B; 10 years ago he was four 
times as old. How old is A? 


10. À bought a certain number of oranges at two for five 
cents, and an equal number at five cents each: by selling 


the lot at three for a dime he lost 15 cents. How many 
did he buy ? 


IV. 


1. Interpret zê = Ae, and find the value of z. 
2. Simplify 2a — 2{a — 2 — ?[a — 2 — Ra — 2) |}. 
3. Expand (x — 2)(x — biz + c). 
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4. Show that (a* — a" + 1)(a* — 1)4- à?(à? —1)(a? + 1)— 
(a^ — 1)(a5 + a* + à? 4- 1). 

5. Divide — 2" — s? + 3xy + 2z 4- 2y + 1 by —1—2z— y. 

6. Divide (e"4-y”)(2" —3?) by (+ ay t y’)(v’—ay+ y’). 

7. Simplify (a + 6 — cy + (— a — b+ oy. 

8. Given 4(7z + 9) — 2(a — 1[2x — 1]) = 14; find z. 

9. A has as much money as B and C together; B has 


twice as much as C; and A has $40 more than C. How 
much has A? 


10. A can walk from C to D im 20 hours, and he can 
ride the same distance in 6 hours. He goes from C to D, 
walking half the time and riding half the time. How 
long does it take him to go from C to D? 


V. 
1. Expand (1 + 3z + 3 + 22)(1 + 2x + 2"). 
2. Expand and simplify (7? + z + 1} — (ré — x + 17. 
3. Divide — à? — $8 — 1 + 3ab by —a—6-—1. 

4. Show that (a? Lie + d?) = (ac x bd)Y+(ad F be)’. 
DI — 7 ae + 7 
2 3 
value of m in order that z = 7? 


b. If = 9z — m, what must be the 


6. À can do twice as much as B, and B twice as much as 
C; working together they complete a piece of work in 
7 days; how long would it take A alone to do the work ? 


7. The time past noon equals one third the time past 
midnight. What o'clock is it? 


8. If each side of a square field were four rods longer, 
the area would be one acre more; find the area of the field. 


di. find z and y. 
MM MS 
4 9 
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VI. 


1. Reduce [(z? — 2aby + abt] + (2? — ab) to its simplest 
form. 
2. From the cube of (2a — b) take (a — 20)°. 


3. Ha Gz'y + 152*y* — 2023)? + 15z*y* — 625 + yé =? 
4. (as — 15 =? 
b. A's age 1s three times the united ages of his three 


sons, whose ages differ by two yeurs respectively. In four 
years A's age will be § their united ages. How old is A? 


6 Given verk 
find z and y. 

ANE. NU 

2 8 ^" 


7. If 2 — 32 = 0, find x. 
e If zè — 82 = — 15, find z. 


9. The square of A's age is 75 more than 10 times his 
age. How old is A? 


10. A's age is now equal to the square of B's, and in four 
years it will be four times B’s. How old is A? 


VII. 


1. Expand (— 2a — 30)". 
2. Extract the fourth root of 5 to 2 decimal places. 


3. A travels three times as fast as B, and requires 5 
hours longer to go 60 miles than B does to go 10 miles; 


find A's rate of travel. 


4. À number expressed by two digits equals 7 times 
the sum of its digits, and if 18 be subtracted from it, the 
digits will change places; find the number. 
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5. If a rectangular field were 2 rods longer and 4 rods 


wider, it would be a square containing 64 sq. rods more; 
find the area. 


6. Solve 227 — 3z = 20. 8. Factor zé — 2? 


7. 24^ + x = 21; finds 9. Factor — 2? — 3z + a? + 3. 
10. Factor z? — llz + 18. 


VIII. 
1. Find the G.C. M. of zt — 32° — 52 + 3x + 4 and 
Zi — 625 — 82? + 6r + 6. 
2. Find the L. C. M. of (a — 0)", a" — b’, a" —2ab + b’. 
8. Solve 252? — 15x = — 2. > 
4. Form the quadratic whose roots are 5 + V3. 
5. Form the cubic whose roots are 1, — 2, 2. 


6. Find three numbers whose sum is 11: the sum of the 
first and third 1s one less than twice the second, and the 


smallest number is the positive root of the equation 22* +- 
x= ð. 

7. Expand (1 + ¥3)(2 — ¥3)( 3 — 1). 

8. Solve 2? + 22? — x = 2. 


9. Simplify le 


10. Find four fourth roots of 4. 


IX. 


1. Factor a? + 3a" — 4a — 12. 
2. Find the H. C. F. of a? + 1 and a" — af — a? — 1. 


3. Find two numbers whose sum is 4, and the sum of 
whose squares 1s 10. 

4. The square of 2 of a certain number 18 one more than 
the number itself; find the number. 


5. A's rate in going 80 miles exceeds his time by 2; find 
his rate. 
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6. Solve 2 — 5z = 12. 


7. Form the equation whose roots are the factors of 
x — 5 — 2. 

8. The time past noon is the square root of the time past 
midnight; what time is it ? 


9. 2 45 — 480 + V45 — 4125 =? 
10. If 2° + y* = 10 and zy = 3, find z and y. 


X. 


1. The log of 5 to the base z is 1; find z. 

2. The log of 2.18.3010; what is the log of 21? 
3. If 22 —4:2—3::2x2 2- 1:2, find z. 

4. Y2--11 — V —9 = 2; find z. 

6. Show that a? + 36" > 2d(a + b), unless a = b. 
6. Simplify 5 V4 x 2 V33 + V108. 

7. Simplify 

(5 + V— 3)(5 — V— 3)( ¥3— 2 V— 2)( V3 + 2 W— 2). 
E If a : 6:: c : d, show that 

a* -+ ab : ab — DP :: È -+ cd : cd — a’. 
9. Given z 4- 17! = 2.9, find the value of z. 


10. À sold a horse for $144, and gained as much per cent 
as the horse cost him; find the cost. 


XI. 


1. Show that a? + 6 + 1 ab 4- a +b unless a = b — 1. 
2. Extract the square root of 20 76 — 48. 

3. Given log 2 = .3010; how many figures express 2/9? 
4. Given 257 + 5* = 650; find z. 

E. If 2 4-5 :2z2 — 3 :: 5z -- 1: 3(x — 1), find z. 

6. Ifa:b::b:c, provea:c:: (a+ bF: (6+ cy. 


7. The eighth term of an A. P. whose common difference 
is 3, 18 14; find the third term. 
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8. Find two numbers whose sum 1s 10 and whose geomet- 
ric mean 18 3. 


9. Sum the infinite series 1 — 1 -+ 2 — 4 +. 
10. Insert three harmonical means between 2 M 10. 


XII. 


2. "P. 
a^ —4x-4-2:a*—4xz::2—29xy—1:2? — Ra — 9. 


3. In an A. P., given d, l s; find a. 


4. Find three numbers in G. P. whose sum 1s 13, and 
the sum of whose squares 1s 91. 


b. If 2*3" = 20° and 5x = 3y, find z and y; having given 
log 2 = .3010 and log 3 = .4771. 


6. How many different sums of money can be formed 
with 2 cents, a three-cent piece, a half-dime, a dime, and 


a quarter-dollar ? 


7. If log zy = 1.4982 and log (x + y) = 1.6543, find log z 
and log y. 


8. How many figures will express the amount of $1 for 
1000 years at 6% per annum, compound interest? (Use 


table of logarithms. ) 


9. What is the present worth of a perpetual annuity of 
$1200 at 4% per annum? 


10. Of the same annuity, beginning after 10 years? 


XIII. 
1. Divide a +3 + c — 3 Vabe by at + b? 4 cb. 


2. Multiply z$--1-Fz-$ by zè — 1 + 27%. 
3. Ifa = — 3,6 = — 5, c = 1, find the value of 
(— ay —2{b — 4c — [a +04 12e — (a — b + 8e) ]}. 


4. Resolve into prime factors 2° — 725 — 8. 
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6. Vi6x—* — 322-2 + 247-7 827! 11 =? 


6. Find two consecutive numbers, the difference of 
whose cubes 1s 61. 


7. Expand (at — 30). 
8. Expand (Ga? — deih 
9. Factor a? — 2567+ 
3 4 
10. Simplify Y5 X V2 x V9. 


XIV. 
1. Divide zt — yé by z^! + y^. 
v--Y2—2a* 4 


2. Find z, if ————— —— = -. 
r— y9—ag8 3 


4. Expand to four terms V1 + 3z. 
6. Divide 21 — 5 V3 by 43 + 1. 
6. Sum 3, 34, 3$, . . Lo fifteen terms. 


7. Form the equation whose roots are double those of 
TD — 27 = 3. 


8. Insert six arithmetical means between 2 and 23. 
9. If z + y = a and ? + zy + y? = b, find x and y. 
10. Find the fifth term of (z + a) ””. 


XV. 


1. Solve Ge + 2a — He 3 Se n 
2. Find three cube roots of 27. 


3. If 2° = 16, find z. 
4. If the base is 25, of what number is — 3 the logaritlim? 


6. In the common system, what is the log of 0: 
6. If ($) = $, find a 
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8. By indeterminate co-efficients, find four terms of the 
9 + eU 


5-L'7x 
9. Expand (a — 0)". 


quotient of — 


A VI. 


1. Given log 2 = .3010; find log 27. 
2. Expand to four terms (a^ — 57) 5. 


2 
3. If 6% = 36, find z. 


4. Form the equation whose roots are the reciprocals of 
the roots of 2? — Tz = — 10. 


5. Divide a” + 30°0 + 3a -- bè — e by a 4-6 — c. 
6. If 7(x — y) = 3(x + y), what is the ratio of z to y? 
1 2 1 


8. Ifat+d:a—b::c+d:c—d, show thata:b::¢: d. 
9. Solve 2” + (a7! — 07 dE — (ab) - *- 


10. If d is the least term in the proportion a: 5 :: c: d, 
prove that à? + d' > b + c. 


X VII. 


1. Extract the fourth root of 7 — 4 V3. 


2. Solve Via — 24 V/14 +4= 4. 
3. Simplify (à? — 0°) X (a? — P?) + (a — bF. 
4. Simplify (22—32?—15z4-25) ^! — (222-7222 -5z —25)7 1. 


5. What must be added to 92*+ 122? + 20x + 25 to 
make it a perfect square ? 


6. Expand (2x — a)’. 
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7. Given 6 (2? + = a) +5[e+ =) = 38 find z. 


8. The sum of five numbers in A. P. is 15, and the sum 
of their squares 18 65; find them. 


9. If z'(2^— y’) — 925 and y^ (2? +y”)=19[, find z and y. 
10. Divide a + abs + 56 by a* + V ab + pt. 


XVIII. 
1. Extract the cube root of 16.3131 . . . to two places. 
a. Find th , kou lue of 22° —2z+5 
. Find the maximum or minimum value of $573 T3 


3. Solve: I. (x + y)(2? + y?) = 203; 
II. (2 — y”)(2 — y) = 63. 

4. Solve: I. z + y + z= 10; 

II. 22 + y^ + z" = 38; 

III. zy — zz — yz = — l. 
6. Simplify (1 — a)" X (a — 1)- 
6. Dividez-!-pz-7$y-$-Ey-!byz t+ 271y7i.y7d 
7. Find a fourth proportional to a 7!, 67), ech 
8. Sum to infinity 9, —3, +1, —4, + 


9. In a bag 9 white and 3 red balls are placed ; if 5 balls 


be drawn, find the chance that all the red balls wall be 
among those removed. 


10. Solve 152? — 92 — 4 = 227 V 9r + 4. 


XIX. 
1. Solve 2? + 10x = m 2. Given (2 5)* = 4&, find a. 
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6. A's rate exceeds B's by 1 of a mile per hour, and he 
goes 39 miles 1n 45 minutes less than B does; find A's rate. 


7. Find the fourteenth term in the expansion of (271— b)". 
8. Solve V2? +1 — 4 —z3?-- 1 — V1 — at. 
l — rx 
v'—z—RO 
10. Find an A. P. such that the sum of n terms shall be 
equal to an? 


9. Resolve into partial fractions —;- 


X X. 


1. Sum the A. P. whose first and twelfth terms are 6 and 
61, and the entire number of terms 18 sixteen. 


2. Find the A. P. such that the first, third, and thir- 
teenth terms are 1n G. P. 


3. Insert five harmonic means between — 4 and — de, 
2 


z^ Y 
4. Solve ss" and z+ y= 6. 


5. Expand (1+ V — H 6. Solve 20* — 100. 
7. EE — 5 and ators 13, find and y. 


8. How many words, each Mët one vowel and three 
consonants, can be formed out of the first thirteen letters 


of the alphabet? 


9. If aa^ + bz + c becomes 24, 37, 60, respectively, when 
z becomes 2, 3, 4, what will it become when z = — 3? 


10. Prove that the difference of the squares of any two 
odd numbers 1s exactly divisible by 8. 


ANSWERS. 


EXERCISE l. 


1. A, $175; D, $225; C, $360. 2. 16; 4. 3. 252; 336. 
4. 38. b. 14, 15, 16. 6. 100. 7. 5. 8. 28. 9. 18 years, 
10. 9. 11. 60. 12. 20. 


EXERCISE II. 


1. 1; — 11; 11; 2. 2. — 5; 4; —8. 3. 2; 4; 4. 4.1; 


— 1; 4; 1; —2 5.4; dei 3; dy; 41. 6. 57 A.D. 7. 32 
B.C. 8. 125 B.C. 9. 55. 10. + 1266; — 322; — 023; 


— 1375; — 840. 11. $3823. 12. — $1200. 13. 268; 22 
steps. 14. 75 steps; 6795 steps. 


EXERCISE III. 


1.22. 2 17. 3. 42. 4 256. b. 3. 6 28. 7. 0. 
8. 16. 9. 64. 10.0. 11. 3. 12. 2. 


EXERCISE IV. 


1. 6a. 2. a(3b—c). 3. a(a—3). a. 3(b—c). 6. 6(a—t). 
6. b(a 4-3). 7. ala — 1). 8. a(b 4-1) + c(b +1) = 
kr OR 9. Hat) + @+N= ie +1) 


20. 3(2a — b)(c 4 d). 
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EXERCISE V. 


1. (20+ec)z. 2. (20+c+l1)=z. 3. 10(2—0). 4 (2x— y) 
(a+30). 5. 3a — 7b — 2c. 6. a—a —a(l—a?). 1. 2a. 
8. 4b — 8 = AUCH 9. a + (a—D)2” + (a—D)2-- (a—1). 


12. (a — bj? — (a — bj? — (a + dja + (a — 0). 


EXERCISE VI. 


1. 62 — 96. 2. a — 62 — 2422 + 1217 — 120. 3. a5 — 
41x — 190. 4. 44$ — 52? + 82* — 102? — Bri — 5x — 4. 
b. L + 3ry Ay — 1. 6 a — 6 + 1382? — 1224 4. 
7. + (6b — a + c)? + (— ae — ab + bc) — abe. 8. 25 4 
625 + 152* + 2023 + 1522 + 6x -I- 1. 9. 2* — 635 +152t — 
204? + 1527 — 6z + 1. 10. 22’ ae de 125 4+ 
282? + 3z — 12. 11. ak -epe . 12. ad —a+2Z—ari, 


15. 6027?y--29? —2y(32?--37). 16. — 17. 162674). 


EXERCISE VII. 


1. 2? — 0z*y + 362'y*? — B4a'y" + 12625y* — 1262ty* + 
w 362'y' --9xy*—43?. 2. (ek—5x“y+102”y”— l02'y`+ 
boy — y)-L 3. at — 8a'b + Zda'b? — 32ab + 160. 
4. (812* — 2162"y + RI GZ'y" — 96xy? + 16y*)—* 5. Baiy 
Bxy`= Brut? Lat, 6.2?—2z--3—9z-!-Ex-?*. m ax— 


dxè H6 —4x—73-L z-1 g. ab—6a® L 15at — 20a?+15a?— 


604-1. 9.2 - Ly —1-4-32*y — 3a? -+ Bzy” — 3s? + 9x + 
3y — 6xy. 10. a" E+ e+ d? — 2ab — 2ac + Rad + 
2bc — 2bd — 2cd. 11. [2(a? + 0^) T = da" + 8a?P? + 404. 


12. (4a5--24a*--36a?) -- 13. à?—122a?--54a — 108a?-- 81. 
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14. 4a'—40°+-a?+12a—64+9a-*% 15. ei+8Bziy+R8z'y“—+ 
562*y* + 70xt*y* + 5Gz'y” + 28z^y* + Bry’ + y. 16. 2 — 
02i + 152? — 2021-15 — LEAN 17. bat 4bBr'ay+ 
6b'z'a'y” + 4bza'y” Lou, 18. 1 + 10x + 402° + 802? + 
80Oz' + 322° 19. a? + bz" + at + 2abz + Racx" + Ze 
20. a" — 86 + c — 6a?b + 3a*c + Lab + 128c + Bac" — 
6bc" — 12abc. 21. (afa* + 4a*z? + Ga'z" + 4az* Lat 
22. x(2 — x)(2-+ 32’) or 4r — 227+ 62 —3z- 23. — 7 + 
20r—14z*--4a43. 24. 1 + 4r — 22?—42 + 252* — 242? + 
162°. 


EXERCISE VIII. 


1. —2ac. 2. —2a + 40? — bab. 3. —(m—nYy (m + n). 
4. a+" + 3a? + 4a -5. 5. 2*5 —2z--3. 6 a+ 
20°b + 3a? LA m. a? —óz Fc. 8.a* —(a — 1) — 
(a — b — 12*5—(a—1)»--1. 9. wn fb hdi a 
ac—be. 10. 2 +22y—1)+ (4y* --2y +1). 11. at + 
a*b* + b'. 12. (a+ 6)? — 2c(a 4-0) + 4C. 13. — 2 + 3a — 
a --a-7*. 14 (ad-1y-—2(a--1)--1-—a. 15.1— 
cd(a—b)* + (a—b)i. 16. 33(a — by —3*(a — b) — 3*(a Am. 
17. (a + b — c) " — (a +b —c)—* —(a + 56 —c)~*. 


ExERCISE IX. 


` 1. Zut: 50905; Ja'(b — c); Ga'lt — yy. a. (a — AN: 
(22 — 1); (a—3). 3 (a—b-4- e); anb — cyn-*; 
t" (a — 2b)". 4. (z— y); (3a — 1)"; (a — b — IN 
5. 32 — x — 1. 6.42 — 52? — 37 -- 2. 7. 421; 737; 
3789: 4.164. 8. 1.5811 +; 3.7947 +: .4110 + ; 5477-4; 


17382 +. 9. 225-4 - 4 —9. 10. 22— aà?--z —1. 11. at 
b -- c. 12 42; 48; 4.7; 9.6. 13. 2.34; 32.1; 4.68. 


344 ALGEBRA. 


14. 1.07 +; .43 +; 2.51 +; 2.33 +. 16. a7'—1. 16. 3; 
A; Bab, 


EXERCISE X. 


1.7. 2.3 5. —4. 6.d+(b+c—a) 
oy 8. bd—(ad+ bc). 9. — 5. 10. (a—b)+(4—¢). 


11. — 3. 12. D(a +c)+(20+c—a). 13. $9. 14. 30. 
15. — 21. 16. a—4. 17. 6,4. 18. 36. 19. 12 minutes. 
20. 12 hours. 21. 144 days; 22 days; 2% days; 3% days. 
22. 400. 23. A, $90; B, $150; C, $200. 24. $2400. 
25. 8. 26. 8, 4. 27. 6. 28. A, 18 years; B, 6 years. 
29. A, 40 years; B, 25 years. 30. A, 20 years; B, 5 years. 
31. $30. 32. 39 rods; 4I rods. 33. $200. 34. $400. 
35. Wine, 85; water, 359. 36. 60, 84. 37. 3 A.M. 38. 3 P.M. 
39. $5. 40. 300. 


EXERCISE XI. 


l. x = 35, y-—4. 2.2—50,9 —99. 3.2=2,y = 4, 
=). 4.t=?2, y=i, z2=3. 5 tz4, y=5, z=2, 
v=3. 6. A m 20 days, B m 80 days, C in 240 days. 
7. A has $232, B has $332. 8. A, 49 years; B, 21 years. 
9. 4£. 10. 72 apples and 60 pears. 11. A has $180; D, $480. 


12. A, $360; B, $280. 13. 30, 10. 14. 2, 4, 7, 9. 15. LAA 


2 
&—b--c —a--6--c 
2 ? 2 


EXERCISE XII. 
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EXERCISE XIII. 


la.ad.a.(a—8a+3). 2 (a—b)(a — b)[(a—5y —3]. 
3. x(z2”+I)z—1). 4 al@tat+ljy(a+l1j\(e—a+l). 
5. (a — by[(a — bF + (a — b) + 1]. e. (a" — $)(a" — 1). 
7. a(à? —$)(a^—1). 8. (a#—3)(a"+3). 9. A MA 
10. (a—b—c—d)(a—b—c+4+d). 11. (a—6—-3)(a — b — 3). 
12. (a—2b+4)(a—2b—2). 13. (a—2— Pe ++ c). 
14. (a + 2)? — (b —3)? = (a + 2 — b + 3) (a +2 +b — 3) = 
(a—b+-5)(a+5—1). 15. (a—13)(a —1). 16.(x—8y)(x—21). 
17. z(z—1)(r4-l)(x—l)(z4-1). 18. (2—8)(z— 1)(@ 41). 
19. (32 -2)(3r — 1). 20. (27 —3)(9x — 1). 21. (3z — 1) 
(2:7—1) 22. (3z--1)(2z—1). 23. (2?—z—1l)(2* + z—1). 
24. (22? —z—1)(22?-Fz —1)-— (2x --F1)(z—1)(2z—1)(x + 1). 
25. (327 — 2x —2)(32 -2xr—2). 26. (af—2)(a* + 2a*-+ 4). 
27. (a —1)(a?-4-a + 1)(a -- 1) (à? —a--1)(à? + 1)(af— a? +1). 
28. (a + 1)(a'*5 — a5 + 1). 29. (at + 3)(aà* — 3a* + 9) = 
(at + 3)(at — 3a* + 3) (af + 3aà? + 3). 30. (a — 2P — 1 = 
(a — 3)(a" — 3a + 3). 31. (a — 1} — Ia" = (à? — 5a + 1) 
(oi --a-4-1). 32. z(« —2)(22* + 3x + 6). 33. (x — 2) 
(4 --2z--3). 34. (1+ (2 — à qt - 25 — x 4-2). 


EXERCISE XIV. 


13. at — 16. 14. 2°— 3:5 4 TÈ 5r? — on +2. 16. Er 
2925 + af + a8 — 8233 + 22 —4. 16. 122 — 82° — 324 — 
102 + 827 + 382 —2. 17. 122° — 102° — 202! — 53? + 
2X" Lä 18. 7224 .— 90z*y + Af — 30zy* LG, 


EXERCISE XV. 
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1 Gs 1 u x? 
eo RAN : py-—l-4z? z—zr'i+ l 
Gë fei 2 "TO aistäe "st? 

Zou? b — ax 1 
eg 0. 13. au 14. Fe 199.52; 16 1. 17. 1 
9x +o art+ci C +e 
2 wg e 
18. 0. 19. mi. 20 dei 21 x + TE + po 
ac , bd 2(a — by glo + b) 
22 EE 23. 2 24 Gäile ES by 25. - x — y 
1—2z-4-2* LE —ab(a— by 
26. 0. 27.1. 28. — fa 2 igr 3 DILÈ 
- (a^ + y 4a°x 
3l. n 7 32. Ca 33. A 84. TO 
35. — ac, LU T e) 
at F1) ?* Age tbe + of 


EXERCISE XVI. 


| ac(3ab + 1) 
ki ob ^" 2. Oe 3. e — ad e a blb +a) e 


15 pm yY = EE 16 A ME.) 
da — 125 l2a—5y ^ ^. a+ b' a—b 
17. x = 20, y = 16, z = 12. 18. 2-2, y=3, z— — 1. 
19. xv = — lò, y = — 16, z = —8, t = 3l, U = 2R. 
20 x = 6, Y = 4, tant ta mp Ci. ten, y = 8, 
= 2 E 2 = 2 
duds a EE LL LE eee 
23. X = J, dee z= — ð, (= —4, v= 24. T = 


s= Aa Le td If} (a+b-+eo+d) be repre- 
sented by s, then z = 4 (s — d); y = 4 (s — c) z=4 (s—ò); 


y — 1 (s— a). 
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EXERCISE XVII, 


1. 287. 2. A, 15 years; D, 20 years. 3. A, $48; B, $60. 
4. 9,36. 5. 36, 64. 6. 24. 7. A, 84 hours; B, 121 hours. 


days. 9.12. 10. $40. 11. 12, 60. 12. rate, 24 


miles an hour; Zime, 18 hours. 13. B’s rate is 12 miles an 
hour, and CF is 200 miles. 14. 3 miles an hour and 1} 
miles an hour. 15. Time down, 5 hours; rate of current, 
2 miles an hour; rate of rowing, 6 miles an hour. 16. 72 
miles. 17. 300. 18. 720. 19. 480. 20. I. 3844 minutes 
past 7. Il. 21% minutes past 7 and at 54,5 minutes 
past 7. III. 544 minutes past 7. IV. 1344 minutes past 7. 
V. 27$; minutes past 7 and 4944 minutes past 7. VI. 44$3 
minutes past 7 and 5844 minutes past 7. 21. 49,4 minutes 
past 3 o'clock. 22. 46%, minutes past 5. 23. Together at 
$9 a minutes past a o'clock; opposite at $9 (a + 6) minutes 
past a o'clock. 24. 84 hours. 25. 13 hours. 26. 94 hours; 
46 hours. 27. 64. 28. 45. 29. 27. 30. 36. 31. 124. 
32. Length, 80 rods; width, 20 rods; area, 10 acres. 
33. 120 @ 5 cents each. 


EXERCISE XVIII. 


lz=2,y=1. 2. Formula: v = 41 + 10, y — 1— mt, 
in which (=0, —1, —2, —3, — 4. .".r=41; 31; 21; 11; 1. 
y=1; 8; 15; 22; 29. 
3. Formula: z = 81+ 76, y = 1 — 34, in which ¢ may be 
0, —1, —2, —3, —4, —5, —6, — 7, —8, —9, —10, — 11. 
', = 81; 74; 67; 60; 53; 46; 39; 32; 25; 18; 11; 4. 
y= 1; 4; 7; 10; 13; 16; 19; 22; 25; 28; 31; 34. 
4. Formula: z = 12 + £, y —8 —10/, in which £ may be 
0, —1, —2, —3, —4, —5, —6, —7, —8, —9, —10, —11. 
.£—12; ll; 10; 9; 8; 7; 6; 5; 4; 3; 2; hL 
y= 8; 18; 28; 38; 48; 58; 68; 78; 88; 98; 108; 118. 
b. ;—12—76—5. 6. = 31 + It = 31; 24; 17; 10; 3. 
y —5t— 1 =4. y= 1—dt= 1; 4j 7; 10; 13. 
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72=8, y — 9. 8¢4=%7, y —5. 9 C=11, y= 18. 
10. z = 37, y= 13. 11. 19. 12. 185 and 15; 119 and 81; 
53 and 147. 13. 245. 14. 97. 15. 21; 42; 63; 81. 
16. 100. 17. 974. 18. 5 sheep, 1 turkey, 94 chickens. 


EXERCISE XIX. 


1. 272; 4 3; 5 V5; 3a V2; bz V2y; 3(a—b) Y5(a—D); 
4ab —! V6, 

2. Ara V2; 9 2a V 5a; 7 y2; R(L — y) y2; 3(z—3)7* V3. 

3. 12 V2; 643; 29; 3 V2; Na; (a? — P) Va - b. 

a a- Va — a-* Vg; Va —; (0 — a) Vb 3- a. 


10. E CHE W256 and V8; land Ux. V6 and V9. 
11. 247233; 343 > 210; 345» 42. 


21. (a — b) Va — b = (a — b) (a — Vaz 
a+b a 


22. l; (x+y) 8 ^ 23.V2— V3— 15; 3 V3. 24, Č NG. 


25. 4 V6. 26. V2; $ y2; 92; 2 CH V27; a Ve poa 


ac 
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27. 3 V2 — 2 3; 44 V15; 7 --4 V3; 1(2 V2 — V3). 
28. 45 4- 1; & (29 +47); 10 + 416; 7241, 

29. A Y2 4- Và -- 1); V4 9241; (V4 — V2). 

30. 1(— 3 V2 + 2 V3 + V30); 1(*10 + 2 — NI); 
1(95-- V3 +2). 31. —2V—2 32.18. 

33. — 24 3; 94 —3— 2; —7. 34.94 —2; $2406; 12 V2. 
35. ll 4 —1. 36. —4 V7. 37. 5( Y3 — V2). 38. 2 V9. 
39. 4( V6 — V3 — 5. 40.1 [3 V2 LA 4- V6—2 V3] V2- 
41 2 — 1: 2 — V2-(V2 —1) V2; V5 — V2; 9 y2—1. 
42. V5 + V3; /6 — 1; V7 — 2; 1 (YE — V8). 43. 16, 


16 
44. A, 45. 9 or0. 46. 37. 47.4. 48. — j. 49. e 
20 | 
60.4. 61. (a +4). 52.5 ——,. 53. 3. 54 +f y 5. 


65. + 4 4 4ab — D. 66. 4. 57. 6. 58. 5. 69. 3a. 60. 9. 
61. 5. 62. d]. 63. 48. 64. 3. 


EXERCISE XX. 


27. 1, 9. 28. 9, 4. 29. 5, 80. 30a—d,c 31l. a — D 
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EXERCISE XXI. 
1. 7, 3. 2.11, — 12. 3.11,5. 4. $60 or $40. 5. 16. 
6. 583 + 15) and — ;( + V5). 7. The square, 10 rods; 


the rectangle, 16 rods. 8. 50 cents, 10 cents. 9. A franc, 
20 cents;-a mark, 25 cents. 10. $11. 11. A's, $600; 
D's, $400. 12. 12 hours, 16 hours. 13. $40 per week. 
14. 37. 16. 25. 16. 2 P.M., or 12 M. 17. 1019 minutes 
past 2. 18. 4 milesan hour. 19. 90 miles. 20. 20 miles. 
21. 131 hours. 22. 134 hours. 23. Height 4 yards, breadth 
6 yards, length 8 yards. 24. $600, $400. 


EXERCISE XXII. 


4. tr'—iz=1i. 5 man , 

ot = — 3. 8. t—ZIx=—4. 9. ZÆ — Zaz = P — o 
10. 2?—29x Va = b—a 11. 77 + 347— 107 = 94. 12. z3— 
02^ + 2x = — 12 13. zt — 235 — 62° + 8z = — 8 


.". L=4 or 2. 18.4, — 2 19. Cé — 9. 20. WÉI 
411+ Y—3). 21. 1, 2. 22. 4, + 43. 23. a, 4(3—5a). 


24. 1: 6— 2, —1:- 4— 9. 25. Minimum 4, when T=}. 
26. Minimum — 4, when z = — 3. 27. Maximum 4, when 
z—'i. 28. Minimum positive value 1, when x = 0. 


EXERCISE XXIII. 


1. «2, -- 2. 2. t Ya, x: VO. 3. 41,48 a. 4,1. 
5. 64, 4. 6.16,1. 7. 729,1. 8.4, (—1?=1. 9. Ae 


(— 11). 10. 1, DR 11. 1, LE 12. Qn? (— Br 13. 2, 


ANSWERS. ool 


— 1. 14 9, (— 41)5, 15. 2 V2, 5$, 16. + y— 2, t l. 
17. 4, — 1. 18. 18, 3. 19. 5, 80. 20.3, 4%. 21. Ll. 


22. 4, — 9, 4(— 5 + Y— 51). 23. 92,0, 1 3 V— 7. 
24. 2, — 1, it Me 25. 1(34. V5), —2+ V3. 


27. dé + 3 iy $15 F4 Wé 


38. 1, —5, ~2+ Va, 39. +4 Le E 


40. 4(1 + 933) MI + V— 7). 
! . 42. 4(—1 V5), een 
43. 4(3+ V41), H1+ Y—31). 44. 4(13+ 7493),4+3 V—1 

45. + 2. 46. 3(1 + V5). 47. 3, 3-1 € Y— N 
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17. 27—2; y=1. 18.72—4,—1;y-—  —1,4. 19. 1—=4, 
— 23; y=2, —4. 20.2=3, —1, 4(— 19 + V— 283); 
y —1, —3, (19 + V— 283). 21.222, —14+ V2; 
y = + 5, (FERYE. 22. gy = +45; y = x3; z— 2. 


23. x = 1, y = 0, z = 0, and these values may be inter- 
changed. 24. z = 3, y = l, z = 4; and these values may 


be interchanged. 25. r=4 y — 2, z= 1, and inter- 
changed. 26. + 9, £5. 27.5, 2. 28. 6, 4. 29. $56. 
30. 24. 31. Rates of riding, 6, 8; of walking, 4, 2. 32. A’s 
investment, $600; B's, $400; A's gain, $60; B's, $40. 33.1, 
3, 6. 


ExERCISE XXVI. 


1. 2111. 2. 167. 3. 858.4. a. 5.6417. 5. 2.796. 
6. 1169.72. 7. 1.387. 8. 96.08. 99. 3.483. 10. 7.6117. 


log d — c log a log n 
11. ]. 7963. 12. b log a 13. blog a + d log c 
| log (1 + d log (a — b) 


or — .54. 18. — 1.7092. 19. 2.408. 20. yè — 3y = 2; 
n 4 —20r—1; ..2*—20r—]1,;z-— 1. 


EXERCISE XXVII. 


: a—b a—D»P.., 
l. 44 > ii» P 2. If a> b, Ii eae if 
a—b a’— Di 


a = b, both ratios become zero; if a < b, 


a 
3. xr—lla +R8:27. 4. 99:27. 5. 4. 6. 27, 18. 


bc — ad 
$ 9 4 è e e e 18, 13 e s 
7. 20, 4j. 8 gi. 9 L 14 T—P—cl 
23. B=TA. 24 5AB = 2(A* + B’) 25 GË 
Te 22 d 
26. 2. 27. D— —— 55. 29. Dräi 30. S—4ft 
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EXERCISE XXVIII. 


1. 40°. 2. ka. Son, 4 ES 5. 1, 4, 7, 10, 
13. 6. tl, +3, +9, + l. be SZ, did. es EE 
9. 3, 4, 5. 9. 10 or 12. . An(221-4-3). IL n. 


12. ; (7? + n —l). 18. 191. 14. 108, 144, 192, 256. 


17. 256. 18. 3, 7, ll, or 18, 7, — 4. 19. 3, 6, 12, 24, 


48,... 20.2, % %...,0r 4, —4, +4, es 
24. 9, lor Ze, — 744. 26. 36 miles. (B will be over- 


taken afterwards by A at a distance of 120 miles from the 
starting-point.) 27. 64, 48, 36, 27, wine; 0, 16, 28, 37, 
water. 


EXERCISE XXIX. 


1. 1956. 2. 50400. 3.3. 4. 12600. 6.9. 6. |10 
7. 6. 8. 4. 39. 330, 402, ll. 10.31. 121.6. 12. 2. 


15 23 83 a 1728 033 
13 oa quee uu ES 15. «a 16. 17 
DES 


18. dn, 19. A’s expectation, $55; B’s, $25. 20. $1.05. 


1 
2+? 14’ 44’ 34’ 24’ 2+’ 14” 30) 


" ka fractions, LAE NE RE A 
Convergents, 4, $, Tr 1$ Tip $65 tit 


Integral fractions zT = m D zT E LI 
247 B47 347 PPIP 1 
eh a HE 
1+’ 1+ 2 


Convergents, 4, 4. 49, 44. «ie utp atte Atb tots 
Alg.—30. 
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, 1 1 1 1 
Integral fractions, 64? ba? IP SPÈ 
Convergents, $, 2, jJ, abi 


1 1 1 1 ] 

Integral fractions, —-, —-, —-, —-, —-, + 

" IPP IP IP LP 55 
Convergents, 1, 2, 3, 3, Ze 


b. Convergents, 2, 3, Lt, M1, 88, etc. 6. Convergents, 4, 


38, 268, Bet, vii > Convergents, 7, Zë, #2, 51, etc. 
8. Convergents, 10, 201, 4030, 80891, etc. 9. oa | 


6, is at, 34 ete, 10. Ki Oe 11. 1 — ^ 4- a^ — vt tu, e 
12. I+ a+a'+a+... 13. £—$cz-4- 3324 —1283-L.. 


3. 


2(@ — 5)  2(x—3) 
16. —Li taa Wh =F ro 18. sia» H 
NIIT T 1 n SS 19. z^ ^ — BIT y + 3x-*y’? — 
4a 9 E 20. Le See 21. a73 — 


24-5 + fat ata Di, 22. 4+ 122507 
23. 2d and 3d terms, each $. 24. 4.89898 —. 25. 280. 
26. 4". 27. 3(6)*. 28. Gei + 42a?b* + 70a°d* + 14a09 = 
2a(a* + 21a*0* + 35«?0* + 709). 


EXERCISE XXXI. 


1. $17380. 2. 21.2000. 3. 8i years. 4. 47 years. 
.5. $623.85. 6. $15375.73.  ". $20000. 8. $6440.40. 
9. $1800. 10. $16903.31. 11. 5.451. 12. $172. 13. 22. 
log 6 — log (6 — Td) 


- log (1 + 7) 


ANSWERS TO TEST EXAMPLES. 


I. 


1. 57. 2. 16a — 9(0— -6 109. 3. — 2(a+ b)(a — 20). 
4.67 — g — 5r +2. B. M + 88d + 24cd* + 32cd? + 16d‘. 
6. (a+ 0). 7. —a'—b—rei+ab—r+acxt be. 8. Za'be". 
9. Four cents. 10. Gei 


II. 


1. 12. 2. (a — b)(4a — b). 3. 63. 4. af—(b— cl 
2abc(b — c) — be 5. — 88 — 276% — W — 369b — Lige — 
o4bV'a — ube — Gac" — 9bc — 36abe. 6. (— 1)". 

7. (a — by[(a — bF + (a —0)+1] 8. t (a — ò— co). 
9. (a — b). 10. 12$ days. 


III. 


1.2. 2. Rda'(a — 3. 20 — a? —2ac-- c. 4. 2af + 
6a?0*--20*. 6. (a—6—c)"^ *"—(a—b—c)y'—(a—b—c)?^-, 
b 


6.ab+ac+tobe+ec 3. 5» 8 60. 9. 90 years. 10. 36. 


(2b — 20 — boys 4+ 20c. 4. Each equals a? — 1. 6. a? — 


z(y4-1)— (— 9 c- y F1). en 7.0. 8 5. 
9. $60. 10. 94$ hours. 


V. 


1.1 + 5z 4-102? + 1022+ 52*-+ a? 2. 2z(3zf + 72? + 3). 
3.a? + +1 —ab—a—b. 6.14. 6.121 days. 7.6 P.M. 
8. 324 square rods. 9. 27—8,9y —9. | 10. t=8, y—3, 


z = — 2, 
(999) 
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VI. 
1. a“ — babe + Ta’. 2. la` — Gua'b — Gad? + Héi 


3. z?— 9zy ty 4. aè — 5a? + 10a — 10a3 + bat — 1. 
6. 36 years. 6. z= 16, y —8. 7.3,0. 8.5, 3. 9. 15 
years. 10. 36 years. 


VII. 


1. 16a‘ + 96a°d + 216070? + RIGab” + 810 2. 1.49 +. 
3. 6 miles an hour. 4 42. 5. 80 square rods. 6. 4, 


— 2). 7.3, — 34. 8. vx.xz.(x — 1)(v + 1)(2? 4 1). 
9. (2 + 3)(1 — 2). 10. (x — 2)(z — 9). 


VIII. 
1. a? — 1. 2. (a? —55P)(a—0y. 3 Zort 4 2% — 
10a = — 22. B5.a?—a?—4x——4. 6. 1,4, 6. 7. 4—2 V3. 
8. —2,+1. 9 24+ V6. 10. t: V2, 4+ Y — 9. 


1. (a -3)(a -2)(a — 2). 2.a*--1. 3.3,1. 4. 3, 
—3 5. 10 miles. 6. 3, 1(—3 uc Y— 7) 7 y^ T 


(2: — l)y = —a*--z--9. 8. 4 P.M.orO9 A.M. 9. —4 V5. 
10. t=+3o0r tl, y=iILOr it 23. | 


XII. 


1. H V25 + Y5--1) 2. +2. 3. 4d € V4 44 —2ds. 
4. 1, 3, 9. 5. z = 3.5606, y = 5.9343. 6. 41. 7. log z= 
57625, log y —.92195. 8.26. 9. $30,000. 10. $20,284 —. 
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XIII. 


1. as + DÉ + c$ — V ab — Vac — V bc. 2. z5-L1--z-$. 
3. ll. 4 (x —2)(4?-- 2x + 4)(z + 1)(2 — z + 1). 
5. 447? —4x27' +1. 625 +4 MT. a' — 1223 b + 
54ab? — 108a5 D + 81%. a 16a-? — IbaTibr7è + 
J16a7!578 — 91627357? + 81573, 


9. (a + della + pla + 4)(a — 4). 10. v13500 


AIV. 
1. ay — PY Län 2 ti 3 + (5 — V3). 
or 9 ti m 
ECKE 5. 1343 — 18. 6. 80. 
7. xz? — 4x = 12. 8. 5, 8, 11, 14, 17, 20. 


9. x = bla + V4b — Ba], y = bfa F V 46 — 3a’). 
n(n +D(z +2)(n+3) ., 4 
10. 7 Ss 3 1 wen a a". 


XV. 


1. 5, — 30. 2. 3,3(—1 + V— 3). 3. $. 4.4. 5. — oo. 


6. .449-p. 7. $$. 8. § — H9 + Tye” — gif". 
9. a!" — 11a") + 55a'b? — 165a'b? + 33On'b! — 462a°D? + 
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80ra? — 402a? + 10za—a 7. 2 — 2, 4, — 1, —3. 
8 3 — 2 V2, 3 — V2, 3,34 72,342V72. 9. «c= +$, 
oct 10. at — Vab + b. 


X VIII. 


"eweg 1 1 


AX. 


1. 696. 2. a, 3a, 5a, TA, . . . 3—4, — 4, — 4, — alte 


— 4. 4 c=4or 2, y=2 or 4. 5 23 — 10 Y — 9. 

6. 1.5972 +. 7. t=iori, y= tort. 

o Í 8640, if no repetitions of consonants be allowed; 
" 4 12000, if repetitions of consonants be allowed. 
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ECLECTIC EDUCATIONAL SERIES. 
Published by VAN ANTWERP, BRAGG & CO., Cincinnatiand New York. 
By mau, post-paid, on receipt of the price. 


RAY’S NEW ARITHMETICS. 


SPECIAL TERMS will be made by the publishers on supphes 
for first introduction into schools. 


RAY'S ARITHMETICS have a more extended use and a more wide- 
spread popularity than any other series. Teachers, everywhere, 
throughout the length and breadth of the land, are familiar with their 
pages, and millions of pupils have gained their arithmetical knowledge 
from the study of their principles. More than ten thousand editions 
of these books have gone forth from the press. 


RAY'S NEW PRIMARY ARITHMETIC, 


I6mo, 94 pp., price, .15 
RAY'S NEW INTELLECTUAL ARITHMETIC, 

104 pp., price, .25 
RAY’S NEW PRACTICAL ARITHMETIC, 

16mo, 336 pp., price, .50 


Two Book Series: 
RAY’S NEW ELEMENTARY ARITHMETIC, 


I6mo, 192 pp., price, -35 
RAY’S NEW PRACTICAL ARITHMETIC, | 

I6mo, 336 pp., price, .50 
RAY'S NEW HIGHER ARITHMETIC, 

12mo, cloth, 212 pp., price, .85 


RAY’S TEST EXAMPLES IN ARITHMETIC, 
Published wth and without answers. Five thousand Test Examples, 
carefully graded. Can be used with any arithmetic. 


RAY’S ARITHMETICAL TABLETS, 

Test Examples in Arithmetic in Tablet form. From 32 to 48 pp. 
each, each leaflet having 5 to ro problems at the top, and sufficient 
paper to solve all. Carefully graded. Nos. I, 2, 3, 4, 5, 6,7, 8. By 
mail, single tablet, 10 cents, Per dozen, r.oo 


RAY'S NEW ALGEBRAS. 


RAY'S NEW ELEMENTARY ALGEBRA, 

Primary Elements of Algebra. 12mo, 240 pp., price, .80 
RAY'S NEW HIGHER ALGEBRA, 

Elements of Algebra for High Schools, 7 ege, and private students. 
By Dr. Joseph Ray, Revised by Del. Kemper, A . M., Hampden Sidney 
College. 12mo, 406 pp., price, 1.00 
RAY’S TEST PROBLEMS IN ALGEBRA, 

Twenty-five hundred Test Problems in Algebra. Prepared for Ray’s 
series by Teachers in the Cincinnati High Schools. 12mo, cloth, 
153 pp., price, .50 


ECLECTIC EDUCATIONAL SERIES. 
VAN ANTWERP, BRAGG & CO., Publishers, Cincinnati and New York. 


RAY’S HIGHER MATHEMATICS. 


RAY’S PLANE AND SOLID GEOMETRY. 


Identical with the first part of Geometry and Trigonometry following. 
“r2mo, 276 pp. Price 7o cents; 


RAY'S GEOMETRY AND TRIGONOMETRY. 
Written for the Mathematical Course of Jos. Ray. M. D., by E. T. TAPPAN, 
A. M. 8vo, 420 pp. Price $1.20; 


RAY'S NEW ASTRONOMY. 

Revised Edition. The Elements of Astronomy, with numerous Engravings | 
and Star Maps. Bv S. H. Peasopy, A. M., Regent of the University af Ill. x2mo, 
half roan, cloth sides, 350 pp. Price $1 20; 


RAY'S ANALYTIC GEOMETRY. 

A Treatise on Analytic Geometry, especially as applied to the properties of 
Conics: including the Modern Methods of Abridged Notation. Written for Ray’s 
Mathematical Course, by Geo. H. HowisoN, M. A. A treatise thoroughly serving 
the purposes of liberal education as a college text-book, and furnishing the in- 
creasing body of special mathematical students in schools of technology with an 
introduction to the works of the great masters, and a complete Manual of Conics 
and Quadrics. 8vo, sheep, 574 pp. Price, $1.75; 


RAY’S SURVEYING AND NAVIGATION. 

Surveying and Navigation, with a preliminary treatise on Trigonometry and 
Mensuration. By A. ScHuyLer, LL.D. 8vo, cloth, 404 pp., and Tables of Loga- 
rithms, Natural Sines and Co-sines, Natural Tangents and Co-tangents, Logarith- 
mic Sines and Tangents, Traverse Table, Miscellaneous Tables, Meridional Parts, 
Corrections to Middle Latitudes. Price, $1.20; 


RAY’S CALCULUS. 

Elements of the Infinitesimal Calculus, with numerous examples and applica- 
tions to Analysis and Geometry. By JAMES G. CLARK, A. M., William Jewell 
College. 8vo, sheep, 441 pp. Price, $1.50; 


ECLECTIC SCHOOL GEOMETRY. 

Primary Elements of Plane and Solid Geometry. By E. W. Evans, M. A., 
late Professor of Mathematics in Cornell University; Revised by J. J. Burns, 
A. M., Supt. of Schools, Dayton, O. 12mo, half roan, 155 pp. 

Price, 60 cents; 


The ECLECTIC SCHOOL GEOMETRY will be found the best and most economical 
brief course on this subject yet offered. 

It is a concise treatise adapted to the use of students who can not spare the 
requisite time for mastering the larger works. It will be found useful, also, as a 
course of first lessons for those who intend to pursue the study more at length. 
Contains practical illustrations, and exercises and examples in the application of 
Algebra to Geometry. 

In the revision, the work is made to conform to the “ New Geometry," and is 
especially adapted to High Schools by the addition of numerous exercises and 
original demonstrations. 


THIS BOOK IS DUE ON THE LAST DATE 
STAMPED BELOW 


AN INITIAL FINE OF 25 CENTS 


WILL BE ASSESSED FOR FAILURE TO RETURN . 


THIS BOOK ON THE DATE DUE. THE PENALTY 
WILL INCREASE TO 50 CENTS ON THE FOURTH 
DAY AND TO $1.00 ON THE SEVENTH DAY 
OVERDUE. 
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